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The explosive growth in online shopping has provided online retailers impressive opportunities
for revenue and profit. At the same time, retailers may lose considerable online business from
slow response times at electronic shopping sites. Although increasing server capacity may
improve response time, the resources and capital needed to do so are clearly not free. In this
study, we propose a scheme that can improve a server’s performance under its current capacity.
This scheme is based on priority order processing, where the priority of an order depends on the
potential revenue that would be generated from the order. The results for single-period analysis
show that the benefit from priority processing increases as the server becomes busier.

We have also modeled a multi-period version of the problem, where the demand in a period
depends on the Quality of Service (QoS) that buyers receive in the previous period. In multi-
period problem, both the server capacity and the order processing policy in each period are
determined optimally. Here, it may be optimal for the retailer to sacrifice profit and increase QoS
in initial periods in order to increase demand (and revenue) in later periods. Thus, the order
processing policy of the server evolves from an emphasis on QoS in initia periods, to one on
profit in subsequent periods.

(Electronic Commerce; Priority Order Processing; Queues, Reneging)




1. Introduction

The last few years have observed an explosive growth in online business. This growth is likely to
sustain since the number of Internet users around the world is continues to grow. The Computer
Industry Almanac has reported that by the year 2002, 490 million people around the world will
have Internet access, that is, 79.4 per 1,000 people worldwide, and 118 people per 1,000 by year-
end 2005.

More significantly, Jupiter Communications estimates that online shopping will grow to
$78 hillion by Year 2003. According to Jupiter Communications, retailers seeking to benefit
from the huge online market must design the online experience with a view to establish long
term relationships with new online buyers. This is because meeting and exceeding the
expectations of new buyers has an effect far beyond the current season; a positive online
experience with a specific retailer could go a long way toward securing a future stream of
revenues.

In this study, we consider the problem of congestion in e.commerce servers. Our concern is
specifically to do with slow response time. A significant statistic here is one provided by
Forrester Research Inc. — 66% of all electronic fopping carts are abandoned before a sde is
completed. While the abandoning of a cart may occur from reasons that are not related to
response time, it is quite clear that slow response time is indeed a significant cause. One study
entitled “The Web Is No Shopper’s Paradise,” published in the November 1999 issue of Fortune
magazine states that (Mardesich, 1999):

“Among the 200 Web consumers surveyed for Cognitiative's (a Net strategy
consulting firm based in San Francisco) quarterly “ Pulse of the Customer”

report, the No. 1 reason that customers got fed up and took their business



el sewhere was technical problems, including unacceptably slow response times.”
On similar lines, Green (1999) conducted a more detailed survey using 1000 online shoppers to
study congestion problems in e-commerce servers. The survey revealed that 28% of the
respondents found sites too slow and |eft, never to return.

An obvious solution to the above congestion problems is to increase server capacity. An
interesting case in point here is the eemerchant “800.com,” that sells consumer electronics. After
its launch in October 1998, the company tried launched a promotion that offered three movies or
three CDs for $1. The promotion worked, perhaps too well. On November 27, 1998 the
company’ s site was swamped and virtually shut down as hundreds of thousands of customers
flocked to the site to obtain cheap movies and CDs. Based on this experience, 800.com now
relies on 50 rather than 16 main servers to handle site traffic! However, while adding more
servers should clearly alleviate congestion problems; there is no easy formula to determine the
optimal number of computers. Furthermore, adding capacity is obviously not free and should be
done only if the additional capacity can be economically justified.

A resource neutral solution to the server congestion problem is to improve performance
using priority order processing. There could be many dimensions of performance (e.g., average
response time, throughput, maximum response time, revenue generated, etc.); our focus here is
on two of these measures: profit per unit time and percentage of buyers lost. While profit is an
obvious performance measure, the percentage of buyers lost is used to measure Quality of
Service (Q0S). A buyer’s satisfaction with the electronic shopping process should depend, in
part, on whether or not the purchase transaction is successfully completed in a reasonable
amount of time. Therefore, the percentage of buyers lost can be used as a measure of the quality

of service achieved by a certain electronic site. When profit is the goa of the processing policy,



the amount of processing power assigned to an order depends on two considerations: (a) the
potential revenue that would be generated from the order if it is successfully executed, and (b)
the probability that the order will be lost because the customer’s delay tolerance is exceeded. On
the other hand, when QoS is the goal, the amount of processing power assigned to an order
depends only on the probability that the order will belost.

In deriving the optimal policies, our study spans three research areas. time-shared systems,
reneging in queuing theory, and differentiated (or prioritized) services. The concept of time-
sharing has been widely adopted in scheduling computer processing (Kleinrock, 1964, 1967,
1976; Stallings, 1997). In time-sharing, processing power can be divided in two ways. The first
method, often called “Round-Robin”, is a true time-sharing policy. Each process gets a slice
(quantum) of time during which the full capacity of the processor is dedicated to the process. The
second method is to divide processing power on afull-time but part-capacity basis. This method,
referred to as “Processor-Sharing,” represents the continuous limit of time-sharing where the
time dlice approaches zero. Kleinrock (1964, 1967) obtained the expected response time (time
spent in the system, waiting time plus required processing time) for exponentially distributed
arrival and departure (time-shared M/M/1). The waiting time is proportional to the processing
time attained; suggesting that round robin systems are more “fair” than sequential queues since
the waiting time in sequential systems does not depend on the actual amount of processing
incurred on a job. Coffman et al (1970) derived the expression for the waiting time distribution
in time-shared systems that was found to deviate from the exponential form that describes the
sequential M/M/1 queuing model. Morrison (1985) later found the response time (waiting plus
required process time) distribution for M/M/1 processor-sharing systems. Sakata, Noguchi, and

Oizumi (1971), and O’ Donovan (1974) have extended the results of expected response time to



M/G/1 processor-sharing models.

