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Abstract We review limit theory and inequalities for the Kaplan–Meier Kaplan
and Meier (J Am Stat Assoc 53:457–481, 1958) product limit estimator of a survival
function on the whole line R. Along the way we provide bounds for the constant
in an interesting inequality due to Biotouzé et al. (Ann Inst H Poincaré Probab Stat
35:735–763, 1999), and provide some numerical evidence in support of one of their
conjectures.
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1 Introduction: the Kaplan–Meier estimator

Suppose that X1, . . . , Xn, . . . are independent and identically distributed with dis-
tribution function F , and suppose that Y1, . . . ,Yn are independent and identically
distributed with distribution function G. Suppose that we only observe Wi = (Zi , δi )

where

Zi = Xi ∧ Yi , δi = 1[Xi ≤Yi ].
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Typically in survival analysis the Xi ’s represent lifetimes and the Yi ’s represent
censoring times. The above model for (right-)censored data is sometimes called the
random right censoring model.

Define the empirical sub-distribution functions of the uncensored and censored Z ’s
by

H
uc
n (z) = 1

n

n∑

i=1

δi 1[Zi ≤z],

H
c
n(z) = 1

n

n∑

i=1

(1 − δi )1[Zi ≤z],

Hn(z) = H
uc
n (z)+ H

c
n(z),

and define �̂n by

�̂n(x) =
∫

(−∞,x]
1

1 − Hn(z−)dH
uc
n (z).

Then the Kaplan–Meier (or product limit) estimator F̂n of the distribution function F
is defined by

1 − F̂n(x) =
∏

z≤x

(1 −��̂n(z)) =
∏

z:Zi ≤x

(
n − Ri

n − Ri + 1

)δi

where Ri is the rank of (Zi , 1 − δi ) in the set {(Z j , 1 − δ j ), j = 1, . . . , n} with
lexicographical ordering.

For the empirical distribution function Fn of the Xi ’s, we know from Dvoretzky
et al. (1956) and Massart (1990) that

P(
√

n‖Fn − F‖∞ > λ) ≤ 2 exp(−2λ2) (1)

for all λ > 0. In the spirit of the exponential bound (1), Bitouzé et al. (1999) estab-
lished the following exponential bound for the supremum distance between F̂n and F
weighted by 1 − G:

Theorem 1 Let F̂n be the Kaplan–Meier estimator of the distribution function F.
There is an absolute constant C such that, for any λ > 0,

P(
√

n‖(1 − G)(F̂n − F)‖∞ > λ) ≤ 2.5 exp(−2λ2 + Cλ). (2)

As noted by Bitouzé et al. (1999),

“Of course, it would be desirable to compute C , but unfortunately, our techniques
are not sharp enough to do that efficiently.”

One goal of this paper is to provide the following bound for the constant C :
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Proposition 1 The constant C in (2) satisfies C ≤ 11709.

In the course of the proof of this proposition, we also provide explicit bounds on the
constants involved in the bracketing entropy for bounded monotone functions given
in Theorem 2.7.5 of van der Vaart and Wellner (1996); see Theorem 2. This bound on
the numerical constants in that theorem may be of independent interest.

Bitouzé et al. (1999) also say (p. 741) that:

“We do not know whether the inequality

P(
√

n‖(1 − G)(F̂n − F)‖∞ > λ) ≤ 2 exp(−2λ2) (3)

holds or not for the Kaplan–Meier estimator. Indeed, this is a natural question
since on the one hand we know . . . that it holds asymptotically, and on the other
hand that it is valid for all n in the non censored case (see Massart (1990)).
Inequality (2) does not of course imply (3), but can be considered as a first step
toward such a result.”

Of course the bound provided by Proposition 1 is absurdly large, especially in view of
the numerical evidence in favor of (3), but it gives a strong indication of the limitations
of the current method of proof. Significant improvements of the current bound will
likely involve the use of local entropy as discussed in van de Geer (1993, 2000), or
improvements of the bracketing entropy bound obtained here in Theorem 2, or both.

Here is some numerical evidence in support of (3). The following two scenarios and
plots have been selected from a list of about thirty different scenarios. The first scenario
is F = exponential(1), G = Uniform [0, 3], n = 1000, and m = 1000 Monte-Carlo
replications. The dashed line shows the conjectured bound 2 exp(−2λ2) (3), while the
solid line is the empirical survival function (or one minus the empirical distribution
function) for the m = 1000 computed values of

√
n‖(1 − G)(F̂n − F)‖∞.

