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Technical Appendix 
Used Goods, Not Used Bads:  

Profitable Secondary Market Sales for a Durable Goods Channel  
 
 
Equilibrium Quantities for Integrated Channel with Commitments to Consumers.  
(See Table 1) 
 
The channel’s objective is given by: 
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We will verify that 02 ≥uq  and 01 ≥nq  after developing the following Lagrangian: 
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Substituting for the inverse demand equations, we derive the Kuhn-Tucker conditions:   
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Solving for ,,,, 122 λnun qqq and ψ yields four cases: 
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CASE 2: 02 =nq , un qq 21 >  

)2(2
)1()22(

)2(2
))(1(

0
0

)2(
)2)(1()2(

2
*
1

2
*
2

*
2

*

2
*

αθααθ
αγαθαγαα

αθααθ
αθααγ

ψ
θααθ

θθαθααγθαλ

+++
++−+++−

=

+++
−++

=

=
=

+++
−+−+++

=

ccq

cq

q

c

n

u

n  

CASE 3: 02 =nq , un qq 21 =  

)1(2
)(1

)1(2
)(1

0

)1(
1

1
1

121

*
1

*
2

*
2

*

*

θα
θαγ

θα
θαγ

γα
θα

γψ
θα

γγθγλ

++
++−

=

++
++−

=

=

−−+−
++
−+

=
++
−+

++−=

cq

cq

q

cc

c

n

u

n  

CASE 4: 02 >nq , un qq 21 =  

)21(2
1

)21(2
1

)
21

(
2
1

1
21
1

0

2
*
1

2
*
2

2
*
2

2
*

*

θθαθα
θα

θθαθα
θα

θθαθα
θαγ

α
θθαθα

θαψ

λ

−+−+
+−+

=

−+−+
+−+

=
−+−+

++
−=

+−−
−+−+

+−+
=

=

ccq

ccq

cq

ccc

n

u

n  

 
From the restriction that 0},{ >ψλ , we determine when each of the cases is feasible. 

Under the assumption that 
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expression for *
2nq  is decreasing in γ  and increasing in c.  Therefore, the region for 

which 0* >ψ  precludes *
2nq  from being positive and both non-negativity constraints 

cannot be satisfied over the parameter space. 
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Examining *
2nq  of CASE 1, we see CASE 1 is feasible if and only if 
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 Equilibrium prices follow directly from substituting the equilibrium quantities into 
equations (1)-(4) of the text.  Equilibrium profits follow directly from substituting the 
equilibrium quantities into the firm’s profit expression.   
 
Q.E.D. 
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Proposition 1:  For c< ),,,(* θαγc  the following multi-part tariff coordinates the 
distribution channel:  
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This tariff replicates the outcomes of a vertically-integrated firm that can make credible 
quantity commitments to consumers.  In this contract, the manufacturer charges *

1w c>  
and a fixed fee 

1

*F  in the first period.  In the second period, the manufacturer 

charges *
2w c>  and a fixed fee, 

2

*F , in addition to imposing a maximum resale price, 
2

*
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P .  
The retailer makes only a normal return to its capital, while the manufacturer garners 
the remainder of total channel profits. 
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With a price ceiling, the retailer’s objective in the second period is to maximize profit, 
such that the retail price for new goods is less than the price ceiling, 2nP .  Recall tjp  and 

tjq  are the retail prices and quantities of good type j in period t, tF  is the fixed fee 
payment from the retailer to the manufacturer in period t, and tw  is the per-unit 
wholesale price in period t.  This yields the constrained optimization problem with 
Lagrangian multiplier, λ , below: 
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Solving the Kuhn-Tucker conditions yields two possible equilibria:  
 



Technical appendix for Used goods, not used bads  page 5 of 29 pages 

A1: 
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with A1 being the solution if and only if 2nP  and 2w  are chosen by the manufacturer such 
that 2 21 2 nP w− + >0.  As shown in the text, 2F  will be chosen such that the retailer’s 

second period profit is reduced to 
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From the first order condition, the retailer’s first period reaction to the manufacturer’s 
contract is given by  
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for either of the two equilibrium retailer choices in the second period.  
 
