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1. Examples and Empiri
al

Pro
ess Basi
s

1.1. Basi
 Notation and History

Empiri
al pro
ess theory began in the 1930's

and 1940's with the study of the empiri
al

distribution fun
tion F

n

and the


orresponding empiri
al pro
ess. If X

1

; : : : ; X

n

are i.i.d. real-valued random variables with

distribution funtion F (and 
orresponding

probability measure P on R), then the

empiri
al distribution fun
tion is

F

n

(x) =

1

n

n

X

i=1

1

(�1;x℄

(X

i

); x 2 R ;

and the 
orresponding empiri
al pro
ess is

Z

n

(x) =

p

n(F

n

(x)� F(x)) ;



Two of the basi
 results 
on
erning F

n

and

Z

n

are the Glivenko-Cantelli theorem and the

Donsker theorem:

Theorem 1. (Glivenko-Cantelli, 1933).

kF

n

� Fk

1

= sup

�1<x<1

jF

n

(x)� F(x)j !

a:s:

0 :

Theorem 2. (Donsker, 1952).

Z

n

) Z � U(F) in D(R; k � k

1

)

where U is a standard Brownian bridge

pro
ess on [0;1℄. Thus U is a zero-mean

Gaussian pro
ess with 
ovarian
e fun
tion

E(U(s)U (t)) = s ^ t� st ; s; t 2 [0;1℄ :

This means that we have

Eg(Z

n

)! Eg(Z)

for any bounded, 
ontinuous fun
tion

g : D(R; k � k

1

)! R, and

g(Z

n

)!

d

g(Z)

for any 
ontinuous fun
tion

g : D(R; k � k

1

)! R.



Remark: In the statement of Donsker's

theorem I have ignored measurability

diÆ
ulties related to the fa
t that D(R; k � k

1

)

is a nonseparable Bana
h spa
e. I will


ontinue to ignore these diÆ
ulties

throughout these le
ture notes. For a


omplete treatment of the ne
essary weak


onvergen
e theory, see Van der Vaart and

Wellner (1996) part 1 - Sto
hasti


Convergen
e. The o

asional stars as

supers
ripts on P 's and fun
tions refer to

outer measures in the �rst 
ase, and minimal

measureable envelopes in the se
ond 
ase. I

re
ommend ignoring the �'s on a �rst reading.



The need for generalizations of Theorems 1

and 2 be
ame apparent in the 1950's and

1960's. In parti
ular, it be
ame apparent that

when the observations are in a more general

sample spa
e X (su
h as R

d

, or a Riemannian

manifold, or some spa
e of fun
tions, or ... ),

then the empiri
al distribution fun
tion is not

as natural. It be
omes mu
h more natural to


onsider the empiri
al measure P

n

indexed by

some 
lass of subsets C of the sample spa
e

X , or, more generally yet, P

n

indexed by some


lass of real-valued fun
tions F de�ned on X .

Suppose now that X

1

; : : : ; X

n

are i.i.d. P on

X . Then the empiri
al measure P

n

is de�ned

by

P

n

=

1

n

n

X

i=1

Æ

X

i

:

Thus for any Borel set A � R

P

n

(A) =

1

n

n

X

i=1

1

A

(X

i

) =

#fi � n : X

i

2 Ag

n

:



For a real valued fun
tion f on X , we write

P

n

(f) =

Z

f d P

n

=

1

n

n

X

i=1

f(X

i

) :

If C is a 
olle
tion of subsets of X , then

fP

n

(C) : C 2 Cg

is the empiri
al measure indexed by C. If F is

a 
olle
tion of real-valued fun
tions de�ned

on X , then

fP

n

(f) : f 2 Fg

is the empiri
al measure indexed by F. The

empiri
al pro
ess G

n

is de�ned by

G

n

=

p

n(P

n

� P) ;

thus fG

n

(C) : C 2 Cg is the empiri
al pro
ess

indexed by C, while fG

n

(f) : f 2 Fg is the

empiri
al pro
ess indexed by G. (Of 
ourse

the 
ase of sets is a spe
ial 
ase of indexing

by fun
tions by taking F = f1

C

: C 2 Cg.)



Note that the 
lassi
al empiri
al distribution

fun
tion for real-valued random variables 
an

be viewed as the spe
ial 
ase of the general

theory for whi
h X = R,

C = f(�1; x℄ : x 2 Rg, or

F = f1

(�1;x℄

: x 2 Rg.

Two 
entral questions for the general theory

are:

(i) For what 
lasses of sets C or fun
tions F

does a natural generalization of the

Glivenko-Cantelli Theorem 1 hold?

(ii) For what 
lasses of sets C or fun
tions F

does a natural generalization of the

Donsker Theorem 2 hold?

If F is a 
lass of fun
tions for whi
h

kP

n

� Pk

F

= sup

f2F

jP

n

(f)� P(f)j !

a:s:

0

then we say that F is a P�Glivenko-Cantelli


lass of fun
tions.



If F is a 
lass of fun
tions for whi
h

G

n

=

p

n(P

n

� P)) G in `

1

(F) ;

where G is a mean-zero P�Brownian bridge

pro
ess with (uniformly-) 
ontinuous sample

paths with respe
t to the semi-metri
 �

P

(f; g)

de�ned by

�

2

P

(f; g) = V ar

P

(f(X)� g(X)) ;

then we say that F is a P�Donsker 
lass of

fun
tions. Here

`

1

(F) =

(

x : F 7! R

�

�

�

�

kxk

F

= sup

f2F

jx(f)j <1

)

;

and G is a P�Brownian bridge pro
ess on F if

it is a mean-zero Gaussian pro
ess with


ovarian
e fun
tion

EfG (f)G (g)g = P(fg)� P(f)P(g) :



Answers to these questions began to emerge

during the 1970's, espe
ially in the work of

Vapnik and Chervonenkis (1971) and Dudley

(1978), with notable 
ontributions by many

others in the late 1970's and early 1980's

in
luding Pollard, Gin�e and Zinn, Gaenssler,

and Talagrand. We will give statements of

some of our favorite generalizations of

Theorems 1 and 2 later in this le
ture. Our

main fo
us in these le
tures will be on

appli
ations of these results to problems in

statisti
s. Thus our �rst goal is to brie
y

present several examples in whi
h the

usefullness of the generality of the modern

set-up be
omes apparent.



1.2. Some Examples

Example 1. (L

p

deviations about the sample

mean). Let X;X

1

; X

2

; : : : ; X

n

be i.i.d. P on R

and let P

n

denote the empiri
al measure of

the X

i

's:

Let X

n

= n

�1

P

n

i=1

X

i

, and, for p � 1 
onsider

the L

p

deviations about X

n

:

A

n

(p) =

1

n

n

X

i=1

jX

i

�Xj

p

= P

n

jX �X

n

j

p

:

Questions:

(i) Does A

n

(p)!

p

EjX �E(X)j

p

� a(p)?

(ii) Does

p

n(A

n

(p)� a(p))!

d

N(0; V

2

(p))?

And what is V

2

(p)?

As will be
ome 
lear, to answer question (i)

we will pro
eed by showing that the 
lass of

fun
tions G

Æ

� fx 7! jx� tj

p

: jt� �j � Æg is a

P�Glivenko-Cantelli 
lass, and to answer

question (ii) we will show that G

Æ

is a

P�Donsker 
lass.



Example 1p. (L

p

�deviations about the

sample mean 
onsidered as a pro
ess in p.

Suppose we want to study A

n

(p) as a

sto
hasti
 pro
ess indexed by p 2 [a; b℄ for

some 0 < a � 1 � b <1. Can we prove that

sup

a�p�b

jA

n

(p)� a(p)j !

a:s:

0?

Can we prove that

p

n(A

n

� a)) A in D[a; b℄

as a pro
ess in p 2 [a; b℄? This will require

study of the empiri
al measure P

n

and

empiri
al pro
ess G

n

indexed by the 
lass of

fun
tions

F

Æ

= ff

t;p

: jt� �j � Æ; a � p � bg

where f

t;p

(x) = jx� tj

p

for x 2 R, t 2 R, p > 0.



Example 1d. (p�th power of L

q

deviations

about the sample mean). Let

X;X

1

; X

2

; : : : ; X

n

be i.i.d. P on R

d

and let P

n

denote the empiri
al measure of the X

i

's:

Let X

n

= n

�1

P

n

i=1

X

i

, and, for p; q � 1


onsider the deviations about X

n

measured in

the L

q

�metri
 on R

d

:

A

n

(p; q) =

1

n

n

X

i=1

kX

i

�Xk

p

q

= P

n

kX �X

n

k

p

q

where

kxk

q

= (jx

1

j

q

+ � � �+ jx

d

j

q

)

1=q

:

Questions:

(i) Does A

n

(p)!

p

EkX �E(X)k

p

q

� a(p; q)?

(ii) Does

p

n(A

n

(p; q)� a(p; q))!

d

N(0; V

2

(p; q))? And

what is V

2

(p; q)?



Example 2. Least L

p

�estimates of lo
ation.