In the second scenario, F = exponential(1), 1 − G(t) = (1 − t/2).01, n = 1000,
and m = 1000. The dashed line shows the conjectured bound 2 exp(−2λ2) (3), while
the solid line is the empirical survival function (or one minus the empirical distribution
function) for the m = 1000 computed values of

√
n‖(1 − G)(F̂n − F)‖∞ (Figs. 1,2).

2 Bracketing entropy for monotone functions

Let F denote a class of uniformly bounded monotone functions on the real line; without
loss we assume that f : R �→ [0, 1] for all f ∈ F .

Theorem 2 The class F of monotone functions f : R �→ [0, 1] satisfies

log N[ ](ε,F , Lr (Q)) ≤ Kr

ε

for every probability measure Q, every r ≥ 1, and a constant

Kr = 2Cr (2
r−1(2r + Cr ))

1/r log(2L2
r )
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Fig. 1 Empirical survival function (solid) and conjectured bound (dashed) n = 1000, F = exponential(1),
G = Uniform(0, 3)

Fig. 2 Empirical survival function (solid) and conjectured bound (dashed) n = 1000, F = exponential(1),
1 − G(t) = (1 − t/2).01

where Cr = 4/(1− (1/2)1/(r+1))2 and Lr = 2(21/r +1). In particular C2 ≈ 93.9861
and K2 ≈ 10110.43.

Proof This is proved in Section 2.7.2 of van der Vaart and Wellner (1996 pp. 159–162).
The constant follows from that proof by careful book-keeping; see Sect. 5 for details. �

3 Limit theory for the Kaplan–Meier estimator

In this section we give a very brief review of known limit theory for the Kaplan–Meier
estimator F̂n , with emphasis on results that hold on either all R or large subintervals
of [0, τH ] where, for any distribution function F , let τF ≡ inf{t : F(t) = 1}.
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3.1 Donsker theorems

The original weak convergence theorem for the Kaplan–Meier estimator established
by Breslow and Crowley(1974) showed that

√
n(F̂n − F) ⇒ (1 − F)B(C) in D[0, T ] (4)

for fixed T < τH where B is a standard Brownian motion process on [0,∞) and

C(t) ≡
∫

[0,t]
1

(1 − H−)2
d Huc =

∫

[0,t]
1

(1 − F−)2(1 − G−)
d F.

It was noted by Hall and Wellner (1980) that (4) could be rephrased as

√
n

1 − K

1 − F
(F̂n − F) ⇒ B

0(K ) in D[0, T ] (5)

where B
0 is a standard Brownian bridge process on [0, 1] and K ≡ C/(1 + C).

The weak convergence result in (4) was improved to a strong approximation result
by Burke et al. (1981) as follows: consider intervals of the form [0, Tn] with Tn ↗ τH

satisfying 1 − H(Tn) ≥ (2δ log n/n)1/2 where δ > 0. Then F̂n can be defined on a
common probability space with a (sequence of) Brownian motion process(es) Bn so
that

Pr( sup
0≤t≤Tn

|√n(F̂n(t)− F(t))− (1 − F(t))Bn(t)| ≥ rn) ≤ Cn−δ

where C is a constant, bn ≡ 1/(1 − H(Tn)), and

rn = O(max{n−1/3b2
n(log n)3/2, n−1/2b4

n log n, n−3/2b6
n(log n)2}).

In a different direction, Gill (1983) showed that

{√
n

1 − K

1 − F
(F̂n − F)

}Z(n)
⇒ B

0(K ) in D[0, τH ] (6)

where Z(n) ≡ max1≤i≤n Zi and for any process W the stopped process W T ≡
W (· ∧ T ). Moreover, Gill (1983) showed that if

∫ τH

0

d F

1 − G−
< ∞, (7)

then

{√
n(F̂n − F)

}Z(n) ⇒ (1 − F)B(C) in D[0, τH ] (8)
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and

{√
n

1 − K̂

1 − F̂
(F̂n − F)

}Z(n)

⇒ B
0(K ) in D[0, τH ]. (9)

These conclusions were strengthened by Ying(1989) who showed that stopping of the
process at Z(n) is not needed; e.g.,

