VECTOR DERIVATIVES

Cartesian. dl=dxX+dyy+dz% dr=dxdvd:
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FUNDAMENTAL CONSTANTS

3

€ =8.85 x 10712C?/Nm?
po=4m x 107" N/A?

¢ =3.00x 10°m/s

e =160x1017C

m =911 x 107 kg

(permittivity of free space)
(permeability of free space)
(speed of light)

(charge of the electron)

(mass of the electron)

SPHERICAL AND CYLINDRICAL COORDINATES

Spherical
x = rsinflcos¢ X =sinfcos@ T + cosfcospf — sin ¢$
{ v=rsinfsing ¥y =sinfsin T + cosf sin ¢ 0 +cos¢$
z =rcosf Z=cosAT—sinH@
r=xl4ylg2 f =sinfcos¢X+sinOsingy +coshi
f =tan! (m/: 0 =costcospX +cosfsingy —sinFz
& I(y/x) ¢=—singXx+cosgy
Cylindrical
xX=5cos¢ i=uﬂs¢§—sin¢¢
v=ssin¢ ¥ =sin 8+ cosp ¢
2=z =12
s = /x4 2 § =cos@X+singy
¢ =tan"'(y/x) ¢=—sinPpX+cosoy
2 =1 =2
Fo_L 99
T e r_zr Coulomb’s Law F=0E+QV xB Lorentz force
0

4.71,'8

P )
fff 7 dt glectric field from continuous charge distribution
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fbg Eeda= . Qenet Gauss’ Law (integral) ﬁE *dl = 0 (statics)

0

V(r) = _f E *dl glectrostatic potential, and E =-VV (statics)
v

ViV = T Poisson’s equation, and V>V =0 Laplace’s equation (regions of no charge)
0
1 g p(r )
Viry=——-= Vir dt'
( Ame, 1 and ( ) A, f f (setting reference point at infinity)
O - above WV clow
E e = Epeow =—M and e — bt = — 0 boundary conditions
g, on on &
D:i)ove Dtt,low = Of
w I <
\4M-V@Q=E-1V=§E%V@)mdw__ﬂfmUh
i=1

Q = CV capacitor

1

2

ViV = PN P Poisson’s equation ~ V’V =0 Laplace’s equation
0

1 - 1 ~n Nt
V(r)= RE el fff (r')"P,(cosa)p(r)dt multipole expansion
0 0

= [[[7o@)ar 13=Eq,~?/ Vi () = Ame pr—;r dipole moment
0

dip = (200s0r+sm00)p
471780
- [1d1xB
K=dl/dl, J=dl/da, surface and volume currents
dp

Vel+ E =0 conserved current (continuity equation for current)f3



MOI dAl'xr _ My Kxfd,B _ Mo g Jde'
Ve POl P

fﬁB *dl=uyl,, static

B =V x A magnetic vector potential. V*A =0 “Coulomb gauge” convention

V?A =-u,J (for Coulomb gauge)

A(r)=f—;’[f|'l(_—r‘)'dr‘ A(r)=f—;f%da' A(r)=f—;fﬁdl'

r-r
PAdl=
B :;)ove B li_elow = 0 B zljllbove B llielow MOK Babove - Bbelow = MOK x ﬁ
lellbove Hlelow = MOKf x n
a‘Aa ove aA elow
Aabove ~ pelow O a’: - al;’l] _‘LLOK
_ N _ My mx r
m—[ffnda—la Adip (r) Ao r2
N=mxB F=V(m°B) U=-m*B
J,=VxM K, =Mx# surface and volume currents
iH ¢ dl = If,encl
H :i)ove H }j_elow = (M above below) Habove Hlllyelow = K f X ﬁ
Au = Auo (1 + Xm)
, oP
J=0E V=IR P=VI=I'R J,= ~, Polarization current
dd
E=fEedl E=-—"
dt



di dl 1
& =MI ®d=L] E,=-M—-L E=-L— W=—LI’
2  P=LE % dt dt 2

Gopr, |

Ve LEXB +i
2 2u,

2
p v B ) =-E*]J Poynting’s theorem
0

E x B) *nda Poynting’s theorem

Sopry —B )d —gjﬁ(i

=

Uy
dF, _ 97, 1 1
dF, =Tyda, * =§; T.=80(E.E.——5le2) MO(BB. LB )
d d .
E(P' (mech) + P,(fields ) ff sa, —P(fields) = u,e,S EL(ﬁelds) =T X UyE,S

