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Heavy-ion collisions

• Ultra-relativistic: energy/nucleon ≫ 1 GeV,  Lorentz contraction factor γ ≫ 1.

• Collision disrupts nucleus and constituent nucleons

• Liberated quarks & gluons form non-equilibrium quark-gluon plasma (QGP)

• Plasma expands & cools

• At sufficiently low temperature, hadrons re-form, system becomes expanding 
hadron gas

• Continuing expansion ➡ decreasing re-scattering and eventual free-streaming

• ``Hermetic’’ particle detectors individually measure energy, momentum & tag 
species of thousands of produced particles
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Heavy ion collisions
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Why is QGP interesting? 

07/23/2019 Rongrong Ma, Summer Student Lecture at BNL 5 

•  Big Bang vs. Little Bangs: t ~ 10-6s 

•  Similarities: 
–  Hubble-like expansion 
–  Hierarchy of decoupling processes 
–  Imprint initial fluctuations 

•  Differences: 
–  Pressure ingredient vs. gravity 
–  Time and dimension scales 
–  … 

 U. Heinz, Journal of Physics: Conference Series 455  (2013) 012044 

Shen & Heinz, 1507.01558
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Heavy ion collisions
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MADAI collaboration, Hannah Petersen and Jonah Bernhard
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Why bother?

• Infer thermodynamic properties & 
explore QCD phase diagram:

• Study thermalization, entropy 
production, etc. in strongly coupled, 
strongly correlated system.

• Playground for studying interplay 
between perturbative & non-
perturbative quantum field 
dynamics, thermodynamics, 
hydrodynamics, kinetics.
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https://gdrqcd.in2p3.fr/working-group-2/
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Heavy ion collisions: lessons
• Modeling particle production using near-ideal relativistic hydrodynamics & 

equilibrium thermodynamics (via lattice gauge theory) works remarkably well.

• Resulting flow is highly relativistic.

• Produced plasma has low viscosity,  ( ).

• Kinetic theory: .

• Weak coupling ➡ large  ➡ large .

• Small  ➡ small  ➡ produced QGP is strongly coupled system.

• Granularity of colliding nuclei is substantial, nuclei are ``lumpy’’.

• Reflected in substantial odd-order azimuthal moments of produced particle 
distributions.

4π η/s ≈ 1 ℏ ≡ kB ≡ 1

η ∼ ρv ℓmfp

ℓmfp ≫ λde Broglie η

η ℓmfp ∼ λde Broglie
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hydrodynamic modeling of QGP
• low-viscosity hydro, suitably tuned (+ hadronic cascade) well-describes much data:
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FIG. 11. Model calculations using the high-probability parameters listed in Table IV. Solid lines are calculations using
parameters based on the identified particle posterior, dashed lines are based on the charged particle posterior, and points are
data from the ALICE experiment [108, 109]. Top row: calculations of identified or charged particle yields dN/dy or dNch/d⌘
(left), mean transverse momenta hpT i (middle), and flow cumulants vn{2} (right) compared to data. Bottom: ratio of model
calculations to data, where the gray band indicates ±10%.

TABLE IV. High-probability parameters chosen based on the
posterior distributions and used to generate Fig. 11. Pairs of
values separated by slashes are based on identified / charged
particle yields, respectively. Single values are the same for
both cases.

Initial condition QGP medium

norm 120. / 129. ⌘/s min 0.08

p 0.0 ⌘/s slope 0.85 / 0.75 GeV�1

k 1.5 / 1.6 ⇣/s norm 1.25 / 1.10

w 0.43 / 0.49 fm Tswitch 0.148 GeV

C. Verification of high-probability parameters

As a final verification of emulator predictions and the
model’s accuracy, we calculated a large number of events
using high-probability parameters and compared the re-
sulting observables to experiment. We chose two sets
of parameters based on the peaks of the posterior dis-
tributions, listed in Table IV. These values approximate
the “most probable” parameters and the corresponding
model calculations should optimally fit the data.

We evaluated O(105) minimum-bias events (no emu-
lator) for each set of parameters and computed observ-
ables, shown along with experimental data in Fig. 11.
Solid lines represent calculations using parameters based
on the identified particle posterior while dashed lines are
based on the charged particle posterior. Note that these
calculations include a peripheral centrality bin (70–80%)
that was not used in parameter estimation.

We observe an excellent overall fit; most calculations
are within 10% of experimental data, the notable excep-

tions being the pion/kaon ratio (discussed in the previ-
ous subsection) and central elliptic flow, both of which
are general problems within this class of models. Total
charged particle production is nearly perfect—within 2%
of experiment out to 80% centrality—indicating that the
issues with identified particle ratios arise in the parti-
clization and/or hadronic phases, not in initial entropy
production. The v2 mismatch in the most central bin is a
manifestation of the experimental observation that ellip-
tic and triangular flow converge to nearly the same value
in ultra-central collisions [109, 120], a phenomenon that
hydrodynamic models have yet to explain [121, 122].

