KAC EMPIRICAL PROCESSES AND THE BOOTSTRAP

Chris A. J. Klaassen and Jon A. Wellner*

0. Introduction

The general empirical process indexed by a subset F of L2(P) converges weakly
to a P-Brownian bridge process if and only if the corresponding Poissonized, or Kac,
empirical process converges to a P-Brownian motion. In this expository paper we
explore the role of Poissonization in bootstrap sampling, and give a partial expla-
nation of the relationship between the bootstrap limit theorems of Giné and Zinn
(1990) and the multiplier central limit theorems of Ledoux and Talagrand ( 1988).
Giné and Zian {1990) used two important tools in their proofs of consistency of
Efron’s bootstrap of the general empirical process: a conditional almost sure bound
of Ledoux, Talagrand, and Zinn (lemma 5 of Ledoux and Talagrand (1988), lemma
2.3 of Giné and Zinn (1990}), and a Poissonization inequality of Le Cam (1970).
They also relied heavily on symmetrization by Rademacher random variables. The
proof we present here of the Giné and Zinn theorem still relies upon the two main
tools used by Giné and Zinn (1990), but in a somewhat different way. The major
differences are: (i) We avold symmetrization with Rademacher random variables,
and work instead with centered random elements throughout. (ii) We appeal di-
rectly to the almost sure multiplier central limit theorem of Ledoux and Talagrand
{1988}, (1991) rather than to the key tool used in its proof, the conditional almost
sure bound. (iii} Poissonization is used differently. In analogy to the Pti)issoz‘lized
empirical process, we compare the Poissonized bootstrap empirical process directly
with the bootstrap empirical process. The key Poissonization techniques date back

to Le Cam (1970} and Araujo and Giné (1980). We conclude with a random samiple
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size central limit theorem for general empirical processes.
1. Empirical Processes and Poisson Processes
Let (A, A, P) be a probability space, and let X, X1,...,X,,... be iid P. Let
Yi,..., Y beiid Poisson(1), so that N, =Y +... + Y, ~ Poisson(n). Let Ny ~
Poisson(A). Suppose that F is a collection of real-valued measurable functions on
A.
We want to consider the processes
n
nP, = z dx, = the empirical point process on A,
i=1

X, = Vn(P,~ P) = the empirical process,
1N
Z,=+n (; Z bx, — P) = the Poissonized, or Kac, empirical process,
i==1

and relations between them as elements of [°°(F), the space of all bounded real

valued functions on F. Here
1 n
™ e X ” =
P.f) = - él flXy) and P(f)= /fclP, feF.

Let F be defined by F(z) = (supsex |f(z)])*, = € A; F is the (smallest measur-
able) envelope function of 7. Here, if h: A — Ris an arbitrary function, then h* de-
notes the least measurable function dominating A; see e.g. Dudley (1984) or {1985},
We denote the norm on I™°(F) by || - |5, i.e. for b€ I%(F), liblly = supper B
Since it is a norm, || |7 and also || - || is convex on I°(F). Note that P € I®(Fyif
and only if [|P|lr < 00, Pnp € I®(F) for n=1,2,... if and only if F(X;) < oc as.,
and X, € I°°(Fjfor n=1,2, ... ifand only if F(Xﬁ = (supser [F(X1}-PFl)* < oo
a.s. Also note that Z, € I°°(F) a.s. if F(X;) < 0o as. and ||P|lr < oo.

Two centered Gaussian processes in [°°(F)} which arise in the following are:

g are
Z = a P-Brownian motion process (Zp)
with

—

Cou(Z(f), Z(g) = P(fg). f.geF:

o

=
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and

a P - Brownian bridge process (Gp)

with

Cov(X(f),X(g)) = P(fg) - P(f)Plg), f.g€F.

Let pp and ep denote the natural Gaussian pseudometrics on F corresponding to

X and Z respectively: for f.g € F
Pp(fr9) = Varp(f(X) — (X)), eb(f9) = Ep(F(X) — g(X)).
Note that since Z is P-Brownian motion, then
Z—-Z(1)P isa P - Brownian bridge process G p,

and, on the other hand, if the P-Brownian bridge process X and a standard normal

random variable Z are independent, then
X+ ZP isa P-Brownian motion process Zp.
Simple computations show that, for f, ¢ € Ly(P),
EXa(f) =0, Cov(Xu(f),Xnlg)) = Cou(X(f), X(g)).

EZ(f) =0, CovlZyf),Zg)) =

Two basic identities, which follow by simple algebra, are:

e,
o

ack and Wellner (1986)):

i
H
4
§
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Yet another identity which follows by simple algebra is

xn~<zn—»zxzuﬂ=={¢% > wxi—f&}1h>Ng (3)

=Np+1

Na
1
- {“ﬁ Z (8x; _P}} Ln<n,)-

t=n41

Because Ny, — n = O,(+/n), each of the two terms on the right side of (3) involves
just O(y/n) terms, so we expect them to converge to zero in probability, and hence
convergence of X, will be equivalent to convergence of Z,.

