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VECTOR DERTVATIVES
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F = 1
4πε0

qQ
r2
r̂ Coulomb’s Law    F =QE+Qv×B   Lorentz force 

E = 1
4πε0

ρ !r( )
r2∫∫∫ r̂ d !τ  electric field from continuous charge distribution 

E•da∫∫ =
1
ε0
Qencl Gauss’ Law (integral)   E•∫ dl = 0 (statics) 
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V r( ) = − E•d l
℘

r

∫ Electrostatic potential, and E = −∇V (statics) 

V (r) = 1
4πε0

q
r  and  V r( ) = 1

4πε0

ρ !r( )
r∫∫∫ d !τ (setting reference point at infinity) 

Eabove −Ebelow =
σ
ε0
n̂  and  

∂Vabove
∂n

−
∂Vbelow
∂n

=
1
ε0
σ  boundary conditions  

Dabove
⊥ −Dbelow

⊥ =σ f  

V b( )−V a( ) =W
Q    W =

1
2

qi
i=1

n

∑ V ri( )  and W =
1
2

ρV dτ∫∫∫  

Q =CV    W =
1
2
CV 2

   W =
1
2
Q2 /C  capacitors 

∇2V = −
1
ε0
ρ  Poisson’s equation      ∇2V = 0  Laplace’s equation 

V (x, y) = (Ane
+kx +Bne

−kx )(Cn sinky+Dn cosky)
n=0

∞

∑   solution to Laplace’s equation in 

Cartesian coordinates in two dimensions 
 

sin(nπ y
a
)sin( !n π y

a
)dy =

0 n ≠ !n
a
2

n = !n

#

$
%

&%
0

a
∫   orthogonality of sines 

sin(nπ y
a

)dy =
0 n even
2a
nπ

n odd

!

"
#

$#
0

a
∫              e+kx + e−kx = 2coshkx  

 

cos2θ sinθ dθ = 2 / 3
0

π

∫  

V (r,θ ) = (Ar
 +

B
r+1
)P(cosθ )

=0

∞

∑    

solution to Laplace’s equation in spherical coordinates with azimuthal symmetry 

Chiprer I Polcnlink

Since the lint tcrm depends only on r. lnd the second only on p. il follo$s that
cach musi be a constant:

! * ( , . ,#) =u +,, . '  
J Lnu", l= / r /+rr .  i -1.51,

O\inP J,  \  la I

Here/ l /  + l )  is justatancy way of  $r i t ing$e sepant ionc( 'n\ lanl-)ou' l l  see in
! minutc whr rhis is conlenient.

As alsays, separarion of v.rriables h.rs con\ened.t runrir, ditllrential equldr)n
{1.5.1) intoor.ltra^difier€ntial cqulrions (1.57). Ihc rulial equation.

l..J Seprrrn
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has the gcncrol vrlution

The R( ri

You mighr $!
In the ca{

1 l r . , .14)=, , ,*r ,n,

,R
Rlt l=Ar '+--

as you car easily chccl: A rnd , are the l$o arbitr.lr! cooslanl\ to bc c\pccted
in lhe solution ol a \ccondrrder dillerential equrtnrn. But the rnSu lrr .qurtir)n.

{  / ' , " r f  \= r( /+r)s,nrJo. (3.60)

(1.58)

l-r .61,

is not so simple. The solution{ arc Leg€ndr€ polynomisls in rhe lanable cosd:

G)rd )  4 ' (u\ , r  .

Pr (r ) is nosl conreniently d€lined b) thc Rodriguci formuls:

Pr. t r=- l - l r ' -  l r '
:/ / :  \  L/ \  /

The tirst feq'l,egendre F)lynomials are listed in Tlhlc Ll.
Thc follt)$'ng

P:(.r  )  = l l \ r  l l l :
A(r)  = r5\r  l r ) / l
Pr(.r) = {-15-rr 30.rr + l),/8
Pt(.r l  = r6:115 70r '+ 15.\ ' ) /8

'l^Bl,E.3.l Legcndrc Polynoi'irls

Exrmpk -r.6.