V. SUMMARY AND CONCLUSIONS

We have used Bayesian methodology to quantitatively
estimate initial condition and transport properties of the
QGP medium produced in relativistic heavy-ion colli-
sions. We coupled a parametric initial condition model to
viscous hydrodynamics and a hadronic afterburner, cal-
ibrated the full model to a variety of bulk observables,
and established a number of salient constraints on model
parameters, including a relation between the minimum
value and slope of the temperature-dependent shear vis-
cosity, a clear signal for a nonzero bulk viscosity, and a
robust constraint on initial state entropy deposition.
The parametric initial condition model used in this

analysis, TRENTo, smoothly interpolates among various
physically reasonable entropy deposition schemes, rang-
ing from a wounded nucleon model to specific calcula-
tions in color glass condensate e↵ective field theory. This
flexibility is ideal for model-to-data comparison, since it
allows the analysis framework to optimize the initial con-
ditions with minimal theoretical assumptions.

Bernhard, Moreland, Bass, 
Liu, Heinz 1605.03954 
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FIG. 1. (Color online) pT spectra for π−, K−, and p̄ at central
collisions using different equations of state (thin lines: AuAu-
1 (EOS-Q), thick lines: AuAu-3 (EOS-L)) compared to 0-5%
central PHENIX data [95]. The used impact parameter was
b = 2.4 fm.

∼ 2GeV using Eq. (48) and then perform resonance de-
cays using routines from azhydro [21, 85, 92, 93] that we
generalized to three dimensions. Unless indicated other-
wise, all shown results include the resonance feed-down.
Typically, the used time step size is ∆τ ≈ 0.01 fm/c, and
the spatial grid spacings are ∆x = ∆y = 0.08 fm, and
∆ηs = 0.3. This is significantly finer than in previous
3+1D simulations: [94] for example uses ∆τ = 0.3 fm/c,
∆x = ∆y = 0.3 fm, and ∆ηs = 0.3. The possibility
to use such fine lattices is an improvement because it is
mandatory when computing higher harmonics like v4 as
demonstrated below. Another advantage of using large
lattices is that in the KT scheme the numerical viscos-
ity decreases with increasingly fine lattices (see Appendix
A). The spatial extend of the lattice used in the follow-
ing calcualtions is 20 fm in the x and y direction, and 20
units of rapidity in the ηs direction.

A. Particle spectra

In Fig. 1 we present the transverse momentum spec-
tra for identified particles in Au+Au collisions at

√
s =

200GeV compared to data from PHENIX [95]. The used
parameters are indicated in Table I. They were obtained
by fitting the data at most central collisions.
We reproduce both pion and kaon spectra well. The

model assumption of chemical equilibrium to very low
temperatures leads to an underestimation of the anti-
proton spectrum. The overall shape is however well re-
produced, even more so with the EOS-L that leads to
flatter spectra [86].
One way to improve the normalization of the proton

and anti-proton spectra (as well as those of multistrange
baryons) is to employ the partial chemical equilibrium
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FIG. 2. (Color online) Centrality dependence of pseudorapid-
ity distribution compared to PHOBOS data [97]. From top to
bottom, the used average impact parameters are b = 2.4 fm,
b = 4.83 fm, b = 6.7, fm, and b = 8.22 fm.

model (PCE) [32, 85, 96], which introduces a chemi-
cal potential below a hadron species dependent chemical
freeze-out temperature. Note that the initial time was
set to τ0 = 0.4 fm/c when using the EOS-L to match the
data. The quoted parameter sets fit the data very well,
however, they do not necessarily represent the only way
to reproduce the data and a more detailed anaylsis of
the whole parameter space may find other parameters to
work just as well.
Next, we show the pseudorapidity distribution of

charged particles at different centralities compared to
PHOBOS data [97] in Fig. 2. The only parameter that
changes in going to larger centrality classes is the im-
pact parameter. Experimental data is well reproduced
also for semi-central collisions, showing that the results
mostly depend on the collision geometry. The used im-
pact parameters, b = 2.4 fm, b = 4.83 fm, b = 6.7, fm,
and b = 8.22 fm, were obtained using the optical Glauber
model and correspond to the centrality classes used by
PHOBOS. We show the centrality dependence of the
transverse momentum spectrum of π− in Fig. 3. Devi-
ations occur for more peripheral collisions because the
soft collective physics described by hydrodynamics be-
comes less important compared to jet physics in peri-
pheral events. However, we find smaller deviations than
e.g. [47].