√
n

1 − K

1 − F
(F̂n − F) ⇒ B

0(K ) in D[0, τH ], (10)

and if (7) holds, then

√
n(F̂n − F) ⇒ (1 − F)B(C) in D[0, τH ] (11)

and

√
n

1 − K̂

1 − F̂
(F̂n − F) ⇒ B

0(K ) in D[0, τH ]. (12)

On the other hand Chen and Ying (1996) showed that (9) can fail if (7) does not hold,
providing a counterexample to a conjecture of Hall and Wellner (1980). See Gilles-
pie and Fisher (1979), Nair (1981), Csörgő and Horváth (1986), Hollander and Peña
(1989), Hollander et al. (1997), and McKeague and Zhao (2006) for other related work
on confidence bands.

3.2 Glivenko–Cantelli theorems

After incorrect proofs of Glivenko–Cantelli type theorems for the Kaplan–Meier
estimator by Gill (1980) and Shorack and Wellner (1986), Wang (1987) succeeded in
establishing the first correct (and clean) theorem. Wang showed that

sup
t<τH

|F̂(t)− F(t)| →p 0, and (13)

sup
t<Z(n)

|F̂(t)− F(t)| →p 0 (14)

always hold, and hence that

sup
t≤τH

|F̂(t)− F(t)| →p 0 (15)

if and only if G(τH ) < 1 or�F(τH ) = F{τH } = 0. Wang (1987) also pointed out an
error in Shorack and Wellner (1986) and gave a correct statement of the result which
could be proved by the methods used by Shorack and Wellner. Stute and Wang (1993)
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showed that (15) also holds with →a.s. under the same conditions. Gill (1994) provided
an alternative proof of the result of Stute and Wang (1993). Stute (1994a) obtained
a weighted Glivenko–Cantelli type theorem by showing that if ψ = ψ1 + ψ2 is a
U -type weight function where ψ1 is ↓ and ψ2 is ↑, then if

∫ τH

0
ψd F < ∞,

∫ τH

0
ψ2

2 d F < ∞,

∫
d F

1 − G
< ∞, and

∫
C1/2d F < ∞,

it follows that

sup
t≤τH

ψ(t)|F̂n(t)− F(t)| →p 0.

Stute (1994a) also indicated how this could be extended to an almost sure result.

3.3 Univeral approximation theorems on increasing sets

Gu and Lai (1990) and Gu (1991) apparently initiated the study of

sup
t≤Z(n−kn )

|F̂n(t)− F(t)|
1 − F(t)

(16)

for kn ∈ {1, . . . , n − 1}. Stute (1994b) continued this study and showed that if
(n − kn)/n ↑ and kn/ log n → ∞, then for each ε > 0

sup
t≤Z(n−kn )

|�̂n(t)−�(t)| = O

(
(log n)1+ε

k2n
+ (log n)(1+ε)/2

√
kn

)
≡ O(γn)

almost surely, and

sup
t≤Z(n−kn ))

|F̂n(t)− F(t)| = O(γn).

The results of Stute (1994b) were improved and sharpened by Csörgő (1996) who
showed that

sup
t≤Z(n−kn )

|�̂n(t)−�(t)| =
⎧
⎨

⎩
O

(√
log n√
k2n

)
almost surely

Op

(
1√
kn

)
in probability.

(17)

and similarly with the left side in (17) replaced by the supremum in (16). The almost
sure part of Csörgő’s bounds were further improved by Giné and Guillou (1999) who
showed that the

√
log n in the almost sure bounds can be replaced by

√
log log n.

123



488 Lifetime Data Anal (2007) 13:481–496

Alternative derivations of limit theory for the Kaplan–Meier estimator F̂n under
the assumption of constant censoring times have been given by Meier (1975) and
Pollard (1990). It would be interesting to try to extend the results of these authors to
the whole line or [0, τH ] with some appropriate re-definition of [0, τH ]. For a treat-
ment of some rate of convergence results in the encompassing framework of “variable
censoring” in which each censoring time Yi is allowed to have its own distribution Gi ,
see Csörgő and Horváth (1983, sect. 2, pp. 417–419).