—5-—3-37=0 A=2a/k T=27/kV v=1/T w=2av=kV
e” =cos@+isin6

O’E I'B [
vacuum YV E- &, — Pye =0 V'B-u __O ¢ =171

E(z,t) = E, ") ﬁ(z,t) =B,¢"“) E,=cB,

1 1 A 1 -
(W) =Sl (S)=sea Bk 1=(S) (B)=o-eEik
2 2
lossless VzE—Mg(ZTI;:ﬂ) VzB—Mg(ZTI;=0 V=1/\/;T=c/n n =\ ue/l uy,

u=l (€E2+lB2 S=1E><B I=l£VE§
2 u u 2

tanf, =n,/n, sinf.=n,/n,

OE ’E )
V’E-uo— - s——O VB-uo—-ue—=
lossy u o u pye u Py u

k* = uew’ +iuow d=1/Imk



1/2 172
2 2
Rel€=a),/8—u 1+(£) +1| Imk=w £u 1+(£) -1
2 EW 2 EW

- - [uo
poor conductor Rek = juew Imk= ——

2
o ~ WO
good conductor Rek =Imk = \/?

j5+y)'7+a)§y=£E(t) Et)=E,e” yt)=y,e” Yo=7 5\
m 0 0 (wo—a))—zya)

elm

Nfe’ 1 .
E=¢,+ — —iy®
m (a)o - )
2 2
c = 1 Nfe’ (wo —w )
dilute n=—Rek=1+2 > 2 S
@ & m (a)o - ) +y W
2
a=2Imk=1+iNfe }/602
cg, m (w§ —a)z) +7’w’
Nfe* 1 Nfe* 1 Nfe*
plasma ¢ = ; dilute plasma 9 = i — O,=
m y—iw m —iw g,m

~ 1
dilute plasma k* = 6—2{0)2 - w,z,}

E - 2 L O _waBZ)
(w/c) =k*\ dx  ady
E - 2 LIE. aBZ)
(w/c) -k*\ 9y ox
waveguide transverse fields
i 0B, w OE
Bx = 2 2 k - __2 Z)
(a)/c) -k dx ¢~ dy
B = 12 kaBZ _%GEZ)
’ (a)/c) -k a9y ¢ ox



9 o
a_2+a—2+(a)/cz)—k2]Ez =0
X y
waveguide longitudinal fields ) ,
515+115+(w/c2)—k2.Bz=0
ox~ dy
“waveguide equation” 1 + 1_1
FERFERVE
2 2 2
TE & TM guided wavenumber &* = (2) -’ [(ﬂ) +(%) ]
C a

2 2
TE & TM cutoff angular frequency w,,, = c (E) + (2)

phase velocity v=w/k group velocity

k/dw

. nt\ (mx\ (ix\
rectangular resonant cavity angular frequency o, , =c,||—]| + e +|—
a c

Z,, = characteristic impedance of line

Z, =load impedance

[ .
+i—

—i—z Z
V(z)=Vje < +V,e ¢
.. . . . Vo Z -Z
transmission line, vacuum dielectric, lossless I'=—%=—L_—20
Voo Z,+7,

. .
+1—z

I(2)=V1Ze < +V; /| Ze °

V(z)=V; [e_icz +Te"*

Z

w

I(2)=V; 1Z, ¢ < +Te ©

dynamical potentials E=-VV -0A/dt, B=VxA

2
potential equations V2V+1V'A=—p/e0 VzA—%% —V(V'A+L2ﬂ)=—,uo.]
ot ¢ ot ¢’ ot

gauge transformations A'=A+VA V'=V -9A/dt



Coulomb gauge V*A =0, Lorentz gauge V*A+ izav /at=0
C

retarded time ¢ =t-r/c

retarded potentials V (r f f p(r's,) ' A(r,) fﬂ‘ (r ’tr)i .