Finally we present results for the average transverse
momentum of pions and kaons as a function of pseudo-
rapidity in central collisions. We compare with 0 − 5%
central data by BRAHMS [98] and find good agreement
for kaons, but slightly larger values for pions. This could
be expected because the calculated pT spectra are slightly
harder than the experimental data, especially when using
the EOS-L (see Fig. 1).
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We reproduce both pion and kaon spectra well. The
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model (PCE) [32, 85, 96], which introduces a chemi-
cal potential below a hadron species dependent chemical
freeze-out temperature. Note that the initial time was
set to τ0 = 0.4 fm/c when using the EOS-L to match the
data. The quoted parameter sets fit the data very well,
however, they do not necessarily represent the only way
to reproduce the data and a more detailed anaylsis of
the whole parameter space may find other parameters to
work just as well.
Next, we show the pseudorapidity distribution of

charged particles at different centralities compared to
PHOBOS data [97] in Fig. 2. The only parameter that
changes in going to larger centrality classes is the im-
pact parameter. Experimental data is well reproduced
also for semi-central collisions, showing that the results
mostly depend on the collision geometry. The used im-
pact parameters, b = 2.4 fm, b = 4.83 fm, b = 6.7, fm,
and b = 8.22 fm, were obtained using the optical Glauber
model and correspond to the centrality classes used by
PHOBOS. We show the centrality dependence of the
transverse momentum spectrum of π− in Fig. 3. Devi-
ations occur for more peripheral collisions because the
soft collective physics described by hydrodynamics be-
comes less important compared to jet physics in peri-
pheral events. However, we find smaller deviations than
e.g. [47].

Finally we present results for the average transverse
momentum of pions and kaons as a function of pseudo-
rapidity in central collisions. We compare with 0 − 5%
central data by BRAHMS [98] and find good agreement
for kaons, but slightly larger values for pions. This could
be expected because the calculated pT spectra are slightly
harder than the experimental data, especially when using
the EOS-L (see Fig. 1).

10

 0

 5

 10

 15

 20

 25

 0  0.5  1  1.5  2
v 2

 (%
)

pT [GeV]

 STAR Au+Au 200 GeV h+/- 10-20%
 AuAu-1 EOS-Q h+/- b=6.3 fm
 AuAu-2 EOS-Q h+/- b=6.3 fm
 AuAu-3 EOS-L h+/- b=6.3 fm
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cially at forward and backward rapidities. This is most
likely due to the fact that the assumption of ideal fluid
behavior is no longer valid far away from the midrapidity
region. Calculations combining hydrodynamic evolution
with a hadronic after-burner improve on this [39, 47].
Effects of viscosity on v2(η) in the 3+1 dimensional sim-
ulation have been estimated to be stronger at larger |η|
[101] and it will be interesting to see what a full compu-
tation will yield.
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FIG. 8. (Color online) Pseudorapidity dependence of the el-
liptic flow coefficient v2 for charged hadrons using parameter
sets AuAu-1 (EOS-Q), and AuAu-3 (EOS-L) compared to
PHOBOS data from [100].

C. Higher harmonics

The extraction of higher harmonic coefficients from the
computed particle distributions has to be done with great
care. Apart from being highly sensitive to the initial
conditions [40, 102], the fourth harmonic coefficient v4 is
also highly sensitive to the discretization of the freeze-
out surface and lattice artifacts. Where other quantities
such as pT spectra and v2 are almost unaffected by a
change of the lattice resolution or the freeze-out method,
v4 depends strongly on the method and the lattice spac-
ing. Using the simplified freeze-out surface algorithm de-
scribed above, the dependence of v4 on the discretization
becomes very strong (in this case v4 is negative when us-
ing a 1283-lattice and only becomes positive and slowly
approaches the correct value for much finer lattices).
It is therefore necessary to work on very fine lattices

and have a very sophisticated algorithm for determin-
ing the freeze-out surface in order to obtain reliable re-
sults for v4. To measure the error introduced by the
anisotropic discretization of the lattice (lattice along the
diagonal in the transverse plane looks different than along
one of the axes), we compute v4 twice: once with the im-
pact paramter along the x-axis, once with the impact
parameter along the diagonal in the x-y-plane. The dif-
ference between the results is a measure of discretization
errors in v4 and is shown for the pion v2 in Fig. 9. The
difference decreases significantly when going from a 642

to a 3202 lattice in the transverse plane. Hence, the nu-
merical error of v4 is well under control.
Fig. 10 shows v4 of charged hadrons computed with

both parameter set AuAu-1 (EOS-Q) and AuAu-3 (EOS-
L). We added error bands representing an estimate for
the discretization error on the used 2562×64 lattice. Mo-
tivated by the results shown in Fig. 9, we choose ±15%.
Experimental data for mid-central centrality classes is

pT  spectra for central collisions centrality dependence of 
pseudorapidity distribution

elliptic flow of charged hadrons

Schenke, Jeon, Gale 1004.1408
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relativistic hydrodynamics
• Effective theory describing long-wavelength, low-frequency degrees of freedom

• Assumes scale separation between relevant (hydro) & irrelevant (non-hydro) d.o.f.