Now suppose that we want to 
onsider the

measure of lo
ation 
orresponding to

mimimum L

p

-deviation:

�̂

n

(p) � argmin

t

P

n

jX � tj

p

for 1 � p <1. Of 
ourse �̂

n

(2) = X

n

while

�̂

n

(1) = any median of X

1

; : : : ; X

n

. The

asymptoti
 behavior of �̂

n

(p) is well-known

for p = 1 or p = 2, but for p 6= 1;2 it is

perhaps not so well-known. Consisten
y and

asymptoti
 normality for any �xed p 
an be

treated as a spe
ial 
ase of the argmax (or

argmin) 
ontinuous mapping theorem { whi
h

we will introdu
e as an important tool in


hapter/le
ture 2. The analysis in this 
ase

will again depend on various

(Glivenko-Cantelli, Donsker) properties of the


lass of fun
tions F = ff

t

(x) : t 2 Rg with

f

t

(x) = jx� tj

p

.



Example 2p. Least L

p

estimates of lo
ation

as a pro
ess in p. What 
an be said about

the estimators �̂

n

(p) 
onsidered as a pro
ess

in p, say for 1 � p � b for some �nite b?

(Probably b = 2 would usually give the range

of interest.)

Example 2d. Least p-th power of L

q

�

deviation estimates of lo
ation in R

d

. Now

supppose that X

1

; : : : ; X

n

are i.i.d. P in R

d

.

Suppose that we want to 
onsider the

measure of lo
ation 
orresponding to

mimimum L

q

-deviation raised to the p�th

power:

�̂

n

(p; q) � argmin

t

P

n

kX � tk

p

q

for 1 � p; q <1.



Example 3. Proje
tion pursuit. Suppose

that X

1

; X

2

; : : : ; X

n

are i.i.d. P on R

d

. For

t 2 R and 
 2 S

d�1

, let

F

n

(t; 
) = P

n

(1

(�1;t℄

(
 �X)) = P

n

(
 �X � t) ;

the empiri
al distribution of 
 �X

1

; : : : ; 
 �X

n

.

Let

F (t; 
) = P(1

(�1;t℄

(
 �X)) = P(
 �X � t) :

Question: Under what 
ondition on

d = d

n

!1 as n!1 do we have

D

n

� sup

t2R

sup


2S

d�1

jF

n

(t; 
)� F(t; 
)j !

p

0? (1)

A

ording to Dia
onis and Freedman (1984),

pages 794 and 812, this shows that (under

the 
ondition for whi
h (1) holds) \the least

normal proje
tion is 
lose to normal".



Example 4. Kernel density estimators as a

pro
ess indexed by bandwith.

Let X

1

; X

2

; : : : ; X

n

be i.i.d. P on R

d

. Suppose

P has density p with respe
t to Lebesgue

measure � on R

d

, and kpk

1

<1. Let k be a

non-negative kernel whi
h integrates to one:

Z

R

d

k(y)d�(y) =

Z

k(y)dy = 1 :

Then a kernel density estimator of p is given

by

b

p

n

(y; h) =

1

h

d

Z

k

�

y � x

h

�

d P

n

(x) = h

�d

P

n

k

�

y �X

h

�

:

This estimator is naturally indexed by the

bandwidth h, and it is natural to 
onsider

b

p

n

as a pro
ess indexed by both x 2 R

d

and

h > 0.

Questions:

(i) Does

b

p

n

(x; h

n

) 
onverge to p(x) pointwise

or in L

r

for some 
hoi
e of h

n

! 0?

(ii) How should we 
hoose h

n

! 0? Can we

let h

n

depend on x and (or) X

1

; : : : ; X

n

?

Here the 
lass of fun
tions F involved is

F = fx 7! k

�

y � x

h

�

: y 2 R

d

; h > 0g : (2)



Example 5. (Interval 
ensoring in R and R

2

.)

Suppose that X

1

; : : : ; X

n

are i.i.d. with

distribution fun
tion F on R

+

= [0;1), and

Y

1

; : : : ; Y

n

are i.i.d. with distribution fun
tion

G and independent of the X

i

's. Unfortunately

we are only able to observe

(1

[X

i

�Y

i

℄

; Y

i

) � (�

i

; Y

i

), i = 1; : : : ; n, but our

goal is to estimate the distribution fun
tion

F . In this model the 
onditional distribution

of � given Y is Bernoulli(F(Y )), and hen
e

the density of (�; Y ) with respe
t to the

dominating measure � given by the produ
t

of 
ounting measure on f0;1g and G is

p

F

(Æ; y) = F(y)

Æ

(1�F(y))

1�Æ

; Æ 2 f0;1g; y 2 R

+

:

It turns out that the maximum likelihood

estimator

b

F

n

= argmax

F

n

X

i=1

f�

i

logF(Y

i

)

+ (1��

i

) log(1� F(Y

i

))g



is well-de�ned and is given by the

left-derivative of the greatest 
onvex

minorant of the 
umulative sum diagram

f(P

n

1

[Y�Y

(j)

℄

; P

n

(�1

[Y�Y

(j)

℄

) : j = 1; : : : ; ng

where Y

(1)

� : : : � Y

(n)

are the order statisti
s

of the Y

i

's.

Questions:

(i) Can we show that

b

F

n

is a 
onsistent

estimator of F?

(ii) What are the global and lo
al rates of


onvergen
e of

b

F

n

to F?

Generalizations:

A. \mixed 
ase interval 
ensoring" (S
hi
k

and Yu).

B. interval 
ensoring in R

d

(S. Song).



Example 6. Ma
hine learning: See

Kolt
hinskii and Pan
henko (2002) and

Smale (2002).

Example 7. Pro�le likelihood and

semiparametri
 models: two-phase sampling.



1.3. Glivenko-Cantelli and Donsker

Theorems

Our statements of Glivenko-Cantelli theorems

will be phrased in terms of bra
keting

numbers and 
overing numbers for a 
lass F

of fun
tions f from X to R.

The 
overing number N(�;F ; k � k) is the

minimal number of balls fg : kg � fk < �g of

radius � needed to 
over F. The 
enters of

the balls need not belong to F, but they

should have �nite norms.

Given two fun
tions l and u, the bra
ket [l; u℄

is the set of all fun
tions f satisfying

l � f � u. An ��bra
ket is a bra
ket [l; u℄ with

ku� lk < �. The bra
keting number

N

[ ℄

(�;F ; k � k) is the minimum number of

��bra
kets needed to 
over F. The entropy

with bra
keting is the logarithm of the

bra
keting number.



A related notion is that of pa
king numbers.

Call a 
olle
tion of points ��separated if the

distan
e between ea
h pair of points is

stri
tly larger than �. The pa
king number

D(�; d) is the maximum number of

��separated points. It is easily shown that

N(�; d) � D(�; d) � N(�=2; d) :

Here is another bit of notation we will use

frequently: if F is a 
lass of fun
tions from X

to R, then the envelope fun
tion F of the


lass is

F(x) = sup

f2F

jf(x)j = kf(x)k

F

:

With this preparation we are ready to state

several useful Glivenko-Cantelli and Donsker

theorems.



Theorem 1.3.1. (Blum-DeHardt). If

N

[ ℄

(�;F ; L

1

(P)) <1 for every � > 0, then F is

P�Glivenko-Cantelli.

Theorem 1.3.2. (Vapnik-Chervonenkis;

Pollard). Let F be a suitably measurable 
lass

of real-valued fun
tions on X satisfying

sup

Q

N(�kFk

Q;1

;F ; L

1

(Q)) <1 for every

� > 0. If P

�

F <1, then F is

P�Glivenko-Cantelli.

An important weakening of the main


ondition in Theorem 1.3.2 is given in the

following version of the Glivenko-Cantelli

theorem. For a 
lass of fun
tions F with

envelope fun
tion F and a positive number

M , let the trun
ated 
lass

F

M

= ff1

[F�M ℄

: f 2 Fg.



Theorem 1.3.3. (Vapnik-Chervonenkis; Gin�e

and Zinn). Suppose that F is L

1

(P) bounded

and nearly linearly supremum measurable for

P ; in parti
ular this holds if F is image

admissible Suslin. Then the following are

equivalent:

A. F is a P� Glivenko-Cantelli 
lass.

B. F has an envelope fun
tion F 2 L

1

(P)

and the trun
ated 
lasses F

M

satisfy

1

n

E

�

logN(�;F

M

; L

r

(P

n

))! 0

for all � > 0 and for all M 2 (0;1)

for some (all) r 2 (0;1℄ where

kfk

L

r

(P)

= kfk

P;r

= fP(jf j

r

)g

r

�1

^1

.



Now we turn to Donsker theorems. The �rst

order of business is the following theorem


hara
terizing the Donsker property.

Theorem 1.3.3. Let F be a 
lass of

measurable fun
tions. Then the following are

equivalent:

(i) F is P�Donsker.

(ii) (F ; �

P

) is totally bounded and G

n

is

asymptoti
ally equi
ontinuous in probability

with respe
t to �

P

: for every � > 0

lim

Æ#0

lim sup

n!1

P

�

( sup

�

P

(f;g)<Æ

jG

n

(f)�G

n

(g)j > �) = 0 :

(iii) (F ; �

P

) is totally bounded and G

n

is

asymptoti
ally equi
ontinuous in mean with

respe
t to �

P

:

lim

n!1

E

�

( sup

�

P

(f;g)<Æ

n

jG

n

(f)� G

n

(g)j) = 0

for every sequen
e Æ

n

! 0.

For a proof, see Van der Vaart and Wellner

(1996), pages 113 - 115.



Typi
ally the way that the Donsker property

is veri�ed is by showing that either (ii) or (iii)

holds. But it is important for many

appli
ations to remember that the Donsker

property always implies that (ii) and (iii) hold.