Customer impatience is a direct source for loss of sales in online retailing; customers quit
shopping if the waiting exceeds their tolerance. This phenomenon, termed as queuing with
reneging (and balking), has been studied for about 40 years and is still an active research area.
Barrer (1957) obtained the results for the queuing problem with impatient customers based on
heuristics. Gnedenko and Kovalenko (1989) provided a more rigorous analysis that verifies
Barrer’s results. In their studies, they assume a M/M/1 system with either a constant or
exponentialy distributed reneging time. More detailed studies on M/M/1 system with an
exponentially distributed reneging time have been presented by Ancker and Gafarian (1962,
1963). Rao (1968) extended the results to the reneging in M/G/1 systems. In both studies, an
exporentialy distributed reneging time was assumed. Recent studies are focused on extending to
more general queuing systems, for example a GI/G/1 model (Stanford, 1979). In addition, Whitt
(1999) studied the reneging problem when customers are informed about anticipated delays.
There has been no research to our knowledge that includes the reneging in the time-shared
gueuing systems. Assaf and Haviv (1990) have studied the strategy of reneging from processor
sharing systems. However, the impact of reneging on the queues is not explicitly modeled.

Kleinrock (1967) introduced the notion of priority processing for computer processors and
derived the expected waiting time for different priority classes with exponentially distributed
processing time. O’ Donovan (1974) showed that the result holds even for M/G/1 processor-
sharing systems. Similarly in networking, the vision of providing differentiated services has been
around for well over adecade (Turner, 1986). Future packet networks will likely support Quality
of Service in order to provide afull array of services (Aiello et al, 2000). Research in thisareais

becoming increasingly popular, as new technology makes implementation possible. Other studies



have been focused on economic side, namely pricing for providing priority services in
communication networks as well as in other settings (Marchand, 1974).

In this study, we propose and analyze optimal order processing policies that can be used by
e-commerce servers to improve performance. We also provide a variety of anaytical and
numerical results that prescribe how Eretailers should best run their servers to achieve their
performance goals. We aso study a multi-period version of the server congestion problem,
where both the server capacity and the processing policy in each period are optimally
determined. In the multi-period problem, we consider QoS externalities; demand in a given
period depends on the QoS achieved in the previous period. The multi-period problem is solved
using dynamic programming. The results from the multi-period analysis can provide guidelines
for eretailers to adjust the order processing policy over time. For example, the analysis reveals
that e-retailers should initially pay more attention to QoS. However, as the customer base of an
e-retailer matures, profit-oriented order processing policies should be pursued.

The rest of the paper is organized as follows. Sections 2 and 3 are dedicated to the analysis
of optimal server operating policies. A single period model is presented in Section 2 whereas
Section 3 extends the single period model to a multi-period one. Numerical results are presented
and practical implications are discussed. Section 4 provides a summary of results and offers

directions for future research.

2. The Model

In this section, we set up the basic model where the demand is assumed to be stationary. Thisisa
single period problem. Eretailers first determine and acquire the optimal capacity that remains

unchanged for the rest of the planning horizon.



2.1 Assumptionsand Preliminaries

We characterize orders arriving at an Ecommerce server by their values. The predicted final
purchase value of an order, h, follows a value distribution, f(h). One way to predict the final
purchase value is to use the customer’ s historic data, for example, an average value (or amoving
average). After each purchase, the data can be modified and a new average value can be
calculated for use for the next visit. For a first time buyer, a typical value, such as the market
average for al new buyers can be used. This study assumes a “static” policy, i.e., each customer
is assigned an estimated value that remains unchanged throughout the course of shopping. In a
more sophisticated model, the predicted final value can vary “dynamically,” for example, by
utilizing information about the value of items in the shopping cart. These and other methods
(e.g., data mining techniques) can be applied. A dynamical policy offers more accurate value
prediction, however with the cost of extra computational overhead. A static policy estimates the
value “offline”, therefore does not consume online resources but may suffer from inaccuracy.
We will attempt to address this tradeoff question in subsequent studies.

The total arrival rate of ordersis |, this is the number of orders per wit time. We assume
that orders arrive according to a Poisson process, which represents real situation quite well (Moe
and Fader, 2001). Each order requires certain amount of time to be processed. A typical online
shopping process involves various activities, for example, browsing, searching, adding items to
shopping cart, and checkout. For a static policy, we ignore the details of involved shopping
activities (as these information are not used to update the predicted value), and instead define the
required processing time as the total time that an order receives processing from the server
including all shopping activities. The required processing time for orders with value h is assumed

to be exponentialy distributed with an average time t(h), which is a function of the value.