• Neutral fluid: relevant d.o.f = energy & momentum densities, constitutive relation 
for stress tensor

• Inputs: equation of state & transport coefficients + initial data: energy & momentum 
densities on initial Cauchy surface.

• Relativistic hydro is not UV-complete:

• Hiscock & Lindblom (’87): generic short-wavelength instabilities in “Eckart” theory

• Perfectly normal for effective field theories: most EFTs need UV regularization

• Multiple regularizations: Müller-Israel-Stewart (ad-hoc relaxation time), BDNK 
(special choice for fluid frame), BRSSS (2nd order conformal), …

• No unique “best” or “physical” UV regulator, hydro ➡ neglect of non-hydro modes!

9
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hydro applicability

• Well-behaved spatial gradient expansion?

• Relevant time scales ≫ non-hydro relaxation times?

• “Extreme hydro”: one e-folding of non-hydro relaxation sufficient.

• Well-understood initial data?  From where?

• Well-understood transport coefficients (EFT parameters)?

• Proper matching at freeze-out?

10
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hydro initial data

11

• Formulating hydro initial data is conceptually (& practically) problematic:

• “Glauber” initial conditions:

• Model nucleon density in nucleus (Woods-Saxon probability distribution, 
hard core repulsion)

• Model “initial” fluid entropy density as linear combination of participant 
density ( ) and binary collision density ( )

• Treat result as hydro initial data at some starting time — no actual pre-hydro 
dynamical evolution.

• “Color-glass condensate”/IP-Glasma:

• Study asymptotia: arbitrarily high energy, asymptotically weak coupling

• Beautiful picture: highly collinear gluon dynamics, elaborate hierarchy of 
scales, logarithmic evolution, … 

• Asymptopia is very, very far from accessible QGP!

• Instantaneous switch from weak-coupling to strong coupling (fluid) 
description — inherently inconsistent.

ρpart ρcoll

• What are superior alternatives?  Are there feasible alternatives?
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accessible QGP

• low viscosity, 

• effective temperatures  = few , not

• effective coupling  not at all small!

• substantial thermal masses, , not 

• near-conformal,  small except very close to 

➡  accessible QGP = strongly coupled plasma, not weakly coupled!

η/s ≈ 0.1

Teff × Tc ⋙ Tc

∝ 1/ln(Teff /Tc)

mth /T = O(1) ≪ 1

(ϵ − 3p)/ϵ Tc

12
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holographic modeling
• complementary model: 

Early-stage QGP = strongly coupled, near-conformal non-Abelian plasma  
strongly coupled, maximally supersymmetric ( ) Yang-Mills plasma

≈
𝒩 = 4

13

- non-Abelian plasma

- neutral fluid hydro

- weak dependence on 

- fixed, arbitrary coupling

- conformal

Nc

- non-Abelian plasma

- neutral fluid hydro

- weak dependence on 

- strongly coupled

- near-conformal prior to hadronization

Nc

hot QCD  SYM𝒩 = 4

• use gauge/gravity duality to solve (honestly) pre-hydrodynamic evolution of 
initial states in strongly coupled  SYM which resemble real colliding nuclei𝒩 = 4
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holographic collisions
• Use numerical GR to solve dual gravitational initial value problem with 

characteristic formulation, spectral methods

14

S. Waeber, A. Rabenstein, 
A. Schäfer, LGY, 2019

• Warm-ups:

• planar shocks (3D PDEs)

• finite “nuclei” w. smooth Gaussian profiles (5D PDEs), 
Lorentz contraction γ = 8

P. Chesler, LGY, 2015

• Needed:

• “realistic” incoming projectiles: lumpy granular 
structure, required to generate observed triangular 
flow (𝓋3), Lorentz contraction 

• computationally very demanding

γ ≥ 100
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• planar collisions:

- near-universal Gaussian rapidity dependence

- nearly boost-invariant flow

- asymmetric collisions ≈ geometric mean of symmetric collisions

• localized collisions:

- “pre-hydro” development of transverse flow

- rapid hydrodynamization, 

- extreme hydrodynamics: huge anisotropy but well-behaved 
gradient expansion down to 

thydro Teff ≈ 0.3

R Teff ≈ 0.5 − 1

15

old results: lessons
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• 5D GR calculations: both time & memory constrained

- spectral methods permit use of relatively spare spatial grid, ex. .  
Nevertheless,  field components per grid point  80 Gb (each time slice).

- horizon fixing condition  linear elliptic PDE with 260K  260K matrix.

- parallelizes well on multi-core CPUs w. unified memory, but less well on 
clusters or distributed memory systems.

- wall clock time (2015) = multiple months.

➡ simple Gaussian projectile profile, not realistic energy density distribution.

➡ limited  projectile aspect ratio vs.  of real experiments.