As shown in the text, 1F  will be chosen such that  
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The above contract is a candidate equilibrium.  Substituting this contract into the 

retailer’s reaction yields 0* >
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by the retailer to this contract is then bound by *
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This response has the same quantities as chosen by the vertically integrated channel with 
quantity commitment as presented in Table 1 of the text.  The manufacturer will then 
choose to offer this contract over any other because the manufacturer’s objective, 

ret
nnnnuuu qcpqcpqcp π−−+−+− 112222 )()()( , is maximized at the quantities chosen by 

the vertically integrated channel with quantity commitment achieved by the above 
contract.  Thus,  
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is the unique equilibrium when the manufacturer offers a price ceiling.  
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The fixed fees are presented in their entirety below: 
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The equilibrium retail prices are presented below: 
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Proof that F2 may be negative. 
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Proof that potential gains from renegotiating and ignoring first-period consumer 
expectations can be eliminated by the loss in profit due to re-formed second-period 
consumer expectations.  (See Section 2.2) 
 
The retailer and the manufacturer will choose to renegotiate if renegotiation can make 
both players better off.  Therefore, renegotiation will occur only if total channel profit can 
be greater.  Let sh be the value of the future relationship if renegotiation does not occur.  
Let sl denote the value of the future relationship if renegotiation does occur.  Let sh - sl >0, 
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generated by the equilibrium contract from the text.  Therefore, the maximum channel 
profit when renegotiation occurs is:  
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The difference between renegotiation-enabled channel profit in the second period and the 
second-period channel profit with manufacturer commitment is  
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such that for all *)()( lhlh ssss −≥−  the contract will not be renegotiated after the first 
period.   
If ),,(* θαγcc ≥ , there is no profitable renegotiation in the second period. 
 
Q.E.D. 
 
Proposition 2:  For c> ),,,(* θαγc  in equilibrium, the manufacturer charges *

1w  equal to 
the marginal cost of production, c, and a fixed fee 1F   in the first period, and ceases 
production in the second period, in which the retailer sells only used goods.  If no first-
period consumers keep their purchase in the second period, that is, 

),,,(),,( * θαγθαγ ccc ≥≥  then the maximum profits of an integrated channel are 
achieved.  If any first-period consumers keep their purchase in the second period, the 
equilibrium outcome nets the channel lower profits than if credible commitments to 
consumers were feasible.  
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Proof: 
 

We first derive the equilibrium contract and resulting quantities.  We then 
compare these quantities and the channel profit to that of the vertically-integrated channel 
with quantity commitments. 
 

As shown in the proof of Proposition 2, the manufacturer will cease new good 
production in the second period and yield to the used good market if c> ),(* θαc .  The 
sequence of events becomes:  

 
1) The manufacturer offers contract of fixed fee, 1F , and per-unit wholesale price, 1w .  
2) The retailer chooses first period quantity. 
3) Consumers make purchase decision according to equation (2) in the text. 
4) The retailer chooses second period used good quantity to sell at the price governed by 
equation (3) and purchased at a cost governed by equation (1) with 02 =nq .   
 
In the second period, the retailer sells used goods, subject to availability.  This yields the 
retailer’s constrained optimization problem with Lagrangian multiplier, λ , below: 
 

0)(
0)(

0.
)()(max

21
21

2122
2

=−
≥−

≥

−+−

nn
nn

unuuuq

qq
qq

ts
qqqcp

u

λ

λ

λ

 

 
Solving the Kuhn-Tucker conditions, we have the following possible outcomes: 
 
B1:  
 

0=λ  

)2(2
)1(

),,;( 1
12 θα

γθγα
θαγ

+
+++−

= n
nu

q
qq  

 
B2:  
 

)2()31(),,;( 111 nnn qqq −+−−= γθγαθαγλ   

nnu qqq 112 )( =  , 

with B1 occurring if 
θα
θαγα

23
)(

1 +
++−

≥nq  and B2 occurring otherwise. 

We now look at the firm’s sub-game perfect equilibrium choice of nq1  in the first period.   
 
In a rational expectations equilibrium, the retailer’s choice of 1nq  will maximize first and 
second period combined profits: 
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1 1 1 2 2 1
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n n u u uq

ret
u n u nq

p w q p c q F

s t q q E q I I qγ α θ π

− + − −

= ≡ + −
 

where I is an indicator variable taking the value 1 if 1
( )

3 2nq α γ α θ
α θ

− + +
≥

+
 and 0 otherwise.  

We look at the two cases of the indicator function separately and then identify when each 
will happen. 
 