Note that (iii) implies (ii) via Markov's

inequality, but the fa
t that (ii) implies (iii)

involves the use of symmetrization and the

Ho�mann-J�rgensen inequality and the fa
t

that (i) implies that the 
lass F has a

(
entered) envelope fun
tion F

�

satisfying the

weak L

2

�
ondition: any P�Donsker 
lass F

satis�es

P(kf � Pfk

�

F

> x) = o(x

�2

) as x!1 :

Theorem 1.3.4. (Ossiander). Suppose that

F is a 
lass of measurable fun
tions satisfying

Z

1

0

q

logN

[℄

(�;F ; L

2

(P)) d� <1 :

Then F is P�Donsker.



Theorem 1.3.5. (Pollard). Suppose that F

is a suitably measurable 
lass of real-valued

fun
tions on X satisfying

Z

1

0

r

log sup

Q

N(�kFk

Q;2

;F ; L

2

(Q)) d� <1 :

If P

�

F

2

<1, then F is P�Donsker.

The following theorem is a very useful


onsequen
e of Theorem 1.3.5.

Theorem 1.3.6. (Jain-Mar
us). Let (T; d)

be a 
ompa
t metri
 spa
e, and let C(T) be

the spa
e of 
ontinuous real fun
tions on T

with supremum norm. Let X

1

; : : : ; X

n

be i.i.d.

random variables in C(T). Suppose that

EX

1

(t) = 0 and EX

2

1

(t) <1 for all t 2 T .

Furthermore, supppose that for a random

variable M with EM

2

<1,

jX

1

(t)�X

1

(s)j �Md(t; s) a.s. for all t; s 2 T :

Suppose that

Z

1

0

q

logN(�; T; d) d� <1 :

Then the CLT holds in C(T).



1.4. Preservation theorems:

Glivenko-Cantelli and Donsker

As we will see in treating the examples, it is

very useful to have results whi
h show how

the Glivenko-Cantelli property or the Donsker

property of a 
lass of fun
tions are preserved.

Here we give statements of several useful

preservation theorems, beginning with a

Glivenko-Cantelli preservation theorem proved

by Van der Vaart and Wellner (2000). Given


lasses F

1

; : : : ;F

k

of fun
tions f

i

: X ! R, and

a fun
tion ' : R

k

! R, let let '(F

1

; : : : ;F

k

) be

the 
lass of fun
tions x 7! '(f

1

(x); : : : ; f

k

(x))

where f = (f

1

; : : : ; f

k

) ranges over

F

1

� : : :�F

k

.

Theorem 1.6.1. (Van der Vaart and

Wellner). Suppose that F

1

; : : : ;F

k

are

P�Glivenko-Cantelli 
lasses of fun
tions, and

that ' : R

k

! R is 
ontinuous. Then

H � '(F

1

; : : : ;F

k

) is P�Glivenko-Cantelli

provided that it has an integrable envelope

fun
tion.



Proof. See Van der Vaart and Wellner

(2000), pages 117-120.

Now we state a 
orresponding preservation

theorem for Donsker 
lasses.

Theorem 1.6.2. (Van der Vaart and

Wellner). Suppose that F

1

; : : : ;F

k

are

Donsker 
lasses with kPk

F

i

<1 for ea
h i.

Suppose that ' : R

k

! R satis�es

j'(f(x))� '(g(x))j

2

�

k

X

l=1

(f

l

(x)� g

l

(x))

2

for every f; g 2 F

1

� � � � � F

k

and x. Then the


lass '(F

1

; : : : ;F

k

) is Donsker provided that

'(f

1

; : : : ; f

k

) is square integrable for at least

one (f

1

; : : : ; f

k

).

Proof. See Van der Vaart and Wellner

(1996), pages 192 - 198. 2



1.5. Bounds on Covering Numbers and

Bra
keting Numbers

For a 
olle
tion of subsets C of a set X , and

points x

1

; : : : ; x

n

2 X ,

�

C

n

(x

1

; : : : ; x

n

) �#fC \ fx

1

; : : : ; x

n

g : C 2 Cg;

so that �

C

n

(x

1

; : : : ; x

n

) is the number of

subsets of fx

1

; : : : ; x

n

g pi
ked out by the


olle
tion C. Also we de�ne

m

C

(n) � max

x

1

;::: ;x

n

�

C

n

(x

1

; : : : ; x

n

) :

Let

V (C) � inffn : m

C

(n) < 2

n

g;

where the in�mum over the empty set is

taken to be in�nity. Thus V (C) =1 if and

only if C shatters sets of arbitrarily large size.

A 
olle
tion C is 
alled a VC - 
lass if

V (C) <1.



Lemma 1.5.1. (VC - Sauer - Shelah). For a

VC - 
lass of sets with VC index V (C), set

S � S(C) � V (C)� 1. Then for n � S,

m

C

(n) �

S

X

j=0

�

n

j

�

�

�

ne

S

�

S

: (3)

Proof. For the �rst inequality, see Van der

Vaart and Wellner (1996), pages 135-136. To

see the se
ond inequality, note that with

Y �Binomial(n;1=2),

S

X

j=0

�

n

j

�

= 2

n

S

X

j=0

�

n

j

�

(1=2)

n

= 2

n

P(Y � S)

� 2

n

Er

Y�S

for any r � 1

= 2

n

r

�S

(

1

2

+

r

2

)

n

= r

�S

(1 + r)

n

=

�

n

S

�

S

(1 +

S

n

)

n

by 
hoosing r = S=n

�

�

n

S

�

S

e

S

;

and hen
e (3) holds. 2



Theorem 1.5.2. There is a universal


onstant K su
h that for any probability

measure Q, any VC-
lass of sets C, and r � 1,

and 0 < � � 1,

N(�; C; L

r

(Q)) �

 

K log(K=�

r

)

�

r

!

V (C)�1

�

 

K

0

�

!

r(V (C)�1)+Æ

(4)

for any Æ > 0; here

K = 3e

2

=(e� 1) � 12:9008::: works.

Moreover,

N(�; C; L

r

(Q)) �

f

KV (C)(4e)

V (C)

�

1

�

�

r(V (C)�1)

:

(5)

where

~

K is universal.

The inequality (4) is due to Dudley (1978);

the inequality (5) is due to Haussler (1995).

Here we will (re-)prove (4), but not (5). For

the proof of (5), see Haussler (1995) or van

der Vaart and Wellner (1996), pages 136-140.



Proof. Fix 0 < � � 1. Let m = D(�; C; L

1

(Q)),

the L

1

(Q) pa
king number for the 
olle
tion

C. Thus there exist sets C

1

; : : : ; C

m

2 C whi
h

satisfy

Q(C

i

�C

j

) = E

Q

j1

C

i

� 1

C

j

j > � for i 6= j :

Let X

1

; : : : ; X

n

be i.i.d Q. Now C

i

and C

j

pi
k

out the same subset of fX

1

; : : : ; X

n

g if and

only if no X

k

2 C

i

�C

j

. If every C

i

�C

j


ontains some X

k

, then all C

i

's pi
k out

di�erent subsets, and C pi
ks out at least m

subsets from fX

1

; : : : ; X

n

g. Thus we 
ompute

Q([X

k

2 C

i

�C

j

for some k; for all i 6= j℄




)

= Q([X

k

=2 C

i

�C

j

for all k � n; for some i 6= j℄)

�

X

i<j

Q([X

k

=2 C

i

�C

j

for all k � n℄)

�

�

m

2

�

max[1�Q(C

i

�C

j

)℄

n

�

�

m

2

�

(1� �)

n

< 1 for n large enough : (6)

In parti
ular this holds if

n >

� log

�

m

2

�

log(1� �)

=

log(m(m� 1)=2)

� log(1� �)

:



Sin
e � log(1� �) < �, (6) holds if

n = b3 logm=�
 :

for this n,

Q([X

k

2 C

i

�C

j

for some k � n; for all i 6= j℄) > 0 :

Hen
e there exist points X

1

(!); : : : ; X

n

(!)

su
h that

m � �

C

n

(X

1

(!); : : : ; X

n

(!))

� max

x

1

;::: ;x

n

�

C

n

(x

1

; : : : ; x

n

)

�

�

en

S

�

S

(7)

where S � S(C) � V (C)� 1 by the VC - Sauer

- Shelah lemma. With n = b3 logm=�
, (7)

implies that

m �

�

3e logm

S�

�

S

:

Equivalently,

m

1=S

logm

�

3e

S�

;

or, with g(x) � x= log x,

g(m

1=S

) �

3e

�

: (8)



This implies that

m

1=S

�

e

e� 1

3e

�

log

�

3e

�

�

; (9)

or

D(�; C; L

1

(Q)) = m �

�

e

e� 1

3e

�

log

�

3e

�

��

S

:

(10)

Sin
e N(�; C; L

1

(Q)) � D(�; C; L

1

(Q)), (4)

holds for r = 1 with K = 3e

2

=(e� 1).

Here is the argument for (8) implies (9): note

that the inequality

g(x) =

x

log x

� y

implies

x �

e

e� 1

y log y :

To see this, note that g(x) = x= log x is

minimized by x= e and is ". Furthermore

y � g(x) for x � e implies that

log y � logx� log logx = logx

�

1�

log log x

log x

�

> logx

�

1�

1

e

�

;



so

x � y log x < y log y(1� 1=e)

�1

:

For L

r

(Q) with r > 1, note that

k1

C

� 1

D

k

L

1

(Q)

= Q(C�D) = k1

C

� 1

D

k

r

L

r

(Q)

;

so that

N(�; C; L

r

(Q)) = N(�

r

; C; L

1

(Q)) �

�

K�

�r

log

�

K

�

r

��

S

:

This 
ompletes the proof. 2

De�nition 1.5.3. The subgraph of f : X �R

is the subset of X �R given by

f(x; t) 2 X �R : t < f(x)g. A 
olle
tion of

fun
tions F from X to R is 
alled a VC -

subgraph 
lass if the 
olle
tion of subgraphs

in X �R is a VC -
lass of sets. For a VC -

subgraph 
lass, let V (F) � V (subgraph(F)).