322 × 256 × 96
O(400) ⇒

⇒ ×

O(4−10) O(100′￼s − 1000)

16

old results: limitations
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transverse derivative expansion

• Real nuclear projectiles:

• huge aspect ratio, γ ≥ 100-1000

• transverse gradients ≪ longitudinal gradients

• initial state fluctuations very relevant

∴ Take advantage of slow transverse variation:

• let , write 

• net effect: 

• expand in  = formal parameter counting transverse derivatives

• return to original  for actual calculation

x̃⊥ = ϵ x⊥ Gμν(x0, x∥, x⊥) = G̃μν(x0, x∥, x̃⊥)

∂x⊥ ⇒ ϵ ∂x̃⊥

ϵ

x⊥

17

w. Sebastian Waeber, arXiv:2206.01819 

https://arxiv.org/abs/2206.01819


L. Yaffe, Nordita, September 2023 18

transverse derivative expansion

• Disadvantages:

• systematic truncation error

• Advantages (at low orders):

• much simpler equations, faster to evaluate by 

• much smaller memory requirements

• 3D horizon fixing condition  decoupled 1D conditions

• at , decoupling of fields into relevant and negligible

• surprisingly small truncation error already at first order

• Feasible!  (Although still challenging)

O(10)

⇒

O(ϵ)
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holographic initial data
• single projectile:

19

spectral approximations for the resulting partial di↵erential equations, and relying a

su�ciently large non-distributed unitary memory system, would not be feasible – at

least on systems to which we have full-time access. To make this calculation feasible, we

will employ the transverse derivative expansion procedure developed in [16]. As shown

in that work, expanding in transverse derivatives produces a simple, yet e↵ective tech-

nique for computing approximate but quite accurate solutions to localized holographic

collisions. By expanding in transverse gradients up to first order in derivatives we

could reproduce the exact solutions, for intervals up to the hydrodynamization time,

to within errors in the range of 1-10%, using only a small fraction of the run-time and

memory that would be needed for the exact calculation with no expansion in transverse

gradients.

We will apply this technique to compute, via holography, the collision of projectiles

with a lumpy, granular structure, reflecting the nuclear structure of heavy ions. For

the initial data we use a Lorentz-contracted Woods-Saxon potential as the probability

distribution of the centers of the individual nucleons. The Lorentz contraction factor
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hydrodynamized center. The calculation presented in this work is a natural extension

of the model discussed in [4], where the authors approximated heavy ions by smooth

Woods-Saxon potentials, studied central collisions via planar shockwave collisions in

holography, and only included transverse dynamics later on in the hydrodynamic evo-

lution.

2 Initial data and nuclear model

Following [1–3], we first formulate the metric for a single shockwave in AdS5 using

Fe↵erman-Graham coordinates,

ds2FG =
1

⇢2
�
� dt2 + d⇢2 + (dx?)2 + dz2 + ⇢4h±(x

?, z⌥, ⇢)(dz±)2
�
, (2.1)
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with z⌥ = z ⌥ t, and ⇢ an inverted radial coordinate. The Einstein equations require

⇣ d2

d⇢2
�

3

⇢

d

d⇢
+ r

2

?

⌘
⇢4 h± = 0 . (2.2)

In the dual quantum field theory, the metric (2.1) corresponds to a state with

hT 00
i = hT zz

i =
N2

c

2⇡2
h±

���
⇢=0

, (2.3a)

hT 0z
i = ±

N2

c

2⇡2
h±

���
⇢=0

. (2.3b)

Due to the large aspect ratios of the Lorentz contracted projectiles, longitudinal gra-

dients are much larger than transverse spatial gradients. To simplify the problem we

exploit this separation of scales by systematically expanding the Einstein equations in

transverse derivatives. We use the symbol O(ri
?) to represent terms that are at least of

i-th order in transverse derivatives. (This is explained in more detail in the Appendix.)

Through first order in transverse derivatives, the single shock function h± has no

radial dependence

h±(x
?, z⌥, ⇢) = h±(x

?, z⌥) +O(r2

?). (2.4)

Otherwise (2.2) does not constrain h±(x?, z⌥) as a function of boundary coordinates,

so it may be chosen to be an arbitrary function of x? and z⌥. We aim to choose h±

so that the initial boundary stress energy tensor corresponds to a realistic model for a

boosted gold nucleus. The model we use is motivated by the standard model for heavy

ions usually applied in Glauber Monte Carlo simulations [10, 11]. There the position of

each nucleon in the nucleus is determined from a probability density function that can

be thought of as the single-particle probability density in a quantum mechanical model.

We take this probability density to be a boosted spherically symmetric distribution.