For B1, some first-period consumers decide to keep their purchase into the second period.  
This implies that the indicator function I takes the value of 1 and the retailer’s objective 
is: 

0)
23
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23
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q
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where ),,;( 12 θαγnu qq  is defined from B1 above and ),,;( 1 θαγnu qp  and ),,;( 1 θαγnu qc  
are derived from plugging ),,;( 12 θαγnu qq  into equations (2) and (3). 
Solving the Kuhn-Tucker conditions, we again have two possible cases as below: 
 
B1i: 
 

02 =λ  

αθθαα
αγαθαγαα

4485
)1(2)22(2

2
11

1
+++

++−+++−
=

wwq n    

 
B1ii: 
  

)
23

)21(2
)23(

)2)(2(
2

)1((
2
1 1

22 θα
αγαγ

θα
γαα

θα
γαλ

+
−−++−

+
+

+−
−

+
+

=
w  

 
θα
θαγα

23
)(

1 +
++−

=nq . 

 
We examine the manufacturer’s optimal contract.  The retailer will accept the 
manufacturer’s contract if it yields the retailer a profit equal to the value of the outside 
option retπ .  Therefore, the manufacturer chooses 1w  and 1F  to maximize profits, subject 
to retailer’s acceptance of the contract: 
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where ),;( 12 αθγwq u  and ),;( 11 αθγwq n  are the retailer’s reaction functions described by 
B1 and either B1i or B1ii.  Because the manufacturer’s profits are strictly increasing in 

1F , this fixed fee will be charged such that the constraint binds.  The manufacturer’s 
objective function is then: 
 

.),;(*)),;(),;((),;(*)),;((max 121121111
1

ret
uuunn

mfgr

w
wqwcwpwqcwp παθγαθγαθγαθγαθγπ −−+−=

 
For B1i:  
 
The first order condition is 
 

0
4485

)2)((2
2

1

1
=

+++
+−

=
∂

∂
αθθαα
θαπ wc

w

mfgr
, 

 
which is satisfied at  
 

cw =*
1 .   

 
Profit is extracted through the fixed fee equal to  
 

retccF π
αααθθα

αγαθαγαα
θα
γθγα

−
++++

++−+++−
+

+
++−

=
)58)1(4)(2(4

))1()22((4
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))1((
2

22
*
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For B1ii, the manufacturer’s profit objective function is 

retcc π
θα

γθαγγαθαγγααθγαγα
−

+
++−+−++−+−+−

2

2

)23(
))322()234()(( , which is 

unaffected by choice of 1w .  In which case, manufacturer profits will be maximized at 
any },{ 11 Fw  such that  
 

ret
uuunn wqwcwpwqwwpF παθγαθγαθγαθγαθγ −−+−= ),;(*)),;(),;((),;(*)),;(( 12112111111

 and 0)
23
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−
+
+
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αγαγ
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γαα

θα
γα w  . 

 
It must now be verified that the manufacturer would not prefer to increase the wholesale 
price above marginal cost in order to induce the retailer to choose B1ii.   
 
The difference in profits from B1i and B1ii is equal to: 
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Therefore, the manufacturer, in equilibrium, will charge cw =1  for B1.  The retailer will 
choose B1i if 02 <λ , which occurs if: 
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+−+<c .  The resulting quantities are in Table 2.  If  
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+−+≥c , the retailer prefers B1ii to B1i. 

 
We now look at B2. 
For B2, all first-period new goods are sold as used in the second period.  This implies that 
the indicator function I takes the value of 0 and the retailer’s objective is: 
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Solving the Kuhn-Tucker conditions, we have the following two possibilities: 
 
B2i:  
 

02 =λ  

)1(2
)(1 1

1 θα
θαγ

++
++−

=
w

q n  

 
B2ii:  
 

2
11

2

2 )23(
)2235()1(2)2(

θα
γθθγαγθγα

λ
+

++−−+−+−+
=

ww  
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23
)(

1 +
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We examine the manufacturer’s optimal contract.  The retailer will accept the 
manufacturer’s contract if it yields the retailer a profit equal to the value of the outside 
option retπ .  Therefore, the manufacturer chooses 1w  and 1F  to maximize profits, 
subject to retailer’s acceptance of the contract. 
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where 2 1( ; , , )uq w γ α θ  and 1 1( ; , , )nq w γ α θ  are the retailer’s reaction functions described 
by B2 and either B2i or B2ii.  Because the manufacturer’s profits are strictly increasing in 

1F , this fixed fee will be charged such that the constraint binds.  The manufacturer’s 
objective function is then: 
 

1
1 1 1 1 2 1 1 2 1max ( ( ; , , ) )* ( ; , , ) ( ( ; , , ) ( ; , , ))* ( ; , , ) ,mfgr ret

n n u u uw
p w c q w p w c w q wπ γ α θ γ α θ γ α θ γ α θ γ α θ π= − + − −

 
where the quantities, retail prices and buyback prices are derived from the retailer’s 
reaction function from B2i and B2ii.  The first order condition 
 

0
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1
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θαπ wc
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is satisfied at  
 

cw =*
1 .   