Therefore the overal processing time distribution for all orders is described by the hyper-
exponential distribution, or a linear combination of exponential distributions with different
means. The assumption of exponential processing time simplifies policy analysis. We have not
attempted to generalize this assumption; however, it is a good approximation for time-shared
systems where it has been shown (Sakata, Noguchi, and Oizumi, 1971; O’ Donovan, 1974) that
several important results (such as mean delays) depend only on the mean processing time and not
on the distribution. In general, average required processing time is a nontdecreasing function of
the value. In our model, any function form of t (h) can be used.

Impatient customers may quit shopping if the time spent exceeds their tolerance for waiting.
We define the tolerance level of a shopper in terms of average time in the server, w(h), that is,
buyers with the value h are willing to wait for a random time that is exponentially distributed
(Ancker and Gafarian, 1962) with a mean w(h). It is likely that customer impatience varies
during the course of shopping. Similarly for a static policy, we suppress this variation and adopt
an average level over various points of the shopping process. The impatience of an online
shopper is modeled using an analogy from the “express lane” in a traditional grocery store.
Typically store express lanes provide faster service to customers with relatively fewer items. The
implicit assumption here is that customers with fewer items may be less tolerant of delays, more
generaly, the tolerance level of a customer is assumed to depend in some way on the number of
items that the customer intends to purchase. In our model, the delay tolerance w(h) can be any
function of h; however, it is plausible that w(h) isincreasingin h.

Similar to the scheduling of a computer processor, server capacity is shared by orders in the
server. The sharing scheme in atypical ee.commerce server is based upon “Round-Robin” time-

sharing. Specifically, an order is given a dlice of processing time, say Q, when it enters the



processing unit of the server. It exits from the system if it finishes the desired processing during
this allotted time. Otherwise, it goes back to the end of the queue and waits for its next turn.
Round-Robin scheduling is better than a sequential scheduling (in which customers are served
one at a time) because sequential scheduling may waste capacity while waiting for a client’s
response.

We introduce the prioritized processing by assigning a weight g¢ (g« 3 0) for orders in
priority class-k so they recelve processing time, gqQ. This scheme was first proposed by
Kleinrock (1967). The priority of an order is determined by the potential final value of the
purchase that a buyer makes. In this study, we limit ourselves to the case where there are an
infinite number of classes. This allows us to focus on the properties of priority scheme without
involving complicated problemof assigning orders to classes. The processing weight g, becomes
continuous and is a function of value h, g(h). Offering discrete classes may be optimal if the cost
of implementing the policy is considered. A model for discrete classes has been published
elsewhere (Tan, 2000).

As mentioned earlier, customers will abandon their shopping cart (or renege) if they have
been made to wait for too long. We have solved a queuing problem that incorporates reneging in
a priority-based time-sharing system. The result is summarized in the following proposition.
Proposition 1 The loss function density (defined as number of customers lost per unit time per

unit value), I(h), for orderswith valueh, is

() =— Mg +1)

= f(h),
tOh) +1 +whygm)

where g(h) must satisfy,
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and H isthe set of all possible values.

The proof is presented in the Appendix, where the proofs for al the propositions, corollaries
and lemmas can be found.

In the next section, we introduce a multi-period version of this model where capacity
choices can be made at the beginning of each period. In this section, however, we have assumed
that capacity can be chosen once, at the beginning of the period. The effect of increasing server

capacity isto reduce the required processing time of an order:

t(h)y=t°(h)/C, 2
where t °(h) is the processing time for a standard unit of capacity, and C is the server capacity.
A more powerful server has a larger value of C, and therefore orders can be processed faster.
There is a cost associated with acquiring capacity. We assume alinear cost, gC, where gis the
unit cost (normalized to per unit time). The linear form can be justified as in most cases capacity

can be additive, for example, if more servers are added. We ignore the fixed cost, as it does not

affect our results.

2.2 Profit-focused Policy

The total expected revenue (per unit time) can be written as,

S= (i f(h)- I(h))dh. (3)

H H
A retailer’s objective is to choose capacity and processing weight such that the expected profit

per unit timeis maximized. Explicitly, we define an E-retailer’ s problem:

mex p(g(h).C)= & w(h)Cg(hh

a(M.C on 5 (gh) + 1)+ wih)Ca(h) | f (h)dh- ¢C,

subject to
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_ +_ w(h)t °(h)(g(h) +1)g(h)

f(h)dh, 4
O g+ +whcg @

g(h)2 0, "hi H.
Equation 4 isidentical to Equation 1 with capacity C explicitly expressed. The solution to this
problem is given in the following proposition:

Proposition 2 The optimal processing weight allocation is

L h e, wh)oo
g'(h) = .l 1+w(h) /t (h) Qg t(h) ¢ "t () 55
}0, hi H;

hi HS;

=
Q - -0

where y is the Lagrange multiplier associated with Equation 4, and the serviceable set H° is

defined as,

S _ :h h
1 t(h)