The radial distribution is derived from low energy electron scattering experiments [17]

and is given by a boosted Fermi distribution with three shape parameters: the nuclear

radius R, the skin thickness a, and the boost factor �. The resulting probability

distribution for the position of a nucleon is a standard Woods-Saxon potential,

P (x?, z⌥) =
n

1 + exp
⇣�p

(x?)2 + �2(z⌥)2 �R
�
/a

⌘ . (2.5)

The normalization constant n is chosen such that
R
dx3 P = 1. To model RHIC colli-

sions, we use � = 100 as the longitudinal Lorentz contraction factor of each colliding

nucleus. The energy density of each nucleon is modeled as a Lorentz-contracted Gaus-
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sian profile,

G±(x
?, z⌥,x?

0
, z⌥

0
) =

µ3

p
2⇡w2/�2

exp
�
�

�2

2
(z⌥�z⌥

0
)2/w2

�
exp

�
�

1

2
(x?

�x
?
0
)2/w2

�
,

(2.6)

centered around (x?
0
, z⌥

0
), with the same Lorentz-contraction as in the nucleon distri-

bution (2.5). To ensure that the individual nucleons have limited overlap, we follow

[10, 11] and implement a minimal distance dmin between them. We do so by generating

the ensemble of nucleon centers in the following way: after choosing the i-th nucleon

center point (x?
i , z

⌥
i ), we update the probability distribution (2.5) via

P ! P ⇥⇥(|x?
� x

?
i |

2 + �2(z⌥ � z⌥i )
2
� d2

min
), (2.7)

with ⇥ a unit step function. We repeat this procedure after each chosen nucleon center.

The projectile energy density function h± is then given by the superposition

h±(x
?, z⌥) =

196X

i=0

G±(x
?, z⌥,x?

i , z
⌥
i ). (2.8)

Since we aim to simulate heavy ion collisions with realistic parameters, we choose (as

in, e.g., [4]) the scale µ determining the the amplitude of G± such that

NA ⇥ 200GeV

2
= ERHIC =

Z
d2x? dz hT 00

i =
N2

c

2⇡2

Z
d2x? dz h±

���
⇢=0

, (2.9)

with NA = 197 being the number of nucleons in a gold nucleus and Nc = 3 the

gauge group rank of QCD. After choosing the skin thickness of the potential a, the

minimal distance dmin, the transverse size of each nucleon w, and the transverse size R

of the probability distribution (2.5) in units of [1/µ], the condition (2.9) then fixes the

amplitude µ in (2.6) and allows us to give R, a, dmin, and w in units of [1/GeV].

We work with a nuclear model using the following parameters. As in [4] the trans-

verse size R of our probability distribution (2.5) is 6.5 fm, and the skin thickness is set

to 0.66 fm; these values are close to nuclear parameters obtained from elastic electron

scattering [18]. The minimal distance dmin = 0.4 fm, as in [11], and each nucleon has

transverse size w = 1 fm. These parameters lead to the value µ = 1.1 GeV. Our nucleon

size w is larger than the typical nucleon size of w ⇡ 0.5 fm argued for in [30]. We use a

somewhat larger nucleon size since it decreases the required longitudinal and transverse

resolution and speeds up the computation. It should be noted that since our nucleons

themselves are Gaussian energy density distributions, the actual skin thickness of the

heavy ion model and the skin thickness a of the probability distribution (2.5) are not
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 bulk geometry determined by boundary ⇒ Tμν

nuclear energy density = sum of nucleon energy densities

Gaussian single nucleon density

Woods-Saxon probability distribution for 
nucleon positions, with  hard core enforceddmin

• superpose well-separated projectiles, transform to infalling coordinates

identical. Therefore we compute multiple ensembles of initial data following the above

procedure, for various choices of a in (2.5). We then select the ensemble whose average

possesses an actual skin thickness of 0.66 fm and select two random samples from this

ensemble, corresponding to left and right moving shocks. With our choice for µ the

parameter a in (2.5) is 0.165 fm.

For the numerical evolution we work in units such that the longitudinally integrated

energy density profile of a single nucleus at vanishing transverse radius is normalized

to one, Z
dz h±(x

?=0) = 1. (2.10)

We then use the above parameter values to present results in physical units.

To construct initial data for the time evolution in a coordinate system in which

one can employ the characteristic formulation of general relativity, it is necessary to

transform the metric ansatz (2.1) on the initial time slice from Fe↵erman-Graham

coordinates to infalling Eddington-Finkelstein coordinates, for which the metric has

the form

ds2EF = u�2

⇣
gEF
µ⌫ (x, r) dxµdx⌫

� 2 drdu
⌘
. (2.11)

We perform this transformation order by order in transverse derivatives following the

method outlined in [1–3, 16]. To compute the coordinate transformation numerically

we discretize spacetime and use Fourier grids in spatial directions with Nx = Ny = 40

and Nz = 256 grid points, and a Chebyshev grid in the radial direction with three

domains and Nu = 3 ⇥ 28 grid points in total. In [16], we show in detail how to

construct initial data as an expansion in transverse derivatives. We choose an impact

parameter ~b along the x direction with |~b| = 4.5 fm.