 
The manufacturer extracts profits from its fixed fee, 
 

retcF π
θα
θγαγ

−
++
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=
)1(4

)1( 2
*

1 . 

 
Notice B2ii is the same as B1ii.  It must now be verified that the manufacturer would not 
prefer to increase the wholesale price above marginal cost in order to induce the retailer 
to choose outcome B2ii.  The manufacturer’s profits from B2i minus the profits from 
B2ii is equal to  
 

2

22

)23)(1(4
))2235()1(22(

θαθα
γθθγαγθαγα

+++
++−−++−−+ cc >0. 

 
Therefore, the manufacturer, in equilibrium, will charge cw =1  for B2.  The retailer will 

choose B2i if 02 <λ , which occurs if 
θα

αγαγθαγαγα
23

)222()225(
+

++−+++−
>c .  

The resulting quantities are in Table 2.  If  

θα
αγαγθαγαγα

23
)222()225(

+
++−+++−

≤c , the retailer prefers B2ii to B2i. 

 
We may now summarize the equilibrium: 
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We now show that when there are first period consumers who keep their good into the 
second period, the decentralized channel earns lower profits than does the vertically 
integrated firm with quantity commitments.  This is when *( , , ) ( , , )c c cγ α θ γ α θ< < . 
 
The difference in profits of the vertically integrated firm with quantity commitments and 
the decentralized channel is equal to:  

0
))2())(1(4)58()(2(4

)1()22(( 22
>

+++++++
++−+++−

θααθαθααθα
αγαθαγααα cc .  Thus, for  c> *( , , ),c γ α θ  the 

channel nets lower profits as a decentralized channel without commitments to consumers 
when there are first period consumers who keep their purchase into the second period. 
  
Q.E.D.  
 
Proof of Equilibrium Quantities for Decentralized Channel without a Secondary 
Market (See Table 3) 
 
The inverse demand equations for new goods in each period are derived in a similar 
manner as in the first section.  Without a used market, these prices are governed by the 
following functions: 
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The total channel profits are given by: 
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This leads to the maximization problem with Lagrangian multiplier, χ , 
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We have the Kuhn-Tucker conditions below: 
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which are satisfied at: 
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 In the second period, the retailer chooses quantity to maximize 

2 2 2 2( )ret
n np w qπ = − .  Taking first order conditions, we find the retailer’s optimal response 

to 2w  to be 

)1(2
)( 2

22 α
αγγ

+
+−

=
wwq n .        

 In the first period, the profits of the retailer are 1 1 1 1( )ret
n np w qπ = − .  When used 

goods are not sold in the second period, there is no inter-temporal link between first and 
second period quantity choices due to the fact that there is a renewable market of 
consumers. Therefore, the retailer’s optimal quantity choice in period 1 depends only on 

1w .  The best response of the retailer is given by: 

 
)1(2

1)( 1
11 α

α
+
+−

=
wwq n  .         

 The manufacturer can induce the retailer to choose the channel optimizing 
quantities in each period by offering a wholesale price equal to the marginal cost of 
production.  In the second period, the retailer does not have the outside option to sell used 
goods.  The manufacturer can use a fixed fee in each period to leave the retailer with 
profit just equal to its reservation payoff, which is normalized to zero without loss of 
generality.  Hence the fixed fee in each period is equal to the period’s channel profit.  The 
resulting quantities are presented in Table 3 in the paper and the resulting manufacturer 
profit is presented in Table 4.. 
 
Proposition 3: When the equilibrium solution involves sales of both new and used goods 
in the second period, the manufacturer and the channel earn greater profits than when 
there is no secondary market. 
 
Proof: 
 
The retailer will sell new and used goods in the second period if ),,(* θαγcc < . 
The manufacturer’s profit when there is an imperfect secondary market, from equation 
(12), is: 
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The manufacturer’s profit when there is not an imperfect secondary market, from Table 
4, is:  
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The difference between the manufacturer’s profit when a secondary market exists and 
when there is no secondary market is given by: 
 

)2)(1(4 2
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θ
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c .  This value is greater than zero for all .1<< θα  

 
Q.E.D. 
 
