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1. Introduction. A Brownian sheet Z(t) with an

r-dimensional parameter set is a mean zero Gaussian
process defined on the positive orthant of r-
dimensional Euclidean space, R:, having covariance
EZ(s)Z(t) = |sAt| (the minimum is taken coordinate
by coordinate and [t| = t;...t.). Such processes

‘arise, for example, as the (weak) limit of "partial

sum processes”" on an r-dimensional grid, N;. These
processes have received increasing attention (see
Pyke [3] for a recent review of the status of
research), but few researchers have "seen" a
Brownian sheet, and knowledge concerning the
fluctuation theory of these processes is extremely
scant, For example, the distributions of

M, = sup Z(t) and T, = A{t =I: Z(t) >0} (1 denotes
ostsl

Lebesgue measure on R;) are unknown for r=2, (For
r=1 the distributions are, of course, well known:
Ml has a half-normal distribution and Tl has the
arcsin distribution,)

Here we present the results of a Monte Carlo
experiment in which approximations to Brownian
sheets on Rg were obtained as partial sums of Normal

(0,1) rv's, The aims of this experiment were
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twofold: first, to plot several realizations of the
approximating partial sum process so that we could
"see" several Brownian sheets; second, to learn
about the distributions of M2 and 'I'2 by examining
the empirical distribution functions of the
corresponding rv's defined on approximating partial
sum processes. A plot of the partial sum process
itself is shown in Section 2 and may give some

idea of the appearance of a Brownian sheet. 1In
Section 3 we present the empirical distributions
which estimate the distributions of M, and T,. We
also show that the arcsin law does not hold for
r=Cr an - fact, Tr 3 1/2 as r » », Finally, for the
sake of completeness, the Appendix lists the
computer programs used to generate the partial sum
processes and perform the computation of empirical
distributions.

The first simulations on Brownian sheets known
to this author were carried out at the University of
Minnesota in the summer of 1973, as communhicated to
me through Professor John B, Walsh. The print-outs
in this case were "pictures" of the regions where
a Brownian sheet is positive. Similar pictures were
later cobtained by Professor Pyke at the University
of Washington. A question raised by Professor Walsh
concerns the apparent rectangularity of the level
lines present in some of the w's,
at
- o
is a "three dimensional" plot of a sample path

2. A picture of a Brownian sheet on R Figure 1

(one w in the sample space, of a partial sum process

3

- 1=k sm obtained by summing independent Normal
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{0,1) rvisa, XJ’S, as follows:

(1) S =) %X l<ks<n.

The grid is 50 by 50 (m = (50,50)) and the sheet is
viewed from the point (x,y,z) = (-833,-833,+833) in
grid units., (Or from (-100,-100,+100) in inches
with the 50 by 50 grid on a six inech square.) The
origin is not plotted, so the entire sheet is seén

relative to the wvalue of Xl o Sl and not So'z @,

Although the sheet appears to b;‘entirely positive
in this view, there are several valleys and "holes"
which are not visible from this viewing position,
but can be seen clearly from other angles. TFor a 25
by 25 grid, several sheets were viewed from all

eight corners,

3. Empirical distributions of M, and T,. In terms

of the partial sums S the random variables

kJ
corresponding to M, and T, are

d ot
" " e W
and
(3) T8 = #1k sm: 5,201/ nl.

Figures 2 through 5 present empirical distributions

of Mg and Tg based on a 50 by 50 grid (m = (50,50))

61



JON A. WELLNER

and two independent samp}es, each of size n = 400,
(The empirical df of [mlEMg = max 8, 1s plotted in

Figures 4 and 5 rather than Mg
and 7 show the locations of the maxima (E such that
Mg = SK) on the 50 by 50 grid for the same two

sampleS. Each sample of 400 sheets, involving the

itself.) Figures 6

generation of 10" normal random variables, required
approximately 6 minutes of central processor time
on the CDC 6400 at the University of Washington.
The program used is given in an Appendix.

With only minor modifications the program could
be used to obtain more detailed information
concerning the distributlions of functionals of the
process Z with r = 2. For example, in view of the
intractability of the distribution of M2 (and its
"tied down" analogue which is of importance for
statistical applications), accurate estimates of
several upper percent points of the distribution of
M. would be of interest. Accurate estimates of

2

guantiles of M, could be obtained using the present

program with iicreased sample size, and estimates
of quantiles for the "tied down" version of M,
could be obtalned by sultably transforming the
partial sum process.