4 Proof of Proposition 1

From Theorem 5 of Bitouzé et al. (1999), the proof on p. 756, and rephrasing in the
notation of van der Vaart and Wellner (1996), it follows that

P∗
(

sup
1≤k≤n

sup
f ∈F

√
k

n
|Gk( f )| > λ+ c1ε0

λ

σ
+ c2ϕ(ε0)

)

≤ 2.5eH(ε0) exp(−2λ2/a2) (18)

where c1 = 7.9/
√

2, c2 = 44.7, 0 < ε0 < 1, sup f ∈F V arP ( f ) ≤ σ 2 ≤ a2/4, and

ϕ(t) =
∫ t

0

√
log N[ ](x,F , L2(P)) dx ≡

∫ t

0

√
H(x) dx .

In the context of Bitouzé et al. (1999), Corollary 2,

ϕ(t) ≤
∫ t

0

√
γ /xdx = 2

√
γ t1/2

where γ ≡ K2 ≈ 10110.43 by Theorem 2, so the inequality in (18) becomes

P∗
(

sup
1≤k≤n

sup
f ∈F

√
k

n
|Gk( f )| > λ(1 + c1ε0)+ c3

√
ε0

)

≤ 2.5eγ /ε0 exp(−2λ2/a2) (19)

where c3 = 2
√
γ c2 = 2

√
K2c2 = 2 · 44.7 · √K2.

Set ξ ≡ λ(1 + c1ε0)+ c3
√
ε0; then for ξ ≥ c3

√
ε0,

P∗
(

sup
1≤k≤n

sup
f ∈F

√
k

n
|Gk( f )| > ξ

)

≤ 2.5eγ /ε0 exp

(
− 2

a2

(
ξ − c3

√
ε0

1 + c1ε0

)2
)
. (20)
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Note that for ε0 < 1/c1 we have

(
ξ − c3

√
ε0

1 + c1ε0

)2

≥ (ξ − c3
√
ε0)

2(1 − c1ε0)
2

≥ ξ2 − 2c1ε0ξ
2 − 2c3

√
ε0ξ(1 − c1ε0)

2

≥ ξ2 − 2c1ε0ξ
2 − 2c3

√
ε0ξ.

Taking ε0 = b/ξ ≤ 1/(2c1) for a constant b (which will be chosen appropriately) so
that ξ ≥ 2bc1, the bound becomes

2.5 exp

(
γ ξ

b
+ 4c1ξ

a2 b + 4c3

a2

√
bξ

)
exp(−2ξ2/a2)

= 2.5 exp

(
2

a
(4γ c1)

1/2ξ + 4c3

a2

γ 1/4

(4c1/a2)1/4

√
ξ

)
exp(−2ξ2/a2)

by choosing b = a
√
γ /(4c1) so that

ξ ≥ 2ac1
√
γ /(4c1) = a

√
γ c1,

and hence
√
ξ ≥ √

a(γ c1)
1/4,

≤ 2.5 exp

(
4

a
(γ c1)

1/2ξ + c3

c1

4c1/a2

(4c1/a2)1/4
γ 1/4

√
ξ

)
exp(−2ξ2/a2)

≤ 2.5 exp

(
4

a
(γ c1)

1/2ξ + c3

c1
(4c1/a

2)3/4
√
ξ√

a(γ c1)1/4
γ 1/4

√
ξ

)
exp(−2ξ2/a2)

= 2.5 exp

(
4

a
(γ c1)

1/2ξ + c3

c1
(4c1/a

2)3/4
1√

a(c1)1/4
ξ

)
exp(−2ξ2/a2)

= 2.5 exp

{(
4

a
(γ c1)

1/2 + 23/2c3

a2√c1

)
ξ

}
exp(−2ξ2/a2).

In our particular problem (which corresponds to Theorem 2 of Bitouzé et al. (1999)),
a = 1 (from Bitouzé et al. (1999), proof of Theorem 2, pp. 745–746), and γ = K2 is
given by Theorem 2 above, so we calculate

4

a
(γ c1)

1/2 + 23/2c3

a2√c1
≈ 11708.11.

Note that the bound of (2) holds trivially for λ = ξ ≤ 5055.2 since the right side with
the above choice of C is ≥1 for all such values of λ; thus the exponential bound holds
trivially for λ = ξ < 2bc1 ≈ 237.65. This completes the proof of Proposition 1. �

5 Proof of Theorem 2

Proof Let G denote the collection of all distribution functions concentrated on [0, 1]
(i.e., corresponding to the distributions of random variables V with V ∈ [0, 1] with
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probability 1). As shown in van der Vaart and Wellner (1996), we can reduce to finding
a bound for log N[ ](ε,G, Lr (λ)) for the uniform probability measure λ on [0, 1] (i.e.,
Lebesgue measure).