For completeness, we analyze whether this result holds when the retailer, in equilibrium, 
sells only used goods in the second period. 
 
First, we look at when there are no new good sales in the second period when there is not 
a secondary market, (1 ) :c γ α≥ +  

The profit without a secondary market is retc π
α
α

−
+
+−

)1(4
)1( 2

.  We are able to show that in 

this case, the manufacturer’s profit is greater with a secondary market than without one. 
 
If *max{ (1 ), ( , , )} ( , , )c c cγ α γ α θ γ α θ+ < < : 
 
The manufacturer’s profit when there is an imperfect secondary market, from Table 4, is:  
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We define ),,,( θαγcΩ as the difference between the profits when there is a secondary 
market and when there is no secondary market.  We evaluate this difference at the upper 
bound on c for this case, ( , , ).c c γ α θ=   This equals 
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Note that: 
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Proof:  This derivative is clearly decreasing in γ .  
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Because ),,,( θαγcΩ  is decreasing in c in the range of positive sales and positive at 
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We may define ),,,( θαγcΤ  as the difference between the profits when there is a 
secondary market and when there is no secondary market.  Evaluated at the lower bound 
on c, c= ),,( θαγc , ),,,( θαγcΤ equals  
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Evaluated at the upper bound on c, ),,(~ θαγcc = , ),,,( θαγcΤ equals  
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Note that 
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Thus, ),,,( θαγcΤ  is positive over ),,(~),,( θαγθαγ ccc ≤≤ , because ),,,( θαγcΤ  is 
quadratic in c, positive at c= ),,(~ θαγc  and ),,( θαγcc = , and decreasing in c over this 
range. 
 
If )1(),,(~ αθαγ +<< cc : 
 
The manufacturer’s profit when there is an imperfect secondary market, from Table 4, is: 
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We may define ),,,( θαγcΔ as the difference between the profits when there is a 
secondary market and when there is no secondary market.  Evaluated at the lower bound 
on c, c= ),,(~ θαγc , ),,,( θαγcΔ equals 
 

0
)23)(1(4

))())(1(4)4(3(
2

2
>

++
++−+++

θαα
θαγααθαα . 

When ),,,( θαγcΔ  is evaluated at the upper bound on c for there to be any good sold 
without a secondary market, )1( α+=c , it is equal to 
 

0
)1(4
))(( 2

>
++
++−
θα
θαγα . 

 
Note that 
 

)
1
1

1
1(

2
1),,,(

θα
γ

α
γθαγ

++
++−

+
+

−−=
∂

Δ∂ cc
c

c , which is negative for all 

αθαγ +<< 1),,(~ cc , assuming 
))(2(

2
θαθ

θαγ
θα

α
+−

+
<<

+
.  Thus, ),,,( θαγcΔ  is 

positive over αθαγ +<< 1),,(~ cc , because ),,,( θαγcΔ  is quadratic in c, positive at 
c= ),,(~ θαγc  and )1( α+=c , and decreasing in c. 
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Therefore, if )1( αγ +>c , the manufacturer earns greater profits when there is an 
imperfect secondary market operated by the retailer than when there is no secondary 
market. 
 
Finally, we look at when there are new good sales in the second period when there is not 
a secondary market, :)1( αγ +<c  

The profit without a secondary market is retcc π
α

γαγα
−

+
+++++−

)1(4
)1()1()1)(1(22 222

.  

In this case, the manufacturer does not always earn greater profits with a secondary 
market than without one. 
 
Comparing the profits of the manufacturer for ),,(),,(* θαγθαγ ccc <<  when the 
retailer operates a secondary market (Table 4) to the profits when there is not a secondary 
market, we find the manufacturer earns greater profits when the retailer does not operate 
a secondary market in the region: 
 

)1(),,(),,(),,(* αγθαγθαγθαγ +≤≤′′<< cccc  where  
 

−
++++

+++++
=′′

)224)(2(2
)48)(2)(1(),,( 2

2
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γθαγγαθααθαγc

)224)(2(2
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32222232
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Comparing the profits of the manufacturer for ),,(~),,( θαγθαγ ccc ≤≤  when the 
retailer operates a secondary market (Table 4) to the when there is not a secondary 
market, we find the manufacturer earns greater profits when the retailer does not operate 
a secondary market in the region: 
 

)1(),,(~),,(),,( αγθαγθαγθαγ +≤≤′′′<≤ cccc  where 

−
+

++++
=′′′

2)23(2
)25)(23)(1(),,(

θα
θγααθααθαγc  

32222222 8)6441(4)43105)(1(4)1)(25(()23)(1( θγαγγγαθγααγγαθγααθαα −+−+−−−++−−−−+++− . 
 