Theorem 1.5.4. For a VC-subgraph 
lass

with envelope fun
tion F and r � 1, and for

any probability measure Q with kFk

L

r

(Q)

> 0,

N(2�kFk

Q;r

;F ; L

r

(Q)) � KV (F)(16e)

V (F)

�

1

�

�

r(V (F)�1)

for a universal 
onstant K and 0 < � � 1.



Proof. Let C be the set of all subgraphs C

f

of fun
tions f 2 F. By Fubini's theorem,

Qjf � gj= (Q� �)(C

f

�C

g

)

where � is Lebesgue measure on R.

Renormalize Q� � to be a probability

measure on f(x; t) : jtj � F(x)g by de�ning

P = (Q� �)=2Q(F). Then by the result for

sets,

N(�2Q(F);F ; L

1

(Q)) = N(�; C; L

1

(P))

� KV (F)

�

4e

�

�

V (F)�1

:

For r > 1, note that

Qjf�gj

r

� Qjf�gj(2F)

r�1

= 2

r�1

Rjf�gjQ(F

r�1

)

for the probability measure R with density

F

r�1

=Q(F

r�1

) with respe
t to Q. Thus the

L

r

(Q) distan
e is bounded by the distan
e

2(Q(F

r�1

)

1=r

kf � gk

1=r

R;1

. Elementary

manipulations yield

N(�2kFk

Q;r

;F ; L

r

(Q)) � N(�

r

RF;F ; L

1

(R))

� KV (F)

�

8e

�

r

�

V F)�1

by the inequality (5). 2



1.6. Convex Hulls and VC-hull 
lasses

De�nition 1.6.1. The 
onvex hull, 
onv(F)

of a 
lass of fun
tions F is de�ned as the set

of fun
tions

P

m

i=1

�

i

f

i

with

P

m

i=1

�

i

� 1, �

i

� 0

and ea
h f

i

2 F. The symmetri
 
onvex hull,

denoted by s
onv(F), of a 
lass of fun
tions

F is de�ned as the set of fun
tions

P

m

i=1

�

i

f

i

with

P

m

i=1

j�

i

j � 1 and ea
h f

i

2 F.

A set of measurable fun
tions F is a VC - hull


lass if it is 
ontained in the pointwise

sequential 
losure of the symmetri
 
onvex

hull of a VC 
lass of fun
tions, F � s
onv(G),

for a VC-
lass G.



Theorem 1.6.2. (Dudley, Ball and Pajor).

Let Q be a probability mesaure on (X ;A),

and let F be a 
lass of measurable fun
tions

with measurable square- integrable envelope

F su
h that QF

2

<1. and

N(�kFk

Q;2

;F ; L

2

(Q)) � C

�

1

�

�

V

; 0 < � � 1 :

Then there is a K depending on C and V only

su
h that

logN(�kFk

Q;2

; 
onv(F); L

2

(Q)) � K

�

1

�

�

2V=(V+2)

:

Note that 2V=(V +2) < 2 for V <1. Dudley

(1987) proved that for any Æ > 0

logN(�kFk

Q;2

; 
onv(F); L

2

(Q)) � K

�

1

�

�

2V=(V+2)+Æ

:

Proof. See Ball and Pajor (1990) or van der

Vaart and Wellner (1996), 142 - 145. See

also Carl (1997). 2



Example 1.6.3. (Monotone fun
tions on R).

For F = f1

[t;1)

(x) : t 2 Rg, F is VC, so by

Theorem 1.6.2, with F � 1, V (F) = 2,

N(�;F ; L

2

(Q)) � K�

�2

; 0 < � � 1:

Now

G � fg : R! [0;1℄

�

�

�

�

g %g � 
onv(F) :

Hen
e by Theorem 1.6.2

logN(�;G; L

2

(Q)) �

K

�

; 0 < � � 1 :

In this 
ase there is a similar bound on the

bra
keting numbers:

logN

[ ℄

(�;G; L

r

(Q)) �

K

r

�

; 0 < � � 1 ; (11)

for every probability measure Q, every r � 1,

where the 
onstant K

r

depends only on r; see

Van der Vaart and Wellner (1996), Theorem

2.7.5, page 159.



Example 1.6.4. (Distribution fun
tions on

R

d

.) For F = f1

[t;1)

(x) : t 2 R

d

g, F is VC

with V (F) = d+1. By Theorem 1.6.2 with

F � 1,

N(�;F ; L

2

(Q)) � K�

�2d

; 0 < � � 1:

Now

G � fg : R

d

! [0;1℄

�

�

�
g is a d.f. on R

d

g � 
onv(F) :

Hen
e by Theorem 1.6.2

logN(�;G; L

2

(Q)) � K�

�2d=(d+1)

; 0 < � � 1 :

In parti
ular, for d = 2,

logN(�;G; L

2

(Q)) � K�

�4=3

; 0 < � � 1 :



1.6. Some Useful Inequalities

Often the inequalities used to prove limit

theorems are useful in their own right. In this

se
tion we brie
y mention a few of the most

useful inequalities, beginning with inequalities


onne
ted with Theorems 1.3.4 and 1.3.5.

Bounds on Expe
tations: general F.

First, a bound 
onne
ted with Theorem

1.3.4. Let

J

[ ℄

(Æ;F ; k�k) =

Z

Æ

0

q

1 + logN

[℄

(�kFk;F ; k � k) d� :

For any 
lass F

EkG

n

k

F

. J

[ ℄

(Æ;F ; L

2

(P))kFk

P;2

(12)

and the 
onstant implied by . is universal.



Now for a bound 
onne
ted with Theorem

1.3.5. Let

J(Æ;F) = sup

Q

Z

Æ

0

q

1+ logN(�kFk

Q;2

;F ; L

2

(Q)) d�

where the supremum is taken over all dis
rete

probability measures with kFk

Q;2

> 0. For

Vapnik-Chervonenkis 
lasses F,

J(Æ;F) = O(Æ

q

log(1=Æ)).

Suppose that F is a P�measurable 
lass of

measurable fun
tions with measurable

envelope fun
tion F . Then

EkG

n

k

F

. EfJ(�

n

;F)kFk

n

g

. J(1;F)kFk

P;2

where �

n

= sup

f2F

kfk

n

=kFk

n

and k � k

n

is the

L

2

(P

n

)�seminorm.



Exponential Bounds: bounded 
lasses F.

One of the 
lassi
al types of results for

empiri
al pro
esses are exponential bounds

for the supremum distan
e between the

empiri
al distribution and the true distribution

fun
tion.

A. Empiri
al df, X = R: Consider the


lassi
al empiri
al d.f. of real - valued random

variables. Thus F = f1

(�1;t℄

: t 2 Rg. Then

P(k

p

n(F

n

� F)k

1

� �) � C exp(�2�

2

)

for all n � 1, � � 0 where C is an absolute


onstant. This is due to Dvoretzky, Kiefer,

and Wolfowitz (1956). Method: redu
e to

the uniform empiri
al pro
ess U

n

, start with

the exa
t distribution of kU

+

n

k

1

.

B. Empiri
al df, X = R

d

: Now 
onsider the


lassi
al empiri
al d.f. of i.i.d. random

ve
tors: Thus F = f1

(�1;t℄

: t 2 R

d

g.



Then Kiefer (1961) showed that for every

� > 0 there exists a C

�

su
h that

Pr

F

(k

p

n(F

n

�F)k

1

� �) � C

�

exp(�(2� �)�

2

)

for all n � 1 and � > 0.

C. Empiri
al measure, X general:

F = f1

C

: C 2 Cg satisfying

sup

Q

N(�;F ; L

1

(Q)) �

�

K

�

�

V

;

e.g. when C is a VC-
lass, V = V (C)� 1.

Talagrand (1994) proved that

Pr

�

(k

p

n(P

n

�P)k

C

� �) �

D

�

 

DK�

2

V

!

V

exp(�2�

2

)

for all n � 1 and � > 0.

DiÆ
ulty: D not yet expli
tly known!



D. Empiri
al measure, X general:

F = ff : f : X ! [0;1℄g satisfying

sup

Q

N(�;F ; L

2

(Q)) �

�

K

�

�

V

;

e.g. when F is a VC-
lass, V = 2(V (F)� 1).

Talagrand (1994) showed that

Pr

�

(k

p

n(P

n

� P)k

F

� �) �

 

D�

p

V

!

V

exp(�2�

2

)

for all n � 1 and � > 0.

Kiefer's tool to prove B: If Y

1

; : : : ; Y

n

are

i.i.d. Bernoulli(p), and p < e

�1

, then

P(

p

njY

n

� pj � �) � 2 exp(�[log(1=p)� 1℄�

2

)

� 2 exp(�11�

2

) ; p < e

�12

:

Talagrand's tool to prove C and D: If F is

as in D (all the f 's have range in [0;1℄), if

�

2

F

� sup

f2F

P(f � Pf)

2

� �

2

0

, and if

K

0

�

n

�

p

n, then

Pr

�

(k

p

n(P

n

� P)k

F

� �) � D exp(�11�

2

)

for every � � K

0

�

n

where �

n

� E

�

kG

n

k

F

,

�

n

= �

n

_ n

�1=2

.