We say F L is a left ε−bracket for F ∈ G if F L(x) ≤ F(x) for all x ∈ [0, 1], and
‖F L − F‖λ,r ≤ ε; similarly, F R is a right ε−bracket for F ∈ G if F R(x) ≥ F(x)
for all x ∈ [0, 1], and ‖F R − F‖λ,r ≤ ε. To obtain an upper bound for the bracketing
number for the class G, the key is to define left and right ε−brackets and count the
number require to cover G. As in the proof of Theorem 2.7.5 in van der Vaart and
Wellner (1996) (which is based on van de Geer (1991) who, in turn, used results and
methods of Birman and Solomjak (1967)), the idea here is based on different levels
of partitioning of the unit interval [0, 1]. At each level of partitioning, the class G is
partitioned into finitely many subsets. Then we construct left and right brackets, so
that they have size (proportional to) ε, and find an upper bound for the total number
of brackets.

Fix ε > 0. Let c = 2−1/r . Fix F ∈ G. Let P0 be the (trivial) partition of the unit
interval 0 = u(0)0 < u(0)1 = 1. The i-th partition Pi of [0, 1] is of the form

0 = u(i)0 < u(i)1 < · · · < u(i)
n(i)

= 1.

Given a partition Pi , define

εi ≡ εi (F) = max
1≤ j≤n(i)

([
F(u(i)j )− F(u(i)j−1)

]
(u(i)j − u(i)j−1)

1/r
)
.

To form the next partition Pi+1 ⊃ Pi , find all the intervals in (u(i)j−1, u(i)j ] in the
partition Pi that satisfy

[
F(u(i)j )− F(u(i)j−1)

]
(u(i)j − u(i)j−1)

1/r ≥ cεi . (21)

Then, the partition Pi+1 is obtained from Pi by dividing all the intervals [u(i)j−1, u(i)j )

that satisfy (21) into two halves of equal length. The partition Pi+1 is obtained by
forming S(i+1)

j = (u(i+1)
j−1 , u(i+1)

j ], where j ∈ {1, 2, . . . , n(i+1)}.
Let (u(i+1)

j−1 , u(i+1)
j ] be an interval in the partition Pi+1 that is contained in the

interval (u(i)j−1, u(i)j ] in partition Pi . If (21) is not satisfied for an interval (u(i)j−1, u(i)j ],
then

[
F(u(i+1)

j )− F(u(i+1)
j−1 )

]
(u(i+1)

j − u(i+1)
j−1 )

1/r

=
[

F(u(i)j )− F(u(i)j−1)
]
(u(i)j − u(i)j−1)

1/r

≤ εi+1 ≤ cεi .

If (21) is satisfied for [u(i)j−1, u(i)j ) in Pi , then 2(u(i+1)
j − u(i+1)

j−1 ) = u(i)j − u(i)j−1, and

F(u(i+1)
j )− F(u(i+1)

j−1 ) ≤ F(u(i)j )− F(u(i)j−1).
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It follows that

[
F(u(i+1)

j )− F(u(i+1)
j−1 )

]
(u(i+1)

j − u(i+1)
j−1 )

1/r

≤ c
[

F(u(i)j )− F(u(i)j−1)
]
(u(i)j − u(i)j−1)

1/r .

This shows again that εi+1 ≤ cεi .
On the other hand, let (u(i)j−1, u(i)j ] be an interval in the partition Pi that satisfies

(21) and

εi =
[

F(u(i)j )− F(u(i)j−1)
]
(u(i)j − u(i)j−1)

1/r .

It follows from the definition of εi+1 that

2εi+1 ≥
[

F

(
u(i)j + u(i)j−1

2

)
− F

(
u(i)j−1

)](
u(i)j + u(i)j−1

2
− u(i)j−1

)1/r

+
[

F
(

u(i)j

)
− F

(
u(i)j + u(i)j−1

2

)](
u(i)j − u(i)j + u(i)j−1

2

)1/r

= c
[

F(u(i)j )− F(u(i)j−1)
] (

u(i)j − u(i)j−1

)1/r = cεi .