Comparing the profits of the manufacturer for )1(1),,(~ αγθαγ ++<< cc  when the 
retailer operates a secondary market (Table 4) to the when there is not a secondary 
market, we find the manufacturer earns greater profits when the retailer does not operate 
a secondary market in the region: 
 

)1(),,(),,(~ αγθαγθαγ +≤<< ccc , where 
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−
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Proposition 4: When the equilibrium solution involves sales of both new and used goods 
in the second period, the existence of a secondary market expands the number of 
consumers who ever buy the product. Specifically, sales of new goods in period 1 
unambiguously increase with the existence of a secondary market; sales of new goods in 
period 2 decrease; and total new-good sales across the two periods may increase or 
decrease with a secondary market. If total new-good sales across the two periods 
decrease with a secondary market, incremental unit sales of used goods in period 2 more 
than compensate for the loss in new-good unit sales. 
 
Proof: 
 
First, the existence of a secondary market expands the number of consumers who ever 
buy the product : 
 
The retailer will sell new and used goods in the second period if ),,(* θαγcc < . 
In this range of c, the total quantity sold to consumers when there does not exist a 
secondary market is:  
 

=+ nn qq 21 )1(2
2)1)(1(

)1(2)1(2
1

α
γα

α
αγγ

α
α

+
−++

=
+
+−

+
+
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The total quantity sold to consumers when there exists a secondary market is: 
 

=++ unn qqq 221 )2)(1(2
)1(2

)1(2
1

2θθαθαα
θα

α
γαγα

−+−+
−

−
+

+++− cc .  

 
The difference between total quantity with the secondary market and without is:  
 

)2)(1(2
)1(

2θθαθαα
θαθ

−+−+
−+c >0.   

 
Therefore, when the retailer, in equilibrium, sells both new and used goods in the second 
period, the existence of a secondary market expands the number of consumers who ever 
buy the product. 
 
Secondly, sales of new goods in period 1 unambiguously increase with the existence of a 
secondary market. 



Technical appendix for Used goods, not used bads  page 24 of 29 pages 

 
The difference between the first period quantity with the secondary market and the first 

period quantity without a secondary market is (1 ( 1))
2 (1 )(2 )

cθ θ α θ
α α θ
− + + −

+ −
 .  When c=0 this 

value is equal to (1 )
2 (1 )(2 )

θ θ
α α θ

−
+ −

>0.  If 1c α= + , which is the maximum value for 

which there will be new goods sold without a secondary market, this value is equal to 
( )

2 (1 )(2 )
α α θ

α α θ
+

+ −
>0.   

Therefore, this value is positive and when the retailer, in equilibrium, sells both new and 
used goods in the second period, sales of new goods in period 1 unambiguously increase 
with the existence of a secondary market. 
 
Thirdly, sales of new goods in period 2 decrease. 
 
The difference between the second period new good quantity with the secondary market 

and without the secondary market is equal to 2

2(1 ) 0
2(1 ) 2

c α θ
α α θ αθ θ

+
− <

+ + − −
.  

Therefore, when the retailer, in equilibrium, sells both new and used goods in the second 
period, the sales of new goods in period 2 decrease with the existence of a secondary 
market. 
 
Finally, total new-good sales across the two periods may increase or decrease with a 
secondary market. 
The difference between the total new good quantity with the secondary market and 

without the secondary market is equal to 2

(1 2 )
2( )( 2 )

c cθ θ θ
α α θ
− − +

−
+ − +

.  When 1
2

c θ
θ

−
<

−
, this 

value is positive meaning the sales of new goods across the two periods increases with 

the existence of a secondary market.  For * 1( , , )
2

c c θγ α θ
θ

−
> >

−
, the total new-good sales 

across the two periods decreases with the existence of a secondary market.  This range 

exists if 2

(1 )(2 )
(1 )(2 )(2 )

θ α θγ
α θ α αθ θ θ

− +
>

+ − − + −
. 