2. Empiri
al Pro
ess Methods for

Statisti
s

2.1. Argmax 
ontinuous mapping

theorem: M-estimators

Suppose that � is a parameter with values in

a metri
 spa
e (�; d). Frequently we de�ne

estimators in statisti
al appli
ations in terms

of optimization problems: given observations

X

1

; : : : ; X

n

, our estimator

b

�

n

of a parameter

� 2� is that value of � maximizing (or

minimizing)

M

n

(�) =

1

n

n

X

i=1

m

�

(X

i

) = P

n

m

�

(X) :

We say that su
h an estimator

b

�

n

is an

M-estimator. The estimators in examples

1.2.2 and 1.2.6 were of this type.



Of 
ourse Maximum-Likelihood estimators are

simply M-estimators with m

�

(x) = log p

�

(x).

Here is a typi
al theorem giving 
onsisten
y

of a sequen
e of M-estimators:

Theorem 2.1.1. Let M

n

be random

fun
tions of � 2�, and let M be a �xed

fun
tion of � su
h that

sup

�2�

jM

n

(�)�M(�)j !

p

0

and, for every � > 0,

sup

�:d(�;�

0

)��

M(�) < M(�

0

) :

Then for any sequen
e of estimators

b

�

n

satisfying M

n

(

b

�

n

) � M

n

(�

0

)� o

p

(1) it follows

that

b

�

n

!

p

�

0

.



Note that for i.i.d. X

i

's the �rst hypothesis in

the previous theorem boils down to a

Glivenko-Cantelli theorem for the 
lass of

fun
tions F = fm

�

: � 2 �g, while the se
ond

hypothesis involves no randomness but simply

the properties of the limit fun
tion M at its

point of maximum, �

0

.

The diÆ
ulty in applying this theorem resides

in the fa
t that the supremum is taken over

all � 2 �.



2.2. M-estimates: rates of 
onvergen
e

On
e 
onsisten
y of an estimator sequen
e

b

�

n

has been established, then interest turns to

the rate at whi
h

b

�

n


onverges to the true

value: for what sequen
es r

n

%1 does it

hold that

r

n

(

b

�

n

� �

0

) = O

p

(1) ?

The following development is aimed at

answering this question.

If �

0

is a maximizing point of a di�erentiable

fun
tion M(�), then the �rst derivative

_

M(�)

must vanish at �

0

and the se
ond derivative

should be negative de�nite. Hen
e it is

natural to assume that for � in a

neighborhood of �

0

M(�)�M(�

0

) � �Cd

2

(�; �

0

) (13)

for some positive 
onstant C.



The main point of the following theorem is

that an upper bound for the rate of


onvergen
e r

n

of

b

�

n


an be obtained from

the 
ontinuity modulus of the pro
ess

M

n

(�)�M(�) for estimators

b

�

n

that maximize

(or nearly maximize) the fun
tions M

n

(�).



Theorem 2.2.1. (Rate of 
onvergen
e). Let

M

n

be sto
hasti
 pro
esses indexed by a

(semi-)metri
 spa
e � and let M : � 7! R be

a deterministi
 fun
tion su
h that (13) holds

for every � in a neighborhood of �

0

. Suppose

that for every n and suÆ
iently small Æ, the


entered pro
ess M

n

�M satis�es

E

�

sup

d(�;�

0

)<Æ

j(M

n

�M)(�)� (M

n

�M)(�

0

)j � K

�

n

(Æ)

p

n

(14)

for a 
onstant K and fun
tions �

n

su
h that

�

n

(Æ)=Æ

�

is a de
reasing fun
tion of Æ for

some � < 2 (not dependent of n). Let r

n

satisfy

r

n

2

�

n

�

1

r

n

�

�

p

n for every n :

If the sequen
e

b

�

n

satis�es

M

n

(

b

�

n

) � M

n

(�

0

)�O

p

(r

�2

n

) and 
onverges in

outer probability to �

0

, then

r

n

d(

b

�

n

; �

0

) = O

�

p

(1).

Proof. See Van der Vaart and Welllner

(1996), pages 290-291. 2



The following 
orollary 
on
erning the i.i.d.


ase is espe
ially useful.

Corollary 2.2.2. In the i.i.d. 
ase, suppose

that for every � in a neighborhood of �

0

P(m

�

�m

�

0

) � �Cd

2

(�; �

0

) :

Also assume that there exists a fun
tion �

su
h that �(Æ)=Æ

�

is de
reasing for some

� < 2 and, for every n,

E

�

kG

n

k

M

Æ

� K�(Æ)

for some 
onstant K where

M

Æ

= fm

�

�m

�

0

: d(�; �

0

) < Æg :

If the sequen
e

b

�

n

satis�es

P

n

m

b

�

n

� P

n

m

�

0

�O

p

(r

�2

n

) and 
onverges in

outer probability to �

0

, then

r

n

d(

b

�

n

; �

0

) = O

�

p

(1) for every sequen
e r

n

su
h

that r

2

n

�(1=r

n

) �

p

n for every n.



In dealing with Nonparametri
 Maximum

Likelihood Estimators over 
onvex 
lasses of

densities, it is often useful to 
hange

reexpress the de�ning inequalities in terms

fun
tions other than log p

�

. Suppose that P is

a 
onvex family. In the following we will take

the density p itself to be the parameter. The

following development is a spe
ial 
ase of

Se
tion 3.4.1 of Van der Vaart and Wellner

(1996).



If p̂

n

maximizes the log-likelihood over p 2 P,

then

P

n

log p̂

n

� P

n

log p

0

for any �xed p

0

2 P. Thus we have

P

n

log

p̂

n

p

0

� 0 ;

and hen
e by 
on
avity of log,

P

n

log

 

p̂

n

+ p

0

2p

0

!

� P

n

 

1

2

 

log

p̂

n

p

0

+ log1

!!

=

1

2

P

n

log

p̂

n

p

0

� 0 = P

n

log

 

p

0

+ p

0

2p

0

!

for all p

0

2 P. Thus we 
an take

m

p

(x) = log

 

p(x) + p

0

(x)

2p

0

(x)

!

(15)

for any �xed p

0

2 P. Here is a useful theorem


onne
ting maximum likelihood with the

Hellinger distan
e metri
 between densities.



Theorem 2.2.3. Let h denote the Hellinger

distan
e, and let m

p

be given by (15) with p

0


orresponding to P

0

. Then

P

0

(m

p

�m

p

0

) . �h

2

(p; p

0

)

for every p; here a . b means a � Kb for some

�nite 
onstant K. Furthermore, for

M

Æ

= fm

p

�m

p

0

: h(p; p

0

) < Æg ;

it follows that

E

�

P

0

kG

n

k

M

Æ

.

~

J

[ ℄

(Æ;P; h)

0

�

1+

~

J

[ ℄

(Æ;P; h)

Æ

2

n

1

A

(16)

where

~

J

[ ℄

(Æ;P; h) =

Z

Æ

0

q

1+ logN

[ ℄

(�;P; h) d� :

Theorem 2.2.3 follows from Theorem 3.4.4,

page 327, of Van der Vaart and Wellner

(1996) by taking the sieve P

n

= P and

p

n

= p

0

throughout.



2.3. M-estimates: 
onvergen
e in

distribution

Here is a result whi
h follows from the

general argmax 
ontinuous mapping theorem;

it is from Van der Vaart (1998), Theorem

5.23, page 53.

Theorem 2.3.1. For ea
h � in an open

subset of R

d

suppose that x 7! m

�

(x) is a

measurable fun
tion su
h that � 7! m

�

(x) is

di�erentiable at �

0

for P�almost every x with

derivative _m

�

0

(x) and su
h that, for every

�

1

; �

2

in a neighborhood of �

0

and a

measurable fun
tion _m with P _m

2

<1

jm

�

1

(x)�m

�

2

(x)j � _m(x)j�

1

� �

2

j :

Moreover, suppose that � 7! Pm

�

admits a

se
ond-order Taylor expansion at a point of

maximum �

0

with nonsingular symmetri


derivative matrix V

�

0

. If

P

n

m

b

�

n

� sup

�

P

n

m

�

� o

p

(n

�1

) and

b

�

n

!

p

�

0

,

then

p

n(

b

�

n

� �

0

) = �V

�1

�

0

1

p

n

n

X

i=1

_m

�

0

(X

i

) + o

p

(1) :



2.4. Z-estimators

When � � R

d

the maximizing value

b

�

n

is

often found by di�erentiating the fun
tion

M

n

(�) with respe
t to (the 
oordinates of ) �,

and setting the resulting ve
tor of derivatives

equal to zero. This results in the equations

_

M

n

(�) = P

n

_m

�

(X) = 0

where _m

�

(x) = rm

�

(x) for ea
h �xed x 2 X .

Sin
e this way of de�ning estimators often

makes sense even when the fun
tions _m

�

are

repla
ed by a fun
tion  

�

whi
h is not

ne
essarily the gradient of a fun
tion m

�

, we

will a
tually 
onsider estimators

b

�

n

de�ned

simply as the solution of

	

n

(�) =

1

n

n

X

i=1

 

�

(X

i

) = P

n

 

�

(X) = 0 : (17)

Here is one possible result 
on
erning the


onsisten
y of estimators satisfying (17).