3y hi H%

The optimal capacity is,

o by e 1P ) (g
g gt (lg’ (n) +1)+whyg (h)

Proposition 2 indicates that there is a revenue realization threshold defined by h/t (h)3y ;
only orders with revenue realization above this threshold receive processing capacity. The
revenue realization threshold is rate at which an order’s revenue is realized. The value of y can
be obtained by substituting the expressions of g (h) and C  in Equation 4. The problem is
reduced to solving for y and C. The following corollary provides bounds for numerical search.
Corollary 1 The optimal capacity C satisfies the following inequalities:

y £EC £S.
S is the revenue when the optimal policy is adopted. The first inequality indicates that an
11



order will get processed if it can recover the cost of capacity. The system can also afford to admit
some orders whose values are below the cost of capacity. The second inequality guarantees a
nortnegative profit; representing the individual rationality condition for the retailer.

We have shown the following comparative static results hold.

Corollary 2 For the optimal processing weight allocation g(h),

T9" (h) 50
q(h/t (b)) =

19" (h)
T(w(h) /t (h))

Orders with higher rate of revenue redlization (i.e., the h/t (h) ratio) receive more processing
time. The ratio w(h)/t (h) measures a customer’s patience level. Orders with a higher value of
thisratio (more patient buyers) can tolerate more delay and hence receive less processing time.

Figure 1 shows the optimal processing weight, g (h), for linear processing time and waiting
tolerance: t (h) =0.7+0.3nh, and w(h) =1+ 0.5h. Here we assume that capacity is fixed, so only
the threshold y needs to be calculated. The value distribution is uniform, namely, f(h) = 1 for h1
[0, 1]. g (h) increases with value h as the ratio h/t(h) is an increasing function of h while
w(h) /t (h) decreases with h. However in Figure 2, with nonlinear forms of t (h) =0.3+0.7h°,
andw(h) = 0.5+0.8h?, g'(h) is not monotonic. It turns out that the ratio h/t (h) peaks around the
vaue h » 0.6. This example shows the importance of gathering information on customer
purchasing behavior (e.g., the delay tolerance); a higher value (h) alone does not warrant higher

priority.

12
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Figure 1. Optima processing weight, g*(h), Figure 2. Optimal processing weight, g*(h),
plotted as a function of value, h, for linear plotted as a function of value, h, for non
processing time and waiting tolerance. linear processing time and waiting
tolerance.

Coroallary 3 With the change of demand, | , the following results hold:

Tay o )
. —C==+>0,if =—>a,,
1l &C o c %

where the expression for the coefficient ay is given in the proof.

When the total demand increases, the expected profit (i) will also increase. This can be
achieved by adding more capacity (ii). The server becomes more discriminating by raising the
threshold (iii) when the threshold exceeds a certain level. The threshold y /C’ translates to value

threshold h,

-y
t°h) C°

Figure 3 shows the value threshold h. as a function of demand, with the same parameter setting

of Figure 1. If the capacity isfixed, an E-retailer has to drop more low value orders so that higher
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priority orders are more likely to complete. Otherwise, the capacity will be adjusted optimally

with demand, without much increase in the degree of differentiation.
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Figure 3. Vaue threshold for serviceable Figure 4. Optima processing weight, g (h),

orders, h, plotted as afunction of demand, plotted as a function of value, h, for profit-
| for fixed capacity and capacity focused, QoS-oriented, and uniform (non-
determined optimally. differentiated) policies.

Corollary 4 With the change of capacity cost, g, the following results hold:

. TP o

fig

i 1€ <o

fig

T 0.9

ii. —C—
19&C o

It isintuitive that when the cost of capacity increases, the expected profit (i) and capacity (ii)
will drop. When the cost of capacity increases, the server becomes more discriminating (iii) by

raising the threshold.

2.3 QoS-focused Poalicy

In this subsection, we consider a policy that focuses on the Quality of Service (QoS). We define

the QoS as the number of lost orders per unit time, regardless of their order value. The E
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retailers’ problem becomes,

min L° §(h)dh, (5)

o) i H

where | (h) isthe loss function density, given in Proposition 1.

The optimal processing allocation can be obtained similarly,

I-O:

' 1 RBe st w(h) 6@1/2 .
’ = - 1= — 5 - .
0’0 = Tewm L & () H s Lot

%0, t(h)3t..

Q

The processing time threshold t. can be found by substituting the above expression in
Equation 1. It is obvious from the above equation that orders more processing will be assigned
less processing time. More patient buyers (with higher w(h)/t(h) ratio) also receive less
processing time. The value threshold h; isgiven by t (h.) =t .. Assuming t (h) increases with the
value h, orders with value above the threshold h. will not receive any processing capacity.