The emplrical distributions of Figures 2 and 3
suggested that T, might have a uniform (0,1
digtribution which could be made compatible with
the l-dimensional arcsin distribution through a
Beta family of distributions. This null hypothesis
that the distribution was uniform (0,1) was then
tested using the two-sided Kolmogorov test. The

hypothesis was accepted! However, the distribution
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is not uniform (0,1) as may be seen by calculating
the variance of T2: using Sheppard's Tormula
([1], page 125) and doing some definite integrals
cne obtains

I

1t ot s
(2m) IO IO arcsin (x;%,)%dx,dx

var T2 1 9%5

(1/4) (1 - log 2).

On the other hand, Figures 2 and 3 do suggest that
the density function of T2 is nearly flat, a
dramatic change from the bowl-sgshaped arcsin density
of T, and leads one to the natural conjecture that
the densities of T, "turn around" as r increases

and become concentrated about 5. The following

. proposition confirms this guess.

1.

(1/4) (2/3)7.)

Proof. Using Sheppard's formuls and the inequality
arcsin (t) = ( m/2)t for O = £t = 1 we obtain

il i 4
var T = (2m)"~ [ garesin ([x]®) |ax|

I

1 i
(1) 7 1= |2 ax|
9

(LA (2/3)F

0 gag r =@

I

and the conclusion follows since ET = 3 for all r.

Questions: (1) Does T,, properly normalized,
have a non-degenerate limiting distribution as
r * «? (2) What happens to the distribution of M,
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as r @ «? (Possibly an extreme value distribution?)
(3) The central question remains: 1Is there a
"fluctuation theory" for r-dimensional sheets and
arrays of which the known results for r = 1 (see
(2], page 419) are a special case?
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Figure 1. A Brownian sheet on R;.
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d

Figure 2. Empirical distribution of T2, n = 400,
sample 1.
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Figure 3. Empirical distribution of Tg, n = 106,
sample 2.
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Figure 4. Empirical distribution of Mg, n = "Uon
sample 1.
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TWO-DIMENSIONAL BROWNIAN SHEETS

Figure 5. Fmpirical distribution of MJ, n = 400,

sample 2.
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Figure 6. Location of the mexima, K, n = 400,
sample 1,
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TWO-DIMENSIONAL BROWNIAN SHEETS

Figure 7. Location of the maxima, K, n = 400,
sample 2,
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APPENDIX

PROGRAM RWTWO( INPUITsOUTPUTsTAPES=INPUT s TAPEG=0UTPUT s TAPER)
DIMFNSINN IMAGF (10001

DIMENSION SUP{400)+PROPI400)s0RNT (400)0RN2 (4001 s AR[400)
DIMFENSION Z(5003120RN3(R00)sRLIL4CT)sRLILL00)
COMMON /A4 LI(400YsLJ1400)

N = 10

DUM = RANF{7.83546)

DO 1 L = 1N

cALL SHFFT{SUP(L)+PROP(L})sL»Z}

CONT INUE

WRITE(6s102) (SUP{Jys PROP(Jys LTiJys LJlJys J = 1.0
WRITFI65102) (Z(Jys J = 13506U)

CALL ORDER{N»SUP)

CALL ORDER(NsPROP)

CALL ORDER([500,Z)

RN = N

NO 2 L = 1N

RL = L

ORDIIL) = RL /RN

CONT TNUF

DO 4 4 = 1500

Rt = J

ORD3(J) = 002%RJ

CONT TNUF

FORMAT(1X310F17.4)
FORMAT(1X92FE12,43216)
FORMAT(1X?2F17,.4)

FORMAT(1Xs2110)

WRITE(B5113) (SUP(J)S0RD1{JYI*d = 19N}
WRITE(6+113) (PROP(J)SORDI(J)sd = 13N}
WRITEL651US) (LTIlJ)s LJLJYs J = 715N
WRITF{65101

CALL PLOT1(03s2275+420)

CALL PLOTZ2(TMAGF»4,03-4,0s1.0s0,0)
CALL PLOT3(1HN3»ZsNRD3s500)

CALL PLOT4{11511HPRCBABILITY)
WRITE(6+101)

CALL PLOT1(0s2225352s50)

CALL PLOTZ2(IMAGF91.030.051,0+0,0)

CALL PLOT3(1HPsPROPsORDT s}

CALL PLOT4(11s11HPROBABILITY)
WRITF(65101)

FORMAT(1H1)

CALL PLOT1(0s292553933)