L pen) ()

cr cr

dt'

)= g ]

Jefimenko’s equations

B(r.1)= Lo fff[ rrf)r <F dr
1 qc
Vir,t)=
. _ . (x1) 4me, (re-rev)

Liénard-Wiechert potentials |

A(r.r)= v _Vy ’

(x-1) 4me, (re-rev) ¢ (x.1)

Point charges E(r,t)= q d [(cz—vz)u+rxuxa], u=cr-v

4]‘[80 (r ° u)3

— E*r

rad

radiation fields E_,(r,7)= 4q ( r )3 [rxuxa], S (r)= !
TEy (reu o€

charge at rest at time t, E,_,(r,7)= M[(f' *a)r- a] S (1.1) = tog"a” sin” 0 r

4mr 167°c 1’
miw’ 20
magnetic dipole radiation <P> MO—Og electric dipole radiation <P> = HoPo®
127c 127c
2a2
Larmor formula p= g @
6mc
2
generalization of Larmor formula P = Md V| ¥YX3 , 7= !
6sc c 1-(v/c)
2
Abraham-Lorentz radiation-reaction force F = ?ié
e

VAB + VBC

relativistic velocity addition V,. = 5
1+V,,Vyo/c
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VI=-v?/c?

velocity factor f=v/c boost factor y =

x'=y(x—vt) x0'=y(x°—/5x1)
y'=y LW o0
Lorentz transformation 7'=7z or ¥ 7 y(x ~Bx )
2 2
‘ v x'=x
t=]/ t_?x x3|=x3
0 0
y -vB 0 0 |*
2 - x’ ,
Lorentz transformation in matrix form | v 00 | or X =Alx"
' 0 0 1 0 |x
4 0 0 0 1 J{y*
-1 0 0 O
u wooovoo 0 1 00 . .
scalar product a“a, =a"g,a" with g, = 0 0 1 0 (note summation notation)
0 0 0 1
spacelike a“a, >0 timelike a“a, <0  lightlike a"a,=0

invariant interval [ = (Ax)“ (Ax)# =-ct* +d’

) ) dx"
proper time dr=dtly 4-velocity n= =
T

4-momentun p“=mn* p=mij p’c=E p'p, = -m’c® E*-p’c®=m’c’

Compton wavelength A.=h/mc

relativistic force F = d_ with P the relativistic momentum
1

transformation of force for particle at rest in unprimed frame F '=F /y F'=F

u

Minkowski force K* = dp
dt

1 E dR
center of ener R, =— E mr, P =—-2"E
gy E M i it tot C2 dr
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Transformation of fields
V , v
y( Z) B ) ) y( y)

0 E /c E//c E/c

i -E /c 0 B, -B,
Field strength tensor F*" = '
-E, /lc -B, 0 B

-E /c By -B, 0
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Name Student ID Score

last first

Maxwell’s Equations

In general

€0 B
d
VxE=-——
1 at
V-B=0
JE
ar

V x B = puod + poeo

Auxiliary Fields

Definitions :
D=¢E+P

|
H=—B-M
Mo

Potentials
Lorentz force law
F=g(E+vxB)

Energy, Momentum, and Power

In matter:

V-D=p;
JB

V)I:E:—r
ar

V-B=0

aD
va:.’f'{“l_
: dr

Linear media:
P=¢eyx.E. D=¢E

M=x.H H= lB
T

B=VxA

I Y . ]
Energy: U= f (Enf‘ + LB‘) dr

Momentum :

Mo

P=¢ [(E x B)dr

;
Poynting vector: S = —(E x B)

Ho
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