We next compare three policies: profit-focused, QoS-focused, and uniform. The uniform
policy is a non-discriminating policy where g(h) is a constant. Here, linear forms of
t (h) =0.7+0.3h and w(h) =1+ 0.5h are used, and the capacity Cisset to be 1. Figure 4 clearly
shows the difference between profit-focused and QoS-oriented policies. QoS policies favor low
value customers, as orders from such buyers consume less processing time. Figure 5 plots the
expected revenue (or profit as the capacity is fixed). The QoS-focused policy is the worst
performer as it favors low value orders (with shorter processing time). For the Profit-focused
policy, the improvement in revenue increases when server becomes busier (higher | ). Figure 6
plots the loss ratio of customers, L/l , a measure for the quality of service. The QoS-focused
policy is most effective in the middle range of demand, since L/| convergestoOasl ® 0, and 1

as| ® ¥, for al policies.
15
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Figure 5. Sales, plotted against demand, | , for Figure 6. QoS (percent lost customers, L/l ),
profit-focused, QoS-oriented, and uniform against demand, |, for profit-focused,
(non-differentiated) policies. QoS-oriented, and uniform policies.

3. M ulti-Period M oddl

In Section 2, we presented various polices that attempt to optimize an Eretailer’s profit in a
single period. However, retailers often value their customer base more than immediate profit.
This consideration is not without merit since lost customers rarely come back. This suggests that
during initial periods, the value of orders should be paid less importance so as to build a solid
customer base. In this section, we propose a multi-period model that includes feedback on
quality of service. Specifically, the quality of service that customers receive in a period affects
the demand in the next period. E-retailers are allowed to vary capacity to match the demand.

We add an index, | for the period, to the notation used in the previous section. We start with
the loss function density |j(h) in the j-th period. The expression for 1;(h) is the same as the one
shown in Proposition 1 with subscripts for the period j wherever necessary. The expected
number of buyerslost per unit timein thej-th period, L;, is calculated using Equation 5 and I;(h).

We model the demand in the (j + 1)-th period in the following way:

I =L P, +( P " Lj)xrj, (6)

where, p; is the probability that unsatisfied buyers return and r; is the rate of growth in demand
16



due to successful purchases, for exanple through “word of mouth”. Equation 6 can also be
expressed in terms of the expected percentage of buyers lost, L/l ;, a measure of QoS.

E-retailers are allowed to adjust capacity, both upwards and downwards; implying that we
accommodate situations in which capacity can be rented. We assume that the cost of acquiring

capacity is proportional to the capacity added, namely, g;(C; - C, ;), where G isthe capacity in
the j-th period. Similarly as in Equation 2, we have t (h) =t ?(h)/Cj . Since hardware cost

typically decreases with time, the coefficient g is assumed to decrease from period to period.
Without loss of generality, we assume that the demand becomes stationary in the N-th
period. Eretailers have N opportunities to adjust capacity, after which the capacity remains

unchanged from the N-th period onwards. The discounted profit is,

N

¥ N
o i o . d
di'p. =qd’"*s -g,(C. - C_))+—S,,

g(]lg,)é ]azl lp' ]a:l (l gl(J 1-1)) 1_d3\1

where d is the discount factor; and g(h) and C are short hands for the processing weight and

capacity vectors. The profit, p; = S, for j 3 N + 1, because the operating policy and capacity

remain unchanged from the N-th period onwards. The discounted profit can be represented by a

finite horizon formulation, é jN:Id Iy ; » Where py isredefined as,

Sy
1-d

Py = - O (Cy - Cylo)-

We can solve this multi-period problem using the method of dynamic programming

(Dreyfus and Law, 1977), more specifically, backward induction. Let us define
o ‘l’\l I-j
Pl j’Cj-l) max ad p|(||1C|-1;9|(h)’C|)’

. ac 2

where gi(h) and C, for | 3 j, are the decision variables. || is the demand for the I-th period,
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which can be obtained recursively using the demand generation model as specified by Equation

6. P,(l;,C,.,) isthe maximum discounted profit starting from the j-th period. It depends on the

demand arriving in this period, | ;, and the capacity carried over, C;.;. This allows us to write the

recursive relation,

P,(,C.)° max p,(,Cg (h),C )+d* ,.( ..,C), (7)

9;(h).C;
where P (1 o) isthe objective function.
We first introduce the following lemma.
Lemma 1 The effect of carry-over capacity on the maximum discounted profit is described as

below,

=
1c,,

=g;.

This result is intuitive as more existing capacity reduces the cost of capacity in the current
period, and consequently increases the discounted profit. Now we are in a position to

characterize the optimal policies.

Proposition 3 The optimal processing weight allocation in the j-th period (j <N) is

| % . LL1/2 o)
t 1 <G +8ki(h)-1?a§+—wi(h)% 15 hi HS
g(h = +Wj(h)/tj(h)§8 éyj ﬁ t;(h) 5 5
i .
T hi HJ-S;
wher e the serviceable value set Hf isdefined as,
He={h:k, (hy3y ,,hT H,},
and
P
=g B gy L (8
t,(h) i, t,(h)



The optimal capacity is,

S T w, (e, (g () +1)°g; (0 f (roch.
g; - A9, in t;(G; (M) +1)+w, (hg](h)

For periods| 3 N, the processing weight and capacity are given by Proposition 2 with the
effective unit capacity cost, (1 - d)gu.

As displayed in Equation 8, this policy seems to combine the profit-focused and QoS-
oriented policies for the single period problem; the factor k;(h) is a linear combination of two
ratios, h/t(h) and 1/t (h). The relative weight of this combination is determined by the discount
factor d, and two parameters r; and p; that determine the demand growth. This controls the
evolution of the operating policy from a QoS-focus at the beginning to a profit focus when the
demand is steady.