 
Therefore, when the retailer, in equilibrium, sells both new and used goods in the second 
period, the total new-good sales across the two periods may increase or decrease with a 
secondary market. 
 

 
 
For completeness, we analyze the impact of the secondary market on total sales in the 
other regions. 
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Region 1: 0)( 12 >− nu qq , 02 =nq  with a secondary market and 02 >nq  without a 
secondary market; *( , , ) ( , , )c c cγ α θ γ α θ≤ < and (1 )c γ α< + . 
 
The total quantity sold to consumers when there exists a secondary market is: 
 

=++ unn qqq 221

)
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6
1
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The difference between the quantity sold with the secondary market and quantity sold 

without one is equal to 
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This is equal to zero at 

)223)(2(2
)))54(234()1(42)1(5)(1( 2

αθθαθα
θγθαθγθθγααα

+++
−+++−++−+

=c  and positive for all 

greater values of c, by fact that its derivative with respect to c is:  
 

.0
)4485)(1(

223
2 >

++++
++

αθθααα
θαθα  

 
In other words, for ),,(),,(* θαγθαγ ccc <≤ , there exists a value of c, above which 
there is a greater total quantity sold when there is a secondary market operated by the 
retailer than when there is not. 
 
Region 2a: 0)( 12 =− nu qq , 02 =nq with a secondary market  and 02 >nq  without a 
secondary market; ),,(~),,( θαγθαγ ccc ≤≤ and (1 )c γ α< + . 
 
The total quantity sold to consumers when there exists a secondary market is: 
 

=++ unn qqq 221 θα
θαγα

23
))((2

+
++− .   

The difference between the quantity sold with a secondary market and quantity sold 

without one is equal to 
θα

γθγα
α 46

)1(2)7(
1 +

−+−
−

+
c  which is positive over the relevant 

range of c: ),,(~),,( θαγθαγ ccc ≤≤ . 
 
In this range, the existence of a secondary market expands the number of consumers who 
ever buy the product. 
 
Region 2b: 0)( 12 =− nu qq , 02 =nq  with a  secondary market and 02 >nq  without a 
secondary market; )1(),,(~ αγθαγ +<< cc . 
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The total quantity sold to consumers when there exists a secondary market is: 
 

=++ unn qqq 221 θα
θαγ

++
++−

1
)(1 c .   

 
The difference between the quantity sold with a secondary market and quantity sold 

without one is equal to 
)1)(1(2

))1)(1(2()1)(1( 2

θαα
γαθγα

+++
−+++−− c . 

 
This difference is positive for over the relevant range of c: )1(),,(~ αγθαγ +<< cc . 
In this range the existence of a secondary market expands the number of consumers who 
ever buy the product. 
 
Region 3: 0)( 12 >− nu qq , 02 =nq  with a secondary market and 02 =nq  without a 
secondary market; ).,,()1( θαγαγ cc <≤+  
 
The total quantity sold when there is not a secondary market and )1( αγ +≥c  is equal to: 
 

α
α

22
1

21 +
+−

=+
cqq nn . 

 
The difference between the quantity sold with a secondary market and quantity sold 
without one is equal to: 
 

)4485)(1(
)4431)(52(

2
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1
)21(3(

6
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2 αθθααα
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This is positive for over the range of c for which 02 =nq  without a secondary market; 

αγ +<≤+ 1)1( cc .  Therefore, if ),,,()1( θαγαγ cc <≤+  the existence of a secondary 
market expands the number of consumers who ever buy the product. 
 
In equilibrium, when there is not a secondary market, the total quantity sold when 

)1( αγ +≥c  is strictly less than the total quantity sold when )1( αγ +<c  (The former 
implying 2 0nq =  and the latter implying 02 >nq ). 
Because the existence of a secondary market expands the number of consumers who ever 
buy the product for Regions 2a, 2b and 3, we may conclude that the same result holds in 
the following two cases: 
 
Region 4a: 0)( 12 =− nu qq , 02 =nq  with a secondary market and 02 =nq  without a 
secondary market; ),,(~),,( θαγθαγ ccc ≤≤ and )1( αγ +≥c . 
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Region 4b: 0)( 12 =− nu qq , 02 =nq  with a  secondary market and 02 =nq  without a 
secondary market; ( , , ) (1 )c cγ α θ α< < +  and )1( αγ +≥c . 
 
Therefore, the secondary market expands the number of consumers who ever buy the 
product for any )1( αγ +≥c . 