CALL PLOTZ2I(IMAGFE»150,+0,051.0s0,0)
CALL PLOT3{1HS»SUP-ORD1 M)
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CALL PLOT4(11511HPROBABILITY)
WRITF(65101)
DO 35 J = 1N
RLTI(JY = LItJY $§ PRLJILIY = LI
35 CONTINUF
CALL PLOT1{Us531UsGs186}
CALL PLOTZ2(IMAGF+50.30,035U,30,0)
CALL PLOT3(IHMsRLISRLJIN)
CALL PLOT&4(12512HY OR T2 AXIS)
WRITF(65101)
PB = 0.0
DO 43 L = 1N
T = 466,75/RLIIL)
IFIRLJIL)I=GT.T) PR = PR + 1.0
42 CONTINUE
PB = PB/RN
WRITE(65,107) PR
107 FORMAT(1Xs#THF PRNOPORTION IN THFE UPPFR RIGHT CORNFR IS5%:F10,.6)
DO 47 J = 13N
WRITE(Bs1UR) SUP(J) sPROP(JYsRLTI(J)sRLILJY>ORNT (U}
108 FORMAT(1Xs6F16.4)
47 CONTINUE
STOP
END

SURROUT TME NORMAL

COMMON S({50s50)s X(50,50)
RO 2 F = .60

DO 3 J = 1950s2

2 A = RANF10.0)
B = RANF(O0.0)
U= 2,%, — 1.
V = 2.%8 - 1.

R2 = U¥Y + y#y
R = SQRTIR?2)
IFIR.GE.1e) GO TN 2
RLOG = ALOGIR?)
5 = SORTI(—?.%*RLOG)
XiTedy = URS/R
X{1sJ+l) = VES/R

2 CONTINUF
RETURMN
END
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SURROUT TNE SHFFTIMAXsPPsLsZy
COMMOMN S5(50,50)sX(5Us50)
COMMON/A/LT(400)s LJ(400)
DIMENSION Z(500)

REAL MAX,PP

DO & I = 1+R0

DO & 3 = 18D

S5(1sJdy = 0.0

CONTINUF

CALL NORMA{

KK = =1

IF{L.GT.1) <O TO 18

DO 23 J = 1500

ZiJ) = nN,0

CONTTNUF

no o3 1 1,10

DO 3 J 145042

KK = KK + 2

Z(KK) = X(1,0)

ZIKK+1) = X{TaJd+1)

CONT INUF

PP = Qan

S(1s1) = X(1s1)

MAX = S5(131)

LIfLY = 3 § LJLLY = 2

Do T J 24550

S5(1sd) S{1sJ=11 + X{794)
SUJsU) = S(J=T1+1) + X(Js1}
IF(S5(Js11eLTMaX) GO TO 11
MAX = S(J921)

ETtLy =

TF(St12 )L T ,MAX) GO TO 13
MAX = S(12J)
LJdiLy = J
IF(5(Js1)eGTa0.01
IFI5(19d)eGT,0.0)
CONT INUFE

Do B 1
Do R Jd

o

L= v
T
o
o T
T T
+ +
—

2250
250

tonon

S0T1sdy = XT3y + S501=1sd) + S(TsJd=11

IF(S{I2))slLT.MAX) GO TO 17

MAX = 5(1+4)

LIfLY =1 g LML) = J
IFIS{IsJ)eGTa0.0) PP = PP + 1.0
CONTINUF

PP = ,0004%PP

RETURN

END
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SUBROUT INE ORDER(KKY)
DIMENSION Y(500)

M = KK

M = Ms2

IF(M.EQ,0) GO TO B
K = KK-M

]

=

IP =1+ M

IF(Y(I)=YUIPY) 79796
T = ¥Yil)Y

¥Y{1y = Y(IP)

YUIPY = T

T = 1 i= W™

IF(I=11 7545

J = J+]

IF(J-K} 4s493
RETURN

END

75




. 4 74 =
— £ = 5
Tellor v 52 F s =
(_/_.".l < 1 f -
: b Bf N7
- i ‘.. 7 g »11\ v = 'j;"
.r’\ 4’{ :
| ¢ + .A‘I.--. :
oin Y2 bl o
wf 4 o € = = & N A~
-
— i e )
\ g = = fo
Ladiadas e ! Iy{’
=
+ Rl
N s P i
e S ol o
e B 4 r o & =
k1 i e _'._, o ) 2
| *
2 - et j J
S8 o ! = 3
i L e,
Wellner, Jon A. MR 51 #14223 14:

Monte Carlo of two-dimensional Brownian sheets. o
Statistical inference and related topics (Proc. Summer Res. I | +
Statist. Inference for Stochastic Processes, Indiana Ur° ©
Bloomington, Ind., 1974, Vol. 2; dedicated to Z. W. Birnbau

pp- 59-75. Academic Press, New York, 1975. o5
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