3 Time evolution

To compute time evolution we expand the Einstein equations in transverse derivatives

and solve them order by order on each time slice through first order in transverse

gradients. We briefly review the main idea behind the transverse derivative expansion

in the Appendix. A more thorough discussion of this expansion technique and how to

e�ciently solve the transverse derivative expanded Einstein equations may be found

in [16]. As shown there, the approximation by a truncated expansion in transverse

gradients for collisions of shocks with large aspect ratios provides substantial run time

and memory improvements, while errors are . 10% at the hydrodynamization time.

On each time slice one has to solve an elliptic partial di↵erential equation to ensure that

the radial position of the horizon remains stationary [2]. By expanding in transverse

– 7 –
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Figure 1: The energy density distribution during the collision of localized, granular,

highly contracted holographic shocks computed up to first order in transverse deriva-

tives. The spatial directions are labeled in units of [fm]. From top left to bottom right:

the surface plots of the energy density evaluated at times t = �0.144 fm/c, t = 0 fm/c,

t = 0.068 fm/c, and t = 0.144 fm/c.

density, respectively. Towards the endpoint of our time integration at time t = 0.144

fm/c the energy density averaged over the central region (|x?| < 2.5 fm) falls o↵ with

the approximate rate / t�0.9, the same rate as observed during planar collisions. In

Fig 2 and Fig. 3 we show the momentum density and the energy density at vanishing

y coordinate, where ŷ is the transverse plane unit vector orthogonal to the impact

parameter vector, on the same time slices as depicted in Fig. 1. Figure 4 shows the

lab-frame angle-averaged transverse energy flux, hT 0?
i ⌘ hT 0i(x̂?)ii, as a function of
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Figure 3: The energy density T 00 in units of [GeV4] as a function of the longitudinal

coordinate z and the transverse coordinate x, at y = 0 and at various times. From top

left to bottom right, the y = 0 slices are evaluated at t = �0.144 fm/c, t = 0 fm/c,

t = 0.068 fm/c and t = 0.144 fm/c.

from a solution to the Einstein equations and rescaling both the amplitude and the

transverse size, without changing the longitudinal size, does not in general generate a

valid solution of the Einstein equations. Therefore, a priori it was not clear whether the

results obtained in [1] can be used to approximate collisions with realistic aspect ratios

of the colliding projectiles, corresponding to Lorentz contractions at RHIC, without

showing that the disagreement between the first order in derivative approximation and

exact results is small [16]. After these operations both the projectiles in [1, 16] and in

this work have a similar overlap region, a similar longitudinal width and by construction

the same amplitude, making this comparison possible. The yellow curves in Fig 4
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transverse momentum density, 
angle-averaged, τ = 0.1 fm/c

23

Figure 4: The transverse plane angle-averaged transverse momentum density hT 0?
i ⌘

hT 0i(x̂?)ii at rapidities ⇠ = 0 (left) and ⇠ = 0.5 (right), and at proper time ⌧ = 0.1 fm/c.

The blue curve corresponds to the results obtained in this work, starting from initial

conditions (2.1) with left and right moving shocks given by (2.8). The yellow curves

are obtained from extrapolating results in [1] using the fact that the di↵erence between

a first order in transverse derivative approximation and exact results for aspect ratios

corresponding to those of Lorentz contracted projectiles at RHIC are small (< 10%)

[16].

represent the prediction of [1] for the transverse flow during the early phase after heavy
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fluid 3-velocity | ⃗u/u0 |
t = 0.1 fm/c
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Figure 5: The absolute value of the fluid three velocity |u/u0
| at time t = 0.1 fm/c.

The left plot shows |u/u0
| at a y = 0 slice, the right plot shows it at a z = 0 slice.

where the eigenvalue " is the proper energy density. The hydrodynamic approximation

bT µ⌫
hydro

= p gµ⌫ + ("+p) uµu⌫ + ⇧µ⌫ , (4.2)

with the viscous stress ⇧ given by

⇧µ⌫ = �2 ⌘
⇥
@(µu⌫) + u(µu

⇢@⇢u⌫) �
1

3
@↵u

↵(⌘µ⌫ + uµu⌫)
⇤
+O(@2) , (4.3)

is also expanded up to first order in transverse derivatives. Here p is the pressure and

⌘ the shear viscosity.

We show slices of the fluid velocity three vector’s absolute value |u/u0
| at time

t = 0.1 fm/c in Fig. 5. Next we compute the residual

� =
3

"

p
�T µ⌫�Tµ⌫ (4.4)

with �T µ⌫ = T µ⌫
� bT µ⌫

hydro
. Following earlier work [1, 2, 4], � < 0.15 is regarded

as the onset of approximate validity of hydrodynamics. As shown in [16], first order

corrections to the residual � are negligible. However, explicitly computing first order

in transverse derivative corrections of the fluid velocity from Eq. (4.1) is necessary for

determining the vorticity (up to first order in transverse gradients), which is discussed

in the next section.