In the following, we present some numerical demonstrations. Given the results described in

Proposition 3, in each period, we numerically evaluate y ; and C} , and make use of Corollary 5.

Corollary 5 The following recursive relation holds,

ﬂp N * ﬂp i+
=Y GG () F (ah L

1l j HH; j*1

The computation procedure is as follows. We start from the N-th period where the policy in
this period is described by Proposition 2. The recursion in Corollary 5 is then applied in the

previous period to obtain the optimal policy in the (N-1)-th period, using Proposition 3.
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g (h)g (1)

Figure 7. Optimal processing weights Figure 8. Optima processing weights
(normalized), g (h)/g (1), plotted as a (normalized), g (h)/g (1), plotted as a
function of value, h, for discounting factor function of value, h, for discounting factor
d=0.3. d=0.6.

Figures 7 and 8 plot the optimal processing alocations for N = 3; r; = 2, p, = 0.2;

t jo(h) =0.7+0.3h,w;(h) =1+0.5h; ¢ = 0.4, g = 0.35, g = 0.3; and uniform value distribution

for 0 £ h £ 1. The processing allocation is purely profit-focused from the third period onwards.
E-retailers with higher d are less discriminating as is evident from a lower value threshold h.. A
higher value of discount factor d indicates that the E-retailer is more concerned about the long-
term. There is heavier capacity investment in the initial period to accommodate more customers.
As d increases, the policies in the initial periods becoming less discriminating, or more QoS-
oriented, due to the influence of future demand growth.

Figure 9 shows the optimal capacity increments in three periods. We assume the capacity
remains unchanged from the third period onwards. Eretailers with low value of d invest in
capacity in the initial period and maintain a more or less a constant capacity level, even with the
decreasing cost of capacity. They focus on profit making even in the initial periods. This results
in poor QoS, and therefore there is no growth in demand. E-retailers with higher d invest heavily
in the initial period and adopt a QoS-oriented policy to build future demand. The second period
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sees asmall increase or even a decrease in capacity. Partly, the demand growth is yet to take full
effect so the dlightly increased or even decreased capacity can sustain the same level of QoS.
Also, the acquiring of capacity can be postponed to the third period that has a lower capacity
cost. Recall that the effective unit capacity cost is (1 - d)g. It decreases with discount factor d,
therefore we expect the optimal capacity increment in the third period to increase with d.

Figure 10 shows that the profits in the second, third, and fourth periods increase with
discount factor. This is because of the increased customer base (or demand). In the second
period, releasing of capacity gives a dightly faster increase of profit with higher d. The
difference between the third period and periods from the fourth onwards is the cost of capacity. It
is apparent that E-retailers with longer horizons (higher d) suffer more in theinitial periods, from

heavy investments in capacity that are aimed at improving QoS.
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Figure 9. Optima capacity increments, DC,-*, Figure 10. Profit in each period, pj*, plotted as
plotted against discounting factor, d. afunction of discounting factor, d.

4. Conclusions and Future Research

In this study, we propose an order processing scheme that improves the performance of an E

commerce site. This scheme is based on priority order processing, where the priority of an order
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depends on the potential value of the order. We present the model and the results for a single-
period. It is shown that the benefit from priority processing increases as the server becomes
busier.

We have aso modeled a multi-period problem, where the demand in a period depends on
the Quality of Service (QoS) that buyers receive in the previous period. It is observed that the
retailer usually loses money in the first period in order to provide better service and growth in
future demand. The operating policy of the server evolves from a QoS-focused one in initia
periods, to a profit-focused one in subsequent periods. In multi-period problem, the server
capacity planning in each period is determined optimally.

The current study involves one server (or treats multiple servers as a single server). It is of
practical importance to study the load-balancing problem. This is a two-level problem. Each
server will be optimized using priority scheme, conditional on an optima amount of traffic
directed to the server. Another interesting extension is to control or influence the value
distribution, f(h). This can be achieved using appropriate incentive schemes, such offering on the
gpot discount to buyers that may otherwise leave. Finally, we are working on the analysis of
dynamic order processing policies that allow the priority of an order to vary during the course of
shopping, especialy in response to a more accurate prediction of the final value, and the delay

tolerance.
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Appendix

Proof of Proposition 1

Discrete Classes. Let us first solve the discrete version of the problem. Assume that there are N
priority classes; class-k orders have arrival rate | , processing rate m, and reneging rate n,. Let Ex
be the expected number of class-k ordersin the system in the steady state.

We follow the method used by Kleinrock (1964). Introduce a tagged order (assume it is one

of the priority class-k orders). Each order in class-k is given atime slice (quantum) of gcQ, where
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Q isinfinitesmal. The cycle time is the duration between two consecutive gects of the tagged

order from the server, namely

N
a gQE +9.Q.
i=1
With a probability m,g,Q, an order of class-k will finish needed processing and exit from

the system during the processing time g Q allocated to this order. After a cycle, expected number

of class-k orderswill be

N = N ..
(1_ mng)Ek *l kéaa 9,QE +ng9' nkéaa 9, QE; +ng9Ek.
€i=1 7] €i=1 g

The first term is the expected number of class-k orders returning to the system. The second term
is the expected number of class-k orders arriving during a cycle. The third term is the expected
number of class-k orders reneging during a cycle.