 
 
Q.E.D. 
 
Proof that allowing for used used -oods to offer lower value to consumers than a 
used new-good does not have a qualitative impact on the results in this paper. (See 
Footnote 8) 
 
We modify the model in the following way: 

Second-period buyers’ gross valuations of the goods are the same as for first 
period consumers, with the additional option of purchasing a used good:  

22 )1()( φαφ +=V      if a new product is owned in the second period and 
subsequently 

2(1 )θ α φ+      if a used product is owned in the second period and 
subsequently. 

 
 By the same analysis as conducted in the paper (see Section 1.2), this leads to 
inverse demand equations: 

α)1( 21 unu qqc +−=  

1 1

1 2

(1 ) ( )
(1 )(1 ) ( ).

n n u

n u

p q E c
q E qα α

= − +
= + − +

 

2 2 2( )(1 )u n up q qθ γ α= − − +  

2 2 2

2 2

( )(1 )(1 )
(1 )( )

n n u

n u

p q p
q q

γ θ α
α γ θ

= − − + +
= + − −

. 

 
 

With this new model set-up we will show two things: 
1) The profits of the integrated channel with new and used goods sold in the second 

period is greater than the profits of the integrated channel without a secondary 
market. (As shown in the paper, when new and used goods are sold, in 
equilibrium, in the decentralized channel, the manufacturer can replicate this 
outcome) 

2) With a secondary market, the new good quantity in the first period will increase, 
the second period new good quantity will decrease and the total quantity sold 
across two periods will increase.   

The results of Propositions 1 and 2 in the paper follow straightforwardly using the 
analysis set forth in the paper and technical appendix. 
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The channel’s objective is again given by: 

unnun

nnuuunnchannel
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qqqqqts
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122

≥≥
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Restricting our attention to when the vertically integrated seller with quantity 
commitments to consumers will sell new and used goods in the second period, the 
optimal quantity choices are: 

2 2
*
1 2 2 2

(1 ) ( (1 ) ) (1 )(1 )
2 2(1 ) 2(1 )n

c c cq α θ α θ α α
α α θ α θ

− − − + − + − +
=

+ + − +
*
2 3 2 3

1 ( )( )
2 (1 ) (1 ) (1 )n

cq α θ αθγ
α α θ α θ α

+ +
= −

+ + + − +
 

*
2 2 2 2

( )
2 2(1 ) 2(1 )u

cq α θ αθ
α α θ α θ

− −
=

+ + − +
. 

 
Notice, that again we may define a *( , , )c γ α θ  such that c< *( , , )c γ α θ  will imply positive 
new good sales in the second period and c> *( , , )c γ α θ  will imply that the vertically 
integrated seller with quantity commitments to consumers will cease new good sales in 
the second period.   
 
This leads to a total profit equal to 

2
2

2 2 2

1 (2 )( )( 2 (1 ) (1 )(1 )
4 2 2(1 ) 2(1 )

cc α αθ θ α θ αθγ α γ
α α θ α θ

+ − − + +
− + + + + +

+ + − +
. 

We now compare this profit to the profit without a secondary market.  Note that the 
demand equations for when there is not a secondary market are unchanged by altering the 
assumptions about the valuations of buying used goods.  The additional profits from the 
existence of the secondary market is then: 

2 2

3 2 3

( )
4 (1 ) 4 (1 ) 4 (1 )

c αθ α θ
α α θ α θ α

− +
+ + + + +

>0. 

 
Thus, the qualitative result of Proposition 3 is preserved with the change in assumptions. 
 
The additional sales in the first period with a secondary market versus when there is no 
secondary market are given by: 

3 3 2

( )
2 (1 ) 2(1 ) 2(1 )

cα αθ α θ
α α α θ α θ

− +
+ + + − +

>0. 

 
The decrease in sales of new goods in the second period with a secondary market versus 
when there is no secondary market is given by: 

2 2 2

( )
2 2(1 ) 2(1 )

cθ αθ α θ
α α θ α θ

− +
−

+ + − +
<0. 
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The additional total units sold across period with a secondary market versus when there is 
no secondary market are given by: 

3 3 2

(1 2 )( )
2 (1 ) 2(1 ) 2(1 )

c αθ θ α αθ α θ
α α α θ α θ

− − + − +
+ + + − +

>0. 

 
Thus, the qualitative results of Proposition 4 are preserved with the change in 
assumptions. 
 
Q.E.D. 
 