We show the results for � in Fig. 6. As can be seen there, most of the low rapidity

(⇠ ⇡ 0) central region can be described by hydrodynamics at ⌧ = 0.1 fm/c, but only

a small subset of the plasma at mid-rapidity (|⇠| ⇡ 0.5) has hydrodynamized at this
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hydro residual, τ = 0.106 fm/c
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Figure 6: The residual � at proper time ⌧ = 0.106 fm/c. For rapidity ⇠ = �0.5 (left)

and ⇠ = 0.5 (right) in the first row and vanishing rapidity for the plot in the second

row. We display the region R described in (4.5) by a red circle in the plots above.

proper time. In order to provide initial data for hydro evolutions on a full initial

hypersurface, one would have to evolve the geometry substantially longer, which goes

beyond the scope of this work. At time t ⇡ 0.1 fm/c after the collision, the majority of

the plasma around the central point x? = 0, z = 0 is hydrodynamized. We depict this

behavior in Fig. 7, where we show the median of the hydro residual � in the central

regions |x?| < 1.5 fm and |x?| < 7.5 fm both at rapidity ⇠ = 0 and at rapidity ⇠ = 0.25

as a function of proper time. As shown there at proper time ⌧ ⇡ 0.1 fm/c, the majority

of the low rapidity plasma in the central region has hydrodynamized, while even at

vanishing rapidity individual transverse pixels can still be far from the hydrodynamic

approximation, as shown in Fig. 6. Nonetheless, we can attempt to identify the early
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vorticity | ⃗ω | , t = 0.1 fm/c
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Figure 10: On the left: The absolute value of the vorticity three vector ~! at t = 0.1

fm/c, the spatial coordinates on the axes are given in units of [fm]. On the right we

show the vorticity at t = 0.1 fm/c at vanishing rapidity. The results are given in units

of [GeV]. Most of the initial (geometric) angular momentum is deposited far away from

the central region where the hydrodynamized quark gluon plasma is located.

of the early quark gluon plasma at the time when the majority of the central, low

rapidity region has hydrodynamized. In Fig. 10 we show the absolute value of the

vorticity three vector |~!|, with !↵ = (!0, ~!), at t = 0.1 fm/c. We find that almost none

of the large, initial spatial vorticity |~!| is deposited in the central, hydrodynamized

region of the quark gluon plasma. In other words, the plasma is only slowly rotating

despite the large, initial “geometric” angular momentum in the system arising from a

large impact parameter. In Fig. 11 we show the median vorticity in the central regions

|x?| < 1.5 fm and |x?| < 7.5 fm, the same regions for which we presented the averaged

hydro residual � in Fig. 7. Likewise, in analogy to Fig. 8 which shows the hydro

residual in the region R, we depict the average and median vorticity in the region R

in Fig. 12.

There has also been discussion about the relation between the mean spin vector,

and thus the polarization of emitted spin 1

2
particles, and the “thermal vorticity,”

defined as

!̄µ⌫ ⌘
1

2

⇣
@µ�⌫ � @µ�⌫

⌘
, (4.7)

where �µ = uµ/T with the (local) temperature T inferred from the local energy density.

The authors of [29] proposed a relation

Sµ(x, p) ⇠ (1� nF) ✏
µ⌫⇢� p⌫ !̄⇢� +O(!̄2) (4.8)
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Figure 9: The fluid velocity and the proper energy density in the hydro-subregion

R defined in (4.5) as a function of rapidity ⇠ and � given in (4.5). The first row

corresponds to the transverse fluid velocity with ux corresponding the left and uy to

the right plot. The second row shows the longitudinal fluid velocity uz on the left and

the proper energy density, which is given in units of [GeV4], on the right.

potential into hydrodynamic evolution, open up the possibility of clarifying to what

extent vorticity is responsible for the observed polarization, starting from the boosted,

nuclear heavy ion model described previously and following the evolution of vorticity

throughout the collision using holographic modeling of pre-hydrodynamic dynamics fol-

lowed by hydrodynamic evolution thereafter. With this motivation in mind we examine

the vorticity

!↵
⌘ �

1

2
✏↵��� u� @�u� (4.6)
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Conclusions & next steps

• Holographic modeling of pre-hydro evolution in heavy ion collisions, with 
realistic model of nuclear energy density distribution, is feasible.

• Significant transverse flow develops in pre-hydro phase.

• Granularity causes major variations in onset of hydrodynamic behavior.

• Very little angular momentum imparted to hydrodynamized fluid.

• Need to run longer, do multiple realizations, different impact parameters, …

• Would like to add baryon & electric charge density, dynamics E&M.

• Need more people to get involved…
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