Theorem 2.4.1. Suppose that 	

n

are

random ve
tor-valued fun
tions, and let 	 be

a �xed ve
tor-valued fun
tion of � su
h that

sup

�2�

k	

n

(�)�	(�)k !

p

0 ;

and, for every � > 0,

inf

�: d(�;�

0

)�0

k	(�)k > 0 = k	(�

0

)k :

Then any sequen
e of estimators

b

�

n

satisfying

	

n

(

b

�

n

) = o

p

(1) 
onverges in probability to �

0

.

Proof. This follows from Theorem 2.1.1 by

taking M

n

(�) = �k	

n

(�)k and

M(�) = �k	(�)k. 2



We now give a statement of the

in�nite-dimensional Z�theorem of Van der

Vaart (1995). See also Van der Vaart and

Wellner (1996), se
tion 3.3, pages 309 - 320.

It is a natural extension of the 
lassi
al

Z�theorem due to Huber (1967) and Pollard

(1985). In the in�nite-dimensional setting,

the parameter spa
e � is taken to be a

Bana
h spa
e. A suÆ
iently general Bana
h

spa
e is the spa
e

l

1

(H) � fz : H ! R

�

�

�

�

jjzjj= sup

h2H

jz(h)j <1g

where H is a 
olle
tion of fun
tions. We

suppose that

	

n

: �! L � l

1

(H

0

) ; n= 1;2; :::

are random, and that

	 : �! L � l

1

(H

0

) ;

is deterministi
. Suppose that either

	

n

(

b

�

n

) = 0 in L;

(i.e. 	

n

(

b

�

n

)(h

0

) = 0 for all h

0

2 H

0

), or

	

n

(

b

�

n

) = o

p

(n

�1=2

) in L;

(i.e. jj	

n

(

b

�

n

)jj

H

0

= o

p

(n

�1=2

)).



Here are the four basi
 
onditions needed for

the in�nite-dimensional version of Huber's

theorem:

B1.

p

n(	

n

�	)(�

0

)) Z

0

in l

1

(H

0

) :

B2.

sup

k���

0

k�Æ

n

k

p

n(	

n

�	)(�)�

p

n(	

n

�	)(�

0

)k

1 +

p

nk� � �

0

k

= o

�

p

(1)

for every sequen
e Æ

n

! 0.

B3. The fun
tion 	 is

(Fr�e
het-)di�erentiable at �

0

with

derivative

_

	(�

0

) �

_

	

0

having a bounded

(
ontinuous) inverse:

k	(�)�	(�

0

)�

_

	

0

(�� �

0

)k = o(k�� �

0

k) :

B4. 	

n

(

b

�

n

) = o

�

p

(n

�1=2

) in l

1

(H

0

) and

	(�

0

) = 0 in l

1

(H

0

).



Theorem 2.4.2. (Van er Vaart (1995)).

Suppose that B.1 - B.4 hold. Let

b

�

n

be

random maps into � � l

1

(H

0

) satisfying

b

�

n

!

p

�

0

. Then

p

n(

b

�

n

� �

0

)) �

_

	

�1

0

(Z

0

) in l

1

(H) :

Proof. See Van der Vaart (1995) or Van der

Vaart and Wellner (1996), page 310.



2.5. Ba
k to the Examples

Example 1.2.1, 
ontinued. To answer the

�rst question, we will assume that EjXj

p

<1.

We need to show that the 
lass of fun
tions

G

Æ

= fjx� tj

p

: jt� �j � Æg :

is a Glivenko-Cantelli 
lass for P . We 
an

view this 
lass as follows:

G

Æ

= �(F

Æ

) = f�(f

t

) : f

t

2 F

Æ

g

where �(y) = jyj

p

is a 
ontinuous fun
tion

from R to R and

F

Æ

= fx� t : jt� �j � Æg :

Now F

Æ

is a VC-subgraph 
olle
tion of

fun
tions with VC index 2 (sin
e the

subgraphs are linearly ordered by in
lusion)

and P�integrable envelope fun
tion

F

Æ

(x) = jx� �j+ Æ. It follows by the

VC-Pollard-Gin�e Zinn theorem 1.3.2 that F

Æ

is a P�Glivenko-Cantelli 
lass of fun
tions.

Sin
e � is a 
ontinuous fun
tion and G

Æ

has

P�integrable envelope fun
tion

G

Æ

(x) = jx� (�� Æ)j

p

_ jx� (�+ Æ)j

p

, G

Æ

is a

P�Glivenko-Cantelli 
lass by the

Glivenko-Cantelli preservation Theorem 1.6.1.



Thus with

H

n

(t) = P

n

jX�tj

p

and H(t) = P jX�tj

p

;

it follows that

sup

jt��j�Æ

jH

n

(t)�H(t)j = kP

n

� Pk

G

Æ

!

a:s:

0 :

(18)

Now

A

n

(p)� a(p) = H

n

(X

n

)�H(�)

= H

n

(X

n

)�H(X

n

) +H(X

n

)�H(�)

� I

n

+ II

n

:

By the strong law of large numbers we know

that jX

n

� �j � Æ for all n � N(Æ; !) for all ! in

a set with probability one. Hen
e it follows

that for n large we have

jI

n

j= jH

n

(X

n

)�H(X

n

)j � sup

jt��j�Æ

jH

n

(t)�H(t)j !

a:s:

0

by (18). Furthermore

jII

n

j= jH(X

n

)�H(�)j � PfjjX�X

n

j

p

�jX��j

p

jg !

a:s:

0

by the dominated 
onvergen
e theorem (sin
e

X

n

!

a:s:

0 and EjXj

p

<1). Thus the answer

to our �rst question (i) is positive: if

EjXj

p

<1, then A

n

(p)!

a:s:

a(p) = P jX � �j

p

.



To answer the se
ond question, we �rst note

that G

Æ

is a P�Donsker 
lass of fun
tions for

ea
h Æ > 0 if we now assume in addition that

EjXj

2p

<1. This follows from the fa
t that

F

Æ

is a VC-subgraph 
lass of fun
tions with

P�square integrable envelope fun
tion F

Æ

,

and then applying the P�Donsker

preservation theorem (Theorem 2.10.6,

VdV-W, page 192 and Corollary 2.10.13, page

193) upon noting that �(y) = jyj

p

satis�es

j�(x�t)��(x�s)j

2

= jjx�tj

p

�jx�sj

p

j

2

� L

2

(x)jt�sj

2

for all s; t 2 [�� Æ; �+ Æ℄ and all x 2 R where

L(x) = sup

t:jt��j�Æ

pjx� tj

p�1

= pjx� (�� Æ)j

p�1

_ pjx� (�+ Æ)j

p�1

satis�es PL

2

(X) =

R

L

2

(x)dP(x) <1.



(Note that the P�Donsker property of the


lass G

Æ

also follows from the Jain-Mar
us

CLT 1.3.6.) Hen
e it follows that

p

n(A

n

(p)� a(p))

=

p

n(H

n

(X

n

)�H(�))

=

p

n(P

n

f

X

n

� Pf

�

)

=

p

n(P

n

f

X

n

� Pf

X

n

)�

p

n(P

n

f

�

� Pf

�

)

+

p

n(P

n

f

�

� Pf

�

) +

p

n(Pf

X

n

� Pf

�

)

= G

n

(f

X

n

)� G

n

(f

�

)

+ G

n

(f

�

) +

p

n(H(X

n

)�H(�))

= G

n

(f

X

n

)� G

n

(f

�

)

+ G

n

(f

�

+H

0

(�)(X � �)) + o

p

(1)

= G

n

(f

�

+H

0

(�)(X � �)) + o

p

(1)

if H is di�erentiable at �. The last equality in

the last display follows sin
e the 
lass G

Æ

is

P�Donsker, and hen
e for large n with high

probability we have, for some sequen
e

Æ

n

! 0,

jG

n

(f

X

n

)� G

n

(f

�

)j � sup

jt��j�Æ

n

jG

n

(f

t

)� G

n

(f

�

)j

= sup

jt��j�Æ

n

jG

n

(f

t

� f

�

)j !

p

0 :



Thus it follows that

p

n(A

n

(p)� a(p))

= G

n

(f

�

+H

0

(�)(X � �)) + o

p

(1)

!

d

G (f

�

+H

0

(�)(X � �)) � N(0; V

2

(p))

where

V

2

(p) = V ar(f

�

(X) +H

0

(�)(X � �))

= V ar(jX � �j

p

+H

0

(�)(X � �)) :

When P is symmetri
 about �, then

H

0

(�) = 0 and the expression for the varian
e

simpli�es to

EjX � �j

2p

� (EjX � �j

p

)

2

:

It is easily seen that H is indeed di�erentiable

at � (if P(f�g) = 0 when p = 1), and

H

0

(�) = PfpjX � �j

p�1

(1

[X��℄

� 1

[X>�℄

)g :



Example 1.2.1d, 
ontinued. One di�eren
e

now is that the 
lass of fun
tions

F

Æ

= fx� t : kt� �k

q

� Æg

is no longer real-valued. There are several

ways to pro
eed here, but one way is as

follows: 
onsider the 
lasses of fun
tions

F

i;Æ

= fx 7! x

i

� t

i

: kt� �k

q

� Æg :

These are 
learly again VC-subgraph 
lasses

of fun
tions sin
e their subgraphs are again

ordered by in
lusion. Moreover, these 
lasses

ea
h have an integrable envelope fun
tions

F

i

(x) = jx

i

� �

i

� Æj _ jx

i

� �

i

+ Æj. Thus ea
h

of these 
lasses F

i

, i = 1; : : : ; d, is

P�Glivenko-Cantelli. Sin
e the map ' from

R

d

de�ned by

'(y

1

; : : : ; y

d

) =

n

y

q

1

+ � � �+ y

q

d

o

p=q

is 
ontinuous, and the resulting 
lass

'(F) = '(F

1

; : : : ;F

d

) has an integrable

evelope F assuming that PkX

1

k

p

q

<1. Thus

it follows from the Glivenko-Cantelli

preservation Theorem 1.6.1 that '(F) is a

P�Glivenko-Cantelli 
lass.



