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Coulomb’s Law,     Lorentz force 

 

Gauss’ Law (integral)  (statics) 

 
Φ"# = −∫ 𝐄 ∙ 𝑑l#

"    Electrostatic potential, and 𝐄 = −𝛁𝚽 (statics) 
 
𝚽(𝐫) = 𝟏

𝟒𝝅𝝐𝟎

𝒒
𝒓
  and   𝚽(𝐫) = 𝟏

𝟒𝝅𝝐𝟎
∭𝝆(𝐫9)

𝒓
𝑑𝜏′ 

   and   <=>?@AB
<C

− <=?BD@E
<C

= F
GH
𝜎  boundary conditions  

 
 
Φ(𝑏) − Φ(𝑎) = L

M
   𝑊 = F

O
∑ 𝑞RΦRR     𝑊 = F

O∭𝜌Φ	𝑑𝜏 
 

       capacitors 

 
∇OΦ = − V

GH
 Poisson’s equation      ∇OΦ = 0 Laplace’s equation 

 
∇9O𝐺(𝐫, 𝐫′) = −4𝜋𝛿(𝐫 − 𝐫′) 
 

Φ(𝐱) =
1

4𝜋𝜀`
a𝜌(𝐱′)𝐺(𝐱, 𝐱9)𝑑b𝑥′ +

1
4𝜋ef𝐺(𝐱, 𝐱9)

𝜕Φ
𝜕𝑛9 − Φ

(𝐱9)
𝜕𝐺(𝐱, 𝐱9)
𝜕𝑛′ i 𝑑𝑎′ 

 
Φ(𝑥, 𝑦) = ∑ (𝑎C𝑒lmn + 𝑏C𝑒omn)(𝑐C sin 𝑘𝑦 + 𝑑C cos 𝑘𝑦)C  A solution to Laplace’s 
equation in rectangular coordinates in two dimensions 

  orthogonality, e.g., of sines 

              

 

 
 
 

F = 1
4πε0

qQ
r2
r̂ F =QE+Qv×B

E = 1
4πε0

ρ !r( )
r2∫∫∫ r̂ d !τ

E•da∫∫ =
1
ε0
Qencl E•∫ dl = 0

Eabove −Ebelow =
σ
ε0
n̂

Dabove
⊥ −Dbelow

⊥ =σ f

Q =CV W =
1
2
CV 2 W =

1
2
Q2 /C

sin(nπ y
a
)sin( !n π y

a
)dy =

0 n ≠ !n
a
2

n = !n

#

$
%

&%
0

a
∫

sin(nπ y
a

)dy =
0 n even
2a
nπ

n odd

!

"
#

$#
0

a
∫ e+kx + e−kx = 2coshkx

cos2θ sinθ dθ = 2 / 3
0

π

∫
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Φ(𝑟, 𝜃) = ∑ (𝑎y𝑟y +
#z
{z|}

)𝑃y(cos 𝜃)y         
A solution to Laplace’s equation in spherical coordinates with azimuthal symmetry 
 
∫ 𝑃y�(𝑥)𝑃y(𝑥)	𝑑𝑥 =

O
OylF

𝛿yy�
lF
oF   orthogonality 

 
F
�
= F

{
∑ �{

�

{
�
C
𝑃C(cos 𝜃)C     1/R expansion azimuthal symmetry 

 
Expansion into spherical harmonics Φ(𝑟, 𝜃, 𝜙) = ∑ �𝑎ℓ,𝓂𝑟ℓ +

#ℓ,𝓂
{ℓ|}

� 𝑌ℓ,𝓂(𝜃, 𝜙)ℓ,𝓂  
 
F
�
= 4𝜋∑ F

OℓlFℓ,𝓂
{�
ℓ

{�
ℓ|} 𝑌ℓ,𝓂∗ (𝜃′, 𝜙′)𝑌ℓ,𝓂(𝜃, 𝜙)    1/R expansion spherical harmonics 

 
Expansion into Bessel regular functions 

Φ(𝜌, 𝜙, 𝑧) =�𝐽��𝑘�,C𝜌�
�,C

× �𝑎�,C𝑒lm�,�� + 𝑏�,C𝑒om�,��� 

× �𝑐�,C𝑒lR�� + 𝑑�,C𝑒oR��� 
Orthogonality ∫ 𝜌𝐽� �𝑥�C9

V
"
� 𝐽� �𝑥�C

V
"
� 𝑑𝜌"

` = "�

O
[𝐽�lF(𝑥�C)]O𝛿CC9 

 
Multipole expansion 
Φ(𝐫) = F

���H
∑ ��

OℓlF
𝑞ℓ�

�ℓ�(�,�)
{ℓ|}ℓ�        𝑞ℓ� =∭𝑌ℓ�∗ (𝜃9, 𝜙′)𝑟9ℓρ(𝐫′)	𝑑𝜐′ 

 
𝑊 = F

O∭ρ(𝐫)Φ(𝐫)	𝑑𝜈         𝑊 = �H
O ∭𝐸O	𝑑𝜈        𝑊 = F

O∭E ∙ D	𝑑𝜈   
 
Boundary conditions     (𝐃O − 𝐃F) ∙ nOF = 𝜎      (𝐄O − 𝐄F) × nOF = 0 
 
 
 
 
 

Chiprer I Polcnlink

Since the lint tcrm depends only on r. lnd the second only on p. il follo$s that
cach musi be a constant:

! * ( , . ,#) =u +,, . '  
J Lnu", l= / r /+rr .  i -1.51,

O\inP J,  \  la I

Here/ l /  + l )  is justatancy way of  $r i t ing$e sepant ionc( 'n\ lanl-)ou' l l  see in
! minutc whr rhis is conlenient.

As alsays, separarion of v.rriables h.rs con\ened.t runrir, ditllrential equldr)n
{1.5.1) intoor.ltra^difier€ntial cqulrions (1.57). Ihc rulial equation.

l..J Seprrrn

Nolice $.t ,

( l / : ' / ! )*r .

has the gcncrol vrlution

The R( ri

You mighr $!
In the ca{

1 l r . , .14)=, , ,*r ,n,

,R
Rlt l=Ar '+--

as you car easily chccl: A rnd , are the l$o arbitr.lr! cooslanl\ to bc c\pccted
in lhe solution ol a \ccondrrder dillerential equrtnrn. But the rnSu lrr .qurtir)n.

{  / ' , " r f  \= r( /+r)s,nrJo. (3.60)

(1.58)

l-r .61,

is not so simple. The solution{ arc Leg€ndr€ polynomisls in rhe lanable cosd:

G)rd )  4 ' (u\ , r  .

Pr (r ) is nosl conreniently d€lined b) thc Rodriguci formuls:

Pr. t r=- l - l r ' -  l r '
:/ / :  \  L/ \  /

The tirst feq'l,egendre F)lynomials are listed in Tlhlc Ll.
Thc follt)$'ng

P:(.r  )  = l l \ r  l l l :
A(r)  = r5\r  l r ) / l
Pr(.r) = {-15-rr 30.rr + l),/8
Pt(.r l  = r6:115 70r '+ 15.\ ' ) /8

'l^Bl,E.3.l Legcndrc Polynoi'irls

Exrmpk -r.6.

Solution

Thu\.