Solution

Thu\.
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P(cosθ )P ! (cosθ )dcosθ =
0  ≠ !
2

2+1
 = !

#

$
%

&%
0

π

∫    orthogonality of Legendre polynomials 

V (r,θ ) = −E0 r − R
3

r2
"

#
$

%

&
'cosθ   potential outside a neutral conducting sphere in uniform 

field 
 
1
ℜ
=
1
r

"r
r

#

$
%

&

'
(
n

Pn (cosα)
0

∞

∑    1/r expansion in Legendre polynomials 

V (r) = 1
4πε0

1
rn+1

( !r )n Pn (cosα)ρ( !r )∫∫∫
0

∞

∑ d !τ    multipole expansion 

p = 
!r∫∫∫ ρ(!r )d !τ    

p = qi

!ri

1

n

∑    Vdip (
r ) = 1

4πε0

p• r̂
r2    dipole moment 

!
Edip =

p
4πε0r

3 (2cosθ r̂ + sinθθ̂ )  

D = 𝜖$E + P       P = 𝜀$𝝌𝒆E       D = 𝜀E 
 
Fmag = I d l∫ ×B  

K = dI / d⊥     J = dI / da⊥  surface and volume currents 

∇•J+ dρ
dt

= 0  conserved current 

B r( ) = µ0
4π

I dl '× r̂
r− r ' 2

∫    B r( ) =
µ0
4π

K× r̂
r− r ' 2

da '∫    B r( ) =
µ0
4π

I J× r̂
r− r ' 2

∫ dτ '  

B•d l = µ0Ienc∫  

∇•A = 0  “Coulomb gauge” convention     ∇2A = −µ0J  (for Coulomb gauge) 

A r( ) = µ0
4π

J r '( )
r− r '∫ dτ '   A r( ) = µ0

4π
K r '( )
r− r '∫ da '   A r( ) = µ0

4π
I

r− r '∫ dl '  

A•d l =Φm∫  

Aabove −Abelow = 0       
∂Aabove

∂n
−
∂Abelow

∂n
= −µ0K  

m = I n̂ da∫∫ = Ia  

m =
1
2
r× Idℓ"∫    m =

1
2

r×Kda∫∫    m =
1
2

r× Jdτ∫∫∫  
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Adip r( ) =
µ0
4π
m× r̂
r2  

N =m×B     F =∇ m•B( )    U = −m•B  

Jb =∇×M    Kb =M× n̂  

∇×H = J f       H•d l∫ = If,encl  
Babove
⊥ −Bbelow

⊥ = 0      Babove
|| −Bbelow

|| = µ0K     Babove −Bbelow = µ0K× n̂  
Habove

⊥ −Hbelow
⊥ = −(Mabove

⊥ −Mbelow
⊥ )       Habove

|| −Hbelow
|| =K f × n̂  

H = ,
-.
B − M       M = 𝝌𝒎H       B = 𝜇H 

𝑈 = ,
5

H ∙ B	
  𝑑𝑣	
        𝑈 = ,
5

D ∙ E	
  𝑑𝑣	
   

Φ; = 𝑀;=𝐼=   𝑀;= =
-.
?@

ABC∙ABD
E

   ℇ; = −𝑀;=
AGC
AH

  Φ = 𝐿𝐼   ℇ = −𝐿 AG
AH
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B^SIC EQUATTONS OF ELECTnODYMIT|I(XI

Marr!.L F4dda

v.n=lp
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v x a = 611aoeo9E

j .D= pr

O, ."=-#
v.l=0

vxH=1ra19

Ardf,lry n Br

Dcltido l

I  D=foD+P

I  n= l r -m
ha.!d.b

Ldrdr b... Lt

F=4(E+rxE)

E!.r!/, M@nttd..nd For.t

Lituar twalial

I  P=.or.E. D =.8
I

I  v=,-n '  n=lr

E=-iv -+.  B=vxA

I t l  _ |  _\Et  tsy:  u = i ! \eoE'r  -R')dt

Lt '.EnMt P = €o /(E x E) /r

Pttyrtting v.ctor: 5 - 
11n x rl
tto

Lmotfonrutai P = 
#c'a|