Hence, we have

εi+1 ≤ cεi ≤ 2εi+1. (22)

Let ni ≡ ni (F) = n(i) be the number of intervals in the partition Pi . Let si =
ni+1 − ni be the number of intervals in Pi that are divided to obtain Pi+1. It fol-
lows from the definitions of si , εi and Hölder’s inequality (with p = (r + 1)/r and
q = r + 1) that

si (cεi )
r

r+1 ≤
n(i)∑

j=1

[
F(u(i)j )− F(u(i)j−1)

] r
r+1
(u(i)j − u(i)j−1)

1
r+1

≤
⎡

⎣
n(i)∑

j=1

(
F(u(i)j )− Fk(u

(i)
j−1)

)
⎤

⎦

r
r+1

⎡

⎣
n(i)∑

j=1

(
u(i)j − u(i)j−1

)
⎤

⎦

1
r+1

= 1.

Therefore

si ≤ (cεi )
− r

r+1 .
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Consequently,

i∑

j=1

n j = i +
i∑

j=1

jsi− j ≤
⎛

⎝i +
i∑

j=1

j (cεi− j )
− r

r+1

⎞

⎠ ≤ 2
i∑

j=1

j (cεi− j )
− r

r+1

since

i∑

j=1

j (cεi− j )
− r

r+1 ≥ ic− r
r+1 ε

− r
r+1

0 = i21/(r+1) · 1 ≥ i .

Note that, by (22),

cεi− j ≥ εi− j+1 ≥ εi− j+2

c
≥ εi− j+3

c2 ≥ · · · ≥ εi

c j−1 .

This implies that

(
cεi− j

)− r
r+1 ≤ c

( j−1)r
r+1 ε

− r
r+1

i .

Thus,

i∑

j=1

n j ≤ 2
i∑

j=1

jc
( j−1)r

r+1 ε
− r

r+1
i = 2

i∑

j=1

j

(
1

2

) j−1
r+1

ε
− r

r+1
i ≡ 2Tiε

− r
r+1

i .

Then, we have

Ti −
(

1

2

) 1
r+1

Ti = 1 +
(

1

2

) 1
r+1 +

(
1

2

) 2
r+1 + · · · +

(
1

2

) i−1
r+1 − i

(
1

2

) i
r+1

= 1 − ( 1
2

) i
r+1

1 − ( 1
2

) 1
r+1

− i

(
1

2

) i
r+1 ≤ 1

1 − ( 1
2

) 1
r+1

.

It follows that

Ti ≤
[

1 −
(

1

2

) 1
r+1

]−2

≡ 1

2
C ′(r) .

Hence,

i∑

j=1

n j ≤ C ′(r)ε− r
r+1

i . (23)
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The above partitions P0 ⊂ P1 ⊂ · · · are generated by a fixed function F ∈ G.
Two monotone functions F and G are said to be equivalent at level i if their partitions
up to the i th level are the same. As we continue the partitioning process, the class G
is equivalently partitioned into a finite number of subsets. Let L denote the first such
level of partition that εL(F)r ≤ εr+1 for every F in that subset of G. For each subset
and i , define

ε̃i = sup
F
εi (F),

where F ranges over the subset of G in the final level partition. Note that the num-
ber of intervals n0 ≤ n1 ≤ · · · ≤ ni only depends on the sequence of partitions
P0 ⊂ P1 ⊂ · · · ⊂ Pi . Thus, the εi in the inequality (23) can be replaced by ε̃i . To
obtain the upper bound for the bracketing number N[ ](ε,G, Lr (λ)), we first find an
upper bound for the total number of different final partitions. By definition of the L-th
level partition, we know that there exists a function G ∈ G such that εL−1(G)r > εr+1

at the (L −1)th level partition. This implies that εL−1(G)
− r

r+1 ≤ 1/ε. Then it follows
from (23) that

L−1∑

j=1

n j ≤ C ′(r)ε− r
r+1

L−1 ≤ C ′(r)
ε

.

Since nL ≤ 2nL−1, then we have

1 = n0 ≤ n1 ≤ · · · ≤ nL ≤ C

ε
, (24)

where C ≡ C(r) = 2C ′(r) = 4
[
1 − (1/2)1/(r+1)

]−2
.