In the steady state, the above expression should be the same as E,. Therefore we get

aa 0 o) 0
mJgE, =1 .¢a 9k + gk;_ n.ea 9E + 9 ;Ek,

ei=1 ei=1
or
Ek - I k(gk +G)
mg, +n, (g, +G)
where the constant
N N | (g +G)a.
G=§ g =§ 9% (A1)
i=1 i=1 mgi +ni (gi +G)

The above constant can be solved self-consistently.

The expected loss function for class-k ordersisthen

I, (g, +G)

L, =n.E = :
MGk +Ni (g +G)
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Thisis the expected number of class-k orderslost per unit time.

Existence of Unique Positive Value of G. Let’s rewrite Equation Al as

: & 1(g +G)g
G) = At:i L. G=0
1 () %mgﬁni(gﬁG)

The functionj (G) has N negative polesat G =-(m /n; +1)g;, and (N — 1) negative zeros (roots)

in between these poles. For the region where G 3 0,

j (o):glii>o
amen
and | (¥)® -¥ . ltssecond derivative,
2: N 2
dJ(ZG):_é 2 ;mn;g, _<0.
dG = (Mg, +n, (g, +G))

Therefore j (G) is a concave function over G2 0, with j (0) >0and j (¥)® -¥ . It must

cross zero once and only once at a positive value of G.
Rescaling and Continuous Limits. The existence of a positive G allows usto rescale the weight
vector, explicitly,

9/G® gy.
The rescaled g must satisfy Equation Al (where G is set to 1). With the continuous value
distribution f(h), required processing time t (h) (inverse the service rate), and waiting time w(h),
we can take continuous limit with respect to value, while retaining the discreteness of priority
classes. For orders that have valuesin the interval [h, h + dh], if belonging to priority class-k, the

loss function becomes,

| (dh=— - W@HD gy,
t (h)(g, +1) +wW(h)g,

where I (h) isloss function density. Proposition 1 follows if we further have g, ® g(h).
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Proof of Proposition 2

We adopt the method of calculus of variations (Sagan, 1969; Weinstock, 1952) that is widely
used to find the functional form that will optimize a given objective function.

Optimal Processing Allocation. We start by writing the Lagrange of Problem 1,

L= (g(h).C)dh,

H H
where, the integrand, or Lagrange density, is

_ whgh)h
HOON) = o Gm + )+ e

e w(ht (g +29M) & ¢ 1 rach
YE mom + ) +wihyg( g DI

y isthe Lagrange multiplier for constraint given by Equation 4. x(h) is the Lagrange multiplier
density for constraints g(h) 2 0," hT H . Itis positiveif g(h) = 0, and zero if g(h) > 0. Thefirst
variation yields,

fiL(g(h),h) _ w(hy (h)! f (h)

fath) @ (h)(g(h) +1) + w(h)g(h))? (A2)
“(h-y koM +17 + wihygmy?)+x (h).

Setting the above equation to zero, we get, if g(h) >0,

h=y  ()(gh) +1° +w(h)g(h)?) (A3)
and if g(h) = 0,
() =11 (Wl - t(ih)%
Obviously, if
%3 y,



x(h) becomes zero, therefore the corresponding constraints are non-binding. The above results
are summarized in Proposition 2. The value of Lagrange multiplier y can be solved by
substituting the expression of g (h) into constraint given by Equation 4.

Second Variation and Concavity. Let’s perform the second variation around g (h). Thisis done
by differentiating Equation A2 with respect to g(h) and substituting in Equation A3. We have,

for g (h) > 0,

T°L(g(h),h) _ Zyw(hjt (h)I'f (h)

9N | LG () +1)+w(h)g (h)

This is strictly negative as y > 0. Therefore, the solution g (h) yields maximum value for the
profit function p.

For the solution that lies on the boundary, i.e. g (h) = 0, the profit will decrease, at arate —
x(h), if g(h) isincreased from g'(h) = 0.
Optimal Capacity. The optimal capacity can be obtained by differentiating the Lagrange,

explicitly,

L wi()(g(h) + Yg(hy(h +ywh)g(h), ¢ vy o 2o,

1T .5 oh)(gh) +1)+w(h)cg(h))

Substituting in Equation A3, the above expression can be simplified to,

Yoo ()g () + 29 ) | ”
C' ant(lg’ (h)+1)+ wh)g' (h)

Solving Equations A3, A4, and constraint given by Equation 4, we can find the optimal policy
described by g'(h), C', andy .
In the following we show the capacity solved above is optimal. First, taking derivative of

Equation 4, and combined with Equation A3, we have,
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5 % 5
* E:y—*gazz' % 2 (A5)
4]

The coefficients are,

_owt @+ (@)W
all hi? 2((9* +1)t + g*W)S | fdh,

(g7 +D%2- (9)%(g" +D’tw- 2(g)3(g” +Dw?)

a, = * * | fdh;
=90 2(g" +1t +g'w)
* 44 2 *\2 * 3 *\3 * 2.p,2
N IR RS C R TR COMCIRE R
H H 2((g +1t +g w)

We find that coefficients ay, a;,, and ay, have the following properties:
1. a,>0;
2. a;>a,>ay;
3. a,ta, <2a,.
Then, it is straightforward to show that Equation A5 is negative. If a,, <0, it is obvious that

a,ay, - a122 <0; whileif a,, ® 0, we have 21/a11a22 £a, +a,, <2a,.