We say that F is Zp-preGaussian if Z can be chosen so that Z € C(F,ep) a.s.
where C(F, ep) is the collection of e p-uniformly continuous functions in [°°(F). (By
convention all the functions x € {°°(F) are bounded: |[z||x = supjcr |z(f)] < c0.}
For short this will be written as F € PG(Zp). Similarly, F is Gp-preGaussian if
X can be chosen so that X € C(F,pp) a.s. where C(F,pp) is the collection of pp-
uniformly continuous functions in I°°(F), and in this case we write F € PG(Gp).
Definition 1. Suppose that F C Ly(P). We say that F is P-Kac if F € PG(Zp)
and Z, = Z ~ Zp in I*°(F).

The weak convergence = in this definition is in the sense of Hoffmann-Jorgensen

(1984); see e.g. Dudley (1985) or Van der Vaart and Wellner (1990). As usual, i

F C Ly(P) is called P-Donsker if F € PG(Gp) and X, = X in I°(F) (i.e. the
CLT holds for X, in [°°(F)), and we denote this by F € CLT(P).

The following theorem extends the classical result for empirical processes of
Kac (1949).
Theorem 1. Suppose that 7 C Ly(P) and |Plir < oo. Then F is P-Donsker if
and only if F is P-Kac.

We will repeatedly use the inequality

IE-I=<El-|¥ (4)

which follows from the convexity of ||-||%. In particular, if X and ¥ are independent

random elements of [*°(F) with EY = 0, then

E|X||3 = E|X + EY |3 < E|X + Y. )
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Proof of theorem 1. Let ¢ > 0 (small) and M > 1 (large). Then, by {3) and (3)

o
5%/

Pre([Xp = (Zn — Zo(1)P) 5 > ¢)

< Pr{|N, —n|>Myn)

[M/n [k
+ ), PNa=n+k)Prt | 272N (6x, ~ P)r >
k=—[M /7 i=1
1 (M /7 o 1 i {M\/h";’ h -
< e }: P(A’nszfk);Ei%” ! Z (0x; = P)lx  (a)
k=M /7] i=1
(M7

1 M 1 i )
<— +2p L Sy, — P
=Mz e MR ; (oxi: = Pl

Therefore, if F is P-Glivenko - Cantelli, we have

HX” - (Zn—zﬂ(l}P\in —*Pr* 0

<

Taking F € Ly(P) to be a finite class, we already deduce from this that the fi-
nite dimensional distributions of X, + Z4(1)P and of Z, have the same limits. In
particular

Zn “rfd. Z~ ZP-

If 7 is P- Donsker, then it is a fortiori P-Glivenko - Cantelli, so that (b} holds,
which yields that F is P-Kac (the process X, + Z,(1}P converges in law since
Zn(1)P converges by the CLT in R and is independent of X,). If F is P-Kac, then
it is P-Glivenko-Cantelli by Le Cam’s lemma {Araujo and Giné {1980), thecrem
3.4.8, where truncated expectations can be replaced by expectations if they exist):
we give a statement and proof below. Therefore F is P-Donsker again by (b}). The
uniform integrability needed to guarantee convergence of the expectations in these
arguments follows from e.g. Andersen (1983), proposition 3.7, page 449. o

Lemma 1. (Le Cam’s Poissonization inequality)
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Equivalently
(1 - e )E"|[Xallr < E*|[Zn — Za(1) Pl

Proof. Write Z; = éx, — P. Fori=1,...,nlet Zi;, j = 1,2,... be iid copies of
Z;, let Y1,...,Y, be iid Poisson{1} random variables, and set N, = Y + ... + V,,.
Then, by (4) and (5)

(L=eMEY Zillz = E|EQ (i A1) Zi|Z,... . Z)|3
i=1 =1
i3
SE|Y (YiADZi3
i=1
n Y;
SEEYD Zgll5i,. . Ya)
=1 j=1

Nn
= B3 Zils.

This proof is almost exactly the same as the proof of lemma 2.1 of Giné and Zinn
(1990). Note that the result continues to hold if the X;’s are independent but not
identically distributed. o

We conclude this section with a by - product of the proof of theorem 1.

Proposition 1. If 7 C Ly(P) and F is P-Donsker, then
n4 X, = XallF = 0,(1).

Proof. Replacing ¢ in {a) of the proof of theorem 1 by Kn~/* (K large}, we see
that the left hand side of (3} is O,(n™1/*). Together with (2} this yields the claim.
Note that the hypothesis [Pl < oo is not used here. o

Remarks: The basic method of Poissonization was used by Kolmogorov (1933)
and Donsker (1952) in their classic papers; see e.g. Shorack and Wellner ( 19863,
chapter 8. Kac (or Poissonized) empirical processes have also played an important
role in obtaining rates of convergence for limit theorems and invariance principles:

ee e.g. Massart (1989}, in particular his lemma 2, and Dudley (1984}, section

o
o]

8.3, where Poissonization is used to study rates of convergence for classes of sets
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too large to satisfy the CLT. Durst and Dudley (1981) have a partial result in the

direction of theorem 1 for classes of sets. In the classical one dimensional case

]

A = R there is a substantial literature concerned with finite sample and asymptotic
distributions of statistics connected with the Kac empirical process; see e.g. M.
Csdrgd and Alvo (1970), M. Csérgd (1972}, S. Csorgé (1981}, Suzuki (1972). and
the references therein.