Example 1.2.2, 
ontinued. Our treatment of

this example will use the argmax 
ontinuous

mapping Theorem 2.3.1. In that theorem we

will take m

�

(x) = jx� �j

p

. Then

_m

�

(x) = pjx� �j

p�1

f1

[x��℄

� 1

[x>�℄

g

Thus

�(p) = argmin

�

P jX��j

p

; �̂

n

(p) = argmin

�

P

n

jX��j

p

;

and,

V

�(p)

=

(

p(p� 1)P jX � �(p)j

p�2

; p > 1

2f(t); p = 1 :

Sin
e the fun
tion m

�

(x) satis�es

jm

t

(x)�m

s

(x)j � _m(x)jt� sj

where P _m

2

(X) <1 (as we saw in Example

1.2.1), it follows from Theorem 2.3.1 that

p

n(�̂

n

(p)� �(p)) = �V

�1

�(p)

1

p

n

n

X

i=1

_m

�(p)

(X

i

) + o

p

(1)

!

d

N(0; P( _m

2

�(p)

)=V

2

�(p)

) :



Note that when p = 2, �(2) = P(X), the

usual sample mean,

_m

�

(x) = 2jx� �jf1

[x��℄

� 1

[x>�℄

g = �2(x� �)

so P( _m

2

�(2)

(X)) = 4Var

P

(X), V

�(2)

= 2, and

we re
over the usual asymptoti
 normality

result for the sample mean.



Example 1.2.3, 
ontinued. First note that

the sets in question in this example are

half-spa
es H

t;


= fx 2 R

d

: 
 � x � tg. Note

that

D

n

= sup

t2R

sup


2S

d�1

jP

n

(H

t;


)�P(H

t;


)j = kP

n

�Pk

H

:

The key to answering the question raised in

this example is one of the exponential bounds

from se
tion 1.6 applied to the 
olle
tion

H = fH


;t

: t 2 R; 
 2 S

d�1

g, the half-spa
es

in R

d

. The 
olle
tion H is a VC-
olle
tion of

sets with V (H) = d+2. By Talagrand's

exponential bound,

Pr(k

p

n(P

n

�P)k

H

� �) �

D

�

 

DK�

2

d+1

!

d+1

exp(�2�

2

)

for all n � 1 and � > 0. Taking � = �

p

n yields

Pr(kP

n

� Pk

H

� �)

�

D

�

p

n

 

DK�

2

n

d+1

!

d+1

exp(�2�

2

n)

=

D

�

p

n

exp

 

(d+1) log

 

DK�

2

n

d+1

!!

exp(�2�

2

n)

! 0 as n!1



if d=n! 0. This is exa
tly the result obtained

by Dia
onis and Freedman (1984) by using an

inequality of Vapnik and Chervonenkis.

Question: What happens if d=n! 
 > 0?

(Good values for the 
onstants D and K start

mattering!)

Example 1.2.4, 
ontinued. It is fairly easy to

give 
onditions on the kernel k so that the


lass F de�ned in (2) satis�es

N(�;F ; L

1

(Q)) �

�

K

�

�

V

(19)

or

N

[ ℄

(�;F ; L

1

(Q)) �

�

K

�

�

V

(20)

for some 
onstants K and V : see e.g.

Lemma 22, page 797, Nolan and Pollard

(1987). For example, if k(t) = �(jtj) for a

fun
tion � : R

+

! R

+

of bounded variation,

then (19) holds.

As usual, it is natural to write the di�eren
e

b

p

n

(y; h)� p(y) as the sum of a random term

and a deterministi
 term:

b

p

n

(y; h)� p(y) =

b

p

n

(y; h)� p(y; h) + p(y; h)� p(y)



where

p(y; h) = h

�d

Pk

�

y �X

h

�

=

1

h

d

Z

k

�

y � x

h

�

p(x)dx

is a smoothed version of p. Convergen
e to

zero of the se
ond term 
an be argued based

on smoothness assumptions on p: if p is

uniformly 
ontinuous, then it is easily seen

that

sup

h�b

n

sup

y2R

d

jp(y; h)� p(y)j ! 0

for any sequen
e b

n

! 0. On the other hand,

the �rst term is just

h

�d

(P

n

� P)

�

k

�

y �X

h

��

: (21)

While it follows immediately from (19) and

Theorem 1.3.2 (or (20) and Theorem 1.3.1)

that

sup

h>0;y2R

d

�

�

�

�

(P

n

� P)

�

k

�

y �X

h

��

�

�

�

�

!

a:s:

0 ;



this does not suÆ
e in view of the fa
tor of

h

�d

in (21). In fa
t, we need a rate of


onvergen
e for

sup

h�b

n

;y2R

d

�

�

�

�

(P

n

� P)

�

k

�

y �X

h

��

�

�

�

�

!

a:s:

0 :

The following theorem is due to Nolan and

Pollard with preparatory work by Pollard

(1987); see also Pollard (1985).

Proposition 2.5.1. (Marron and Nolan,

Pollard). Suppose that:

(i) na

d

n

= logn!1.

(ii) sup

h>0;y2R

d

h

�d

Pk

�

y�X

h

�

� K

1

<1.

(iii) The kernel k is bounded.

(iv) Either (19) or (20) holds.

Then

sup

a

n

�h�b

n

;y2R

d

j

b

p

n

(y; h)� p

n

(y; h)j !

a:s:

0 : (22)

If we relax (i) to na

d

n

!1, then (22)


ontinues to hold with !

a:s:

repla
ed by !

p

0.



The following 
orollary of Proposition 2.5.1

allows the bandwith parameter h to depend

on n, x, and the data X

1

; : : : ; X

n

.

Corollary. Suppose that p is a uniformly


ontinuous bounded density on R

d

. Suppose

that

^

h

n

=

^

h

n

(y) is a random bandwidth

parameter satisfying a

n

�

^

h

n

(y) � b

n

eventually a.s. for all x where b

n

! 0.

Suppose that the 
onditions of Proposition

2.5.1 hold. Then

sup

y2R

d

j

b

p

n

(y;

^

h

n

(y))� p(y)j !

a:s:

0 :

Proof of the Proposition. Set

f

y;h

(x) = k((y � x)=h) for x; y 2 R

d

and h > 0,

so that

F = ff

y;h

2 F : y 2 R

d

; h > 0g ;

and let F

n

= ff

y;h

2 F : h � a

n

g. Suppose we


an show that

Pr

 

sup

f2F

n

jP

n

f � Pf j


 + Pf

> A�

!

� BN(�
) exp(�C�

2

n
)

(23)



for every 0 < � � 1 and n � 1 for 
onstants A,

B, and C and where N(�) is either

sup

Q

N(�;F ; L

1

(Q)) or N

[ ℄

(�;F ; L

1

(P)). Then

by taking 
 = a

d

n

, it would follow that the

probability of the event A

n

(�) on the left side

of (23) is arbitrarily small for n suÆ
iently

large if we assume that na

d

n

!1. Then we

have, on A




n

(�),

jP

n

f

y;h

� Pf

y;h

j � A�(Pf

y;h

+ a

d

n

)

for all h � a

n

and all y 2 R

d

, and this implies

that

j

b

p

n

(y; h)� p(y; h)j � A�p(y; h) +A�

= A�(1 + p(y; h)) � A�(1 +K

1

)

for all h � a

n

and all y 2 R

d

in view of the

hypothesis (ii).

This yields the 
onvergen
e in probability


on
lusion. The almost sure part of the

Proposition follows similarly by taking


 = a

d

n

= logn and applying the Borel-Cantelli

lemma.

Thus it remains only to prove (23).



To prove (23) in the bra
keting 
ase, let

B(�
=4) be the 
olle
tion of �
=4� bra
kets

for F: i.e.

B(�
=4) = f[g

u

k

; g

l

k

℄ : k = 1; : : : ;Kg

where K = N

[ ℄

(�
=4;F ; L

1

(P)) and

P(g

u

k

� g

l

k

) � �
=4. Hen
e for f 2 [g

u

k

; g

l

k

℄ we

have

(P

n

� P)f � (P

n

� P)g

u

k

+

�


4

;

and

P jg

u

k

j �

�


4

+ P jf j :

Thus it follows that

Pr

 

sup

f2F

n

(P

n

f � Pf)


 + Pf

> A�

!

� Pr

 

max

1�k�K

(P

n

� P)g

u

k

+ �
=4


(1� �=4) + P jg

u

k

j

> A�

!

� K max

1�k�K

Pr

�

(P

n

� P)g

u

k

> A�[(1� �=4) + P jg

u

k

j℄

� �
=4

)

� K max

1�k�K

Pr

�

(P

n

� P)g

u

k

>

1

2

A�(
 +2P jg

u

k

j)

�

:



Now Bernstein's inequality says that for a sum

S

n

= Y

1

+ � � �+ Y

n

of independent random

variables with jY

i

j �M and zero means

Pr(jS

n

j > nx) � 2 exp

 

�

1

2

n

2

x

2

v+Mnx=3

!

for v � V ar(Y

1

+ � � �+ Y

n

). In our 
ase

Y

i

= g

u

k

(X

i

)� Pg

u

k

� K

2

, the bound on the

kernels in (iii), and sin
e the Y

i

's are i.i.d., we


an take v = nP jg

u

k

j

2

� nK

2

P jg

u

k

j.