Proof of Corollary 1

Since g’ (h) is nonnegative, from Equation A4, we have,

s Y W(h)t*(h)(g*(h)+1)g*gh) (=Y
g ynt (Mg () +1)+w(h)g' (h) g

Equation A3 yields an inequality, h3 yt (h)(g(h) +1)°. Substitute into Equation A4, we get
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1. hw(h)g" () | s

£ i ___If(hydh=".
0,1 (Mg () +1)+w(hyg () g
where S isthe expected revenue.
Proof of Corollary 2
Part i is straightforward, and,
o) __ghs _g; Jn®
T OYTC) MR A TR ST

Proof of Corollary 3
Part i. The derivative of the expected profit with respect to the demand is, according to envelope

theorem,

w(h)g” (h)h- yt (h)(g (h) +1))
t (h)g’ (h) +1)+w(h)g (h)

ﬂL:lp(g*(h)’C*): (‘)
H

f (h)dh
KT .

Substituting Equation A3, we have,

11_| =y (‘yv(h)( ")) £ (hydh > 0.

Partsii and iii. Taking derivatives (with respect to | ) of Equations 4 and A4, and making using
of Equation A3, we get,

a, Ty a,1C _1.
y I C 9 |

a,fy afC _1L .
y I C o !

Solving these equations, we obtain,

ﬂae/ 0_ 1 &, -,y  a,- 3, 9
16Cs a-am,6 | C 1 g
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This becomes positive if

y S ;- Ay,
=2 =0—.
C a, - a,

Corollary 2 and properties of coefficients a1, a;,, and a,, immediately render,

ﬂC* - C* @11 q: a12 >0
1l a1 - a,a 22@ y I ﬂ

Proof of Corollary 4

Part i. To show that the expected profit decreases with the increased capacity cost, we find that,

T _1 (- N~
E_'"gp(g (h).C')=-C" <o0.

Parts ii and iii. Similarly we take derivatives (with respect to g) of Equations 4 and A4, this

yields,

Ty a,1C _
y g9 C o

aly afc _ Cc
y T9 C 1g y

Solving these two equations simultaneously, we have,

oy 6. a-a, .,
ﬂg gc 2 a12 a11a22

ﬂC* - a'.l.l * C_ < O
(¢ a1 - a;dy, Y

Proof of Lemma 1

Thisis obvious, as C. ; appears, explicitly, in P;inaform gC;. ;.
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Proof of Proposition 3

We follow Equation 7, and write the j-th period problem,

max p (I i’Ci-l;gi(h)’Ci)-'-d)Pjﬂ(l j+1’Cj)

g; (h).C;

subject to:

w; ()t (h)(g, (h) +1)g, (h)

= dh;
O T%0g, M+ w,(c,g,

L W g, (g, M) +Yp,

T 0T g, ) w (g, (T
g, (W0 "h.
Similar to single period problem, we can define a Lagrange,
L, =p,(l,,C..;0,(h),C,)+d>P (I ,..C))
e w(ht°(h)g; () +1)g, (h) 0

G1- h dh'
+y’g OTm, o Jrwme,gm O

=W (hC,g,(h)r, +t °*(h)(g, (h) +1)p, .
gh.H t (h)(g (h)+1)+w (h)C,9,(h)

+ X, (h)g; (h)dn,

hl H;

f (hydh- 1 |

QI -0

where,y ;, ¢;,and x; (h) areLagrange multipliers (or density). The first variation gives,

h+c,(r, - p,)=y b, (Mg, () +1f +w, (Mg, (h)?), (A6)
where,
c. =d Ll "
: ﬂl j+1

The results described in Proposition 3 follow.
The optimal capacity for j-th period, C|, isgiven by,
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w, (g (W +1 g ()| £ (ydh=g, - 1
t°(h)(g; (h) +1)+w,(h)C; g (h) 1C,

%hTQ =g; - dg;.,.
Similar to the single-period problem, the derivation of this result utilizes the solution g*j (hy,
given by Equation A6, and Lemma 1. Note that, if one requires that the capacity is non
decreasing, (namely, C, 3 C,,), a positive number, g, (the Lagrange multiplier) should be
subtracted from the right hand side of the above expression.

Proof of Corollary 5

Using the definitionof P (I ;,C; ,), given by Equation 7, and the envelope theorem, we have,

P, w(hg (hh+c,r)+t (g m+c,p, -y ,w g h)
o -0 . 3 f. (hydh.
m, an t;(hlg; () +1)+w, (h)g; (h)

Substituting in Equation A6 reduces to the recursive equation in Corollary 5.
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