To count the number of sequences n0 ≤ n1 ≤ · · · ≤ nL ≤ C/ε, note that this is
equivalent to picking L numbers out of {1, 2, 3, . . . , �C/ε�}, and this is easily seen to
be is

(�C/ε�
L

)
, which is bounded by 2C/ε . For a given sequence n0 ≤ n1 ≤ · · · ≤ nL ,

the number of ways to obtain Pi+1 from Pi is
(ni

si

)
which is bounded by 2ni . Thus, the

total number of different final partitions of the form P0 ⊂ P1 ⊂ · · · ⊂ PL when F
ranges over G is bounded by

2C/ε2n1 · · · 2nL−1 ≤ 22C/ε

since
∑L−1

i=1 ni ≤ C/ε.
We now define the bracket [Fl , Fr ] for a fixed function F ∈ G in the final stage

partition PL . For u ∈ [0, 1], let

Fl(u) =
n(L)∑

j=1

{
ε
⌊

F
(

u(L)j−1

)
/ε

⌋
1

S(L)j
(u)

}
,
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and

Fr (u) =
n(L)∑

j=1

{
ε
⌈

F
(

u(L)j

)
/ε

⌉
1

S(L)j
(u)

}
.

For u ∈ S(L)j , it follows from (21), the definitions of the brackets, and ε̃L that

Fr (u)− Fl(u) ≤ ε

⎡

⎣
F

(
u(L)j

)

ε
+ 1

⎤

⎦ − ε

⎡

⎣
F

(
u(L)j−1

)

ε
− 1

⎤

⎦

= 2ε + F
(

u(L)j

)
− F

(
u(L)j−1

)

≤ 2ε +

⎧
⎪⎨

⎪⎩
εL

(
u(L)j − u(L)j−1

)1/r

⎫
⎪⎬

⎪⎭

≤ 2ε +

⎧
⎪⎨

⎪⎩
ε̃L

(
u(L)j − u(L)j−1

)1/r

⎫
⎪⎬

⎪⎭
.

Thus, we have, using the inequality |x + y|r ≤ 2r−1{|x |r + |y|r },

‖Fr (u)− Fl(u)‖r
λ,r

≤
n(L)∑

j=1

∣∣∣∣∣2ε + ε̃L

[
1

(u(L)j − u(L)j−1)
1/r

]∣∣∣∣∣

r

λ(S(L)j )

≤
n(L)∑

j=1

2r−1

{
(2ε)r + (ε̃L)

r

[
1

u(L)j − u(L)j−1

]}
λ(S(L)j )

= 2r−1

⎧
⎨

⎩(2ε)
r

n(L)∑

j=1

λ(S(L)j )+ (ε̃L)
r

n(L)∑

j=1

[
λ(S(L)j )

u(L)j − u(L)j−1

]⎫
⎬

⎭

= 2r−1
{
(2ε)r + (ε̃L)

r n(L)
}

≤ 2r−1
{
(2ε)r + εr+1

[
C

ε

]}
= 2r−1(2r + C)εr (25)

by (24). Here we have also used the fact that λ is the uniform distribution, and hence
u(L)j −u(L)j−1 = λ(S(L)j ). The inequality (25) implies that the brackets [Fl , Fr ] have the
right size.
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Now we count how many brackets can be constructed on the final stage partition
PL when F ranges over the subset of G for a given sequence of partitions P0 ⊂ P1 ⊂
· · · ⊂ PL . Let

l j =
⌊ F(u j )

ε

⌋
, r j =

⌈ F(u j )

ε

⌉
.

As argued in van der Vaart and Wellner (1996, p. 162), the number of left brackets
for a given final partition is at most L2C/ε with L = 2(1/c + 1) = 2(21/r + 1), and
similarly for the number of right brackets. Thus we conclude that

N[ ]
([

2r−1(2r + C)
]1/r

ε,G, Lr (λ)

)

≤ 22C/ε × L2C/ε × L2C/ε = (2L2)2C/ε,

or, equivalently

log N[ ]
([

2r−1(2r + C)
]1/r

ε,G, Lr (λ)

)
≤ 2C log(2L2)

ε
.

That is,

log N[ ] (ε,G, Lr (λ)) ≤ K

ε
,

where K = K (r) ≡ [2C log(2L2)] [2r−1(2r + C)
]1/r

. Combining this with the
conclusion of the reduction step at the beginning of the proof yields the stated
bound. �
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