Hen
e we �nd that

Pr

�

(P

n

� P)g

u

k

>

1

2

A�(
 +2P jg

u

k

j)

�

� 2 exp

0

B

�

�

1

2

n

�

1

2

A�(
 +2P jg

u

k

j)

�

2

K

2

P jg

u

k

j+K

2

A�(
 +2P jg

u

k

j)=6

1

C

A

� 2 exp

 

�

n

8

A

2

�

2

(
 +2P jg

u

k

j)

2

A�K

2


 + (A�K

2

=6+ 2K

2

)P jg

u

k

j

!

� 2 exp

 

�

n

8

A

2

�

2

(
 +2P jg

u

k

j)

2

AK

2


 + (AK

2

=6+ 2K

2

)P jg

u

k

j

!

= 2exp

 

�

n

8

A

2

�

2

(
 +2P jg

u

k

j)

2

AK

2

(
 + (1=6 + 2=A)P jg

u

k

j)

!

� 2 exp

 

�

n

8

A

2

�

2

(
 +2P jg

u

k

j)

2

AK

2

(
 +2P jg

u

k

j)

!

if A= 12=11

� 2 exp

 

�

n

8

A

K

2

�

2

(
 +2P jg

u

k

j)

!

� 2 exp

 

�

n

8

A

K

2

�

2




!

:

By repeating this for the negative deviations

and a symmetri
 argument, it follows that

(23) holds with A = 12=11, B = 4, and

C = A=(8K

2

).



These results are 
onne
ted to the ni
e

results for 
onvergen
e in L

1

(�) of Devroye

(1983), Devroye (1987), and Gin�e, Mason,

and Zaitsev (2001). The latter paper treats

the L

1

(�) distan
e between

b

p

n

(�; h

n

; k) and p

as a pro
ess indexed by the kernel fun
tion k.

The results for this example also have many


onne
tions in the 
urrent literature on

nonparametri
 estimation via \multi-s
ale

analysis"; see e.g. Duembgen and Spoikoiny

(2001), Chaudhuri and Marron (2000), and

Walther (2001).



Example 1.2.5, 
ontinued. The Hellinger

distan
e h(P;Q) between two probability

measures P and Q on a measurable spa
e

(X ;A) is given by

h

2

(P;Q) =

Z

j

p

p�

p

qj

2

d�

where p = dP=d� and q = dQ=d� for any


ommon dominating measure � (e.g. P +Q).

The following inequality is a key tool in

dealing with 
onsisten
y and rates of


onvergen
e of the MLE

b

F

n

in this problem.

h

2

(P

b

F

n

; P

F

0

) � (P

n

� P)

 

'

 

p

b

F

n

p

F

0

!!

(24)

where '(t) = (t� 1)=(t+1). For a proof of

this inequalities see Van de Geer (1993), Van

de Geer (1996), or VdW-W (2000).

Now the right side of (24) is bounded by

kP

n

� Pk

H

where

H = f'

�

p

F

=p

F

0

�

: F a distribution fun
tion on R

+

g :

Thus if H is a P�Glivenko-Cantelli 
lass,

Hellinger 
onsisten
y of p

b

F

n

follows.



To show that H is indeed a

P�Glivenko-Cantelli 
lass we appeal �rst to

the 
onvex-hull result, and then to the

Glivenko-Cantelli preservation theorem

(twi
e) as follows:

� First, the 
olle
tion of fun
tions

fp

F

: F 2 Fg is a Glivenko-Cantelli 
lass of

fun
tions sin
e the fun
tions F and 1� F are

both (universal) Glivenko-Cantelli 
lasses in

view of the bound on uniform entropy for


onvex hulls given by Theorem 1.6.2 (and the


orollary given by Example 1.6.3).

� The one �xed fun
tion p

F

0

is trivially a

Glivenko-Cantelli 
lass sin
e it is uniformly

bounded, and 1=p

F

0

is also a P

0

Glivenko-Cantelli 
lass sin
e P

0

(1=p

F

0

) <1.

Thus by the Glivenko-Cantelli preservation

Theorem 1.4.1 with the fun
tion '(u; v) = uv,

F

1

= f1=p

F

0

g, and F

2

= fp

F

: F 2 Fg, it

follows that the 
olle
tion

G

0

= fp

F

=p

F

0

: F 2 Fg is P

0

�Glivenko-Cantelli

(with the P

0

-integrable envelope fun
tion

1=p

F

0

).



� Finally, yet another appli
ation of the

Glivenko-Cantelli preservation Theorem 1.4.1

with the fun
tion '(t) = (t� 1)=(t+1)

(whi
h is 
ontinuous and uniformly bounded

in absolute value by 1 on t � 0) and the 
lass

G

0

shows that the 
lass H is indeed

P

0

�Glivenko-Cantelli.

Thus it follows that h

2

(P

b

F

n

; P

F

0

)!

a:s:

0.

Sin
e d

TV

(P

b

F

n

; P

F

0

) �

p

2h

2

(P

b

F

n

; P

F

0

), we �nd

that

d

TV

(P

b

F

n

; P

F

0

)!

a:s:

0 :

But it easy to 
ompute that

d

TV

(P

b

F

n

; P

F

0

) = 2

Z

j

b

F

n

� F

0

jdG :

and hen
e the upshot is that

b

F

n

is 
onsistent

for F

0

in L

1

(G). For generalizations of this

argument to \mixed 
ase interval 
ensoring"

and to higher dimensions, see VdV-W (2000),

Se
tion 4.



To answer the question about the rate of

(global) 
onvergen
e in this problem, we will

use Theorems 2.2.1 and 2.2.3. We take the

metri
 d in Theorem 2.2.1 to be the Hellinger

metri
 h on P = fp

F

: F 2 Fg.

Now the fun
tions p

F

(1; y) = F(y) and

p

F

(0; y) = 1� F(y) are both monotone and

bounded by 1, and so are

p

1=2

F

(1; y) = (F(y))

1=2

and

p

1=2

F

(0; y) = (1� F(y))

1=2

, and hen
e it

follows from (11) that the 
lass of fun
tions

P

1=2

= fp

1=2

F

: F 2 Fg satis�es, for �= G�#

where # is 
ounting measure on f0;1g,

logN

[ ℄

(�;P

1=2

; L

2

(�)) �

K

�

;

or, equivalently,

logN

[ ℄

(�;P; h) �

K

�

:

This yields

~

J

[ ℄

(Æ;P; h) =

Z

Æ

0

q

1+ logN

[ ℄

(�;P; h) d�

�

Z

Æ

0

q

1+K=� d� . Æ

1=2

:



Hen
e the right side of (16) is bounded by a


onstant times

�

n

(Æ) � Æ

1=2

 

1 +

Æ

1=2

Æ

2

p

n

!

= Æ

1=2

 

1 +

1

Æ

3=2

p

n

!

:

Now by Theorem 2.3.1 (or its Corollary 2.3.2)

the rate of 
onvergen
e r

n

satis�es

r

2

n

�(1=r

n

) �

p

n: but with r

n

= n

1=3

we have

r

2

n

�

n

�

1

r

n

�

= n

2=3

n

�1=6

 

1+

n

1=2

p

n

!

= 2n

1=2

:

Hen
e it follows from Theorem 2.2.1 that

n

1=3

h(p

b

F

n

; p

F

) = O

p

(1) :



3. Extensions and Further

Problems

3.1. Extensions

The basi
 theory presented in Le
ture 1 has

already been extended and improved in

several dire
tions in
luding:

A. Results for random entropies: See Gin�e

and Zinn (1984), Gin�e and Zinn (1986), and

Ledoux and Talagrand (1989).

B. Dependent data: For some of the many

results in this dire
tion, see Andrews and

Pollard (1994) and Doukhan, Massart, and

Rio (1995).

C. U- pro
esses: See Nolan and Pollard

(1987), (1988), and de la Pena and Gin�e

(1999).

D. Better inequalities via isoperimetri


methods: see Talagrand (1996), Massart

(2000a), 2000b).



3.2. Further Problems

Problem 1. Cal
ulate VC dimension for


lasses A t B (see Dudley (1999), se
tion

4.5)? VC dimensions for the VC 
lasses of

Stengle and Yuki
h (1989) and Laskow

(1992).

Problem 2. Bra
keting number bounds for

distribution fun
tions on R

d

?

Problem 2M. Bra
keting number bounds for

Gaussian mixtures on R

d

(generalizing the

results of Ghosal and van der Vaart (2001)

for d = 1).

Problem 3. Preservation theorems for a


lass of transforming fun
tions f�

t

: t 2 Tg?

Glivenko-Cantelli? Donsker? Preservation

theorems for F Æ G = ff(g(x)) : f 2 F ; g 2 Gg?



Problem 4. Better bounds for 
onvex hulls

in parti
ular 
ases? Lower bounds for

entropies of 
onvex hulls? Preservation of

bra
keting numbers for 
onvex hulls?

Problem 5. Better methods for 
onvergen
e

rates?

Problem 6. Better bounds and 
onvergen
e

theorems for ratios, perhaps improving on the

bound in the proof of Proposition 2.5.1?
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