Part of theorem 1 is contained in theorem 3.4.9 of Araujo and Giné (1980);
see also their exercise 2, page 122, and note that their Xn; are assumed to he
symmetric. Evarist Giné has shown us a proof of theorem 1 via symmetrization
and desymmetrization.

Pyke (1968} and S. Csérgd (1974) have related results which g0 In a some-
what different direction: they study (special cases of } X,,, where v, is random and
possibly dependent on the X;’s; see section 3.

2. The bootstrap empirical process and Poissonization

Now let P be the empirical measure of the X,’s as above. let

X# . x# (1)

be a “bootstrap sample” from P¥. and let N# ~ Posson(n) be independent of the
LA n 7 I

X;’s and of the X;# 's. The bootstrap empirical process X#is

r#E [T H TpW 5
X7 = /n(P7 - PY) (23
n
—~ - .
= /n - éXf - P
=]
1 n \
I~ TH# ¢ D
=il =Y MEsx, . — P }
n 4
=1 /
Ti
1
_____ (A V£
- = ‘».”an - l)d\f,’[u}
Vi
where
- , 1 ... . R, .
M7~ Mult (n, (~, ..., — ) 1s independent of the X,'s. (3)
I 7t

We can write

i

s SRS




418 KLAASSEN AND WELLNER

, 1 1
(11]’,...,1“3‘) ~ M‘ulin (1, (—T;,,;‘L‘))

areiid, j=1,...,k, k=1,2,....

where

Note that if we “Poissonize” M* by forming M ﬁ'?’ the result is:

MEy ~ (%, V) (4

where Y1,...,Y, are iid Poisson(1). Thus we consider the “Poissonized bootstrap
empirical process” Z¥ defined by

1« w ;
Zf = ‘/ﬁ {;l. Z Mﬁf,iéx"(w) - P"} (3}

i=1

l n
-7 D (MEy - Dxw
=1

1< .
~ A D (¥~ Dbx,-

i=1
For our main results we need a measurability assumption which insures that/
IXall7:(5,pp) is completion measurable under P and Fubini’s theorem can be applied :
to || 35y Yidx, || #(s,pp) Where the Y; are iid real-valued mean zero rv's independent
of the X;’s. In the terminology of Giné and Zinn (1984, 1986, 1990), we require :
F to be nearly linearly deviation measurable for P, or ¥ € NLDM(P) for sl}ért,'
and that both F2 and F" be nearly linearly supremum measurable, or NLSM(Pj. -
When all of these hold, we say F € M(P). It is known that F € M(P) if F is
countable, or if the empirical processes X, are stochastically separable, or if F is
image admissible Suslin (see Giné and Zinn (1990), pages 833, 854). ‘
Theorem 2.  Suppose that F € M(P) and ||P||r < co. Then F € CLT(P) and
P(F?) < oo if and only if Z# = Z# ~ Zp a.s. P in [*(F).
Proof. The essence of this is the Ledoux and Talagrand (1988) theorem 4, page
34 (due to Ledoux, Talagrand, and Zinn) extended slightly to allow for asymmetric

multipliers Y] — 1. Write

7# =

'n

=

k3
MY = 1)bx ) (a)
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n

it

so that

Y#* =Z# 2P, {b)

Since the ¥;'s are iid Poisson(1), they satisfy V;;O \V/m dt < oc. By theorem
3.1 of Praestgaard (1990) or Ledoux and Talagrand (1991) theorem 10.14, page 293
(this has a history beginning with Giné and Zinn (1984}, lemma 2.9, and continuing
with Ledoux and Talagrand (1986), Giné and Zinn (1986} pages 64 and 65, and
Ledoux and Talagrand (1988}, theorem 4, page 34 and the discussion on page 33)

we know that F € CLT(P) and P(F?) < oo if and only if
Y# = Y¥ ~Gp as. P® in I™(F). (c)
But it is trivially true that

ValYy =1)P = ZP in  I®(F), (d)

where Z ~ N(0,1) is independent of Y#. The conclusion follows from (a) through
(d). o
To connect X¥# and Z#, note that
—(ZF - Z#1)P) = }:w \1## J6x.e) — P) (6)

'H
\/‘1

3

= R"U“")?

. . \- oo . &
an identity paralleling (1.3). Here the coupling of X7 and Z¥ is via the first n A N#

1,’s they have in common. To obtain suggestive identities paralleling (1.1) and

(1.2}, we define

X# = VEP] -P,)
1 &
=V '};Z(Zigéx,sw))“?u
{ =1 =1 J
1 o=, u k.
= = Zt\ﬁ/[;i - ; b\ w)
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the bootstrap empirical process for a bootstrap sample of size k from P¥. Thus

X#, = X%#, and the identities paralleling (1.1) and (1.2} are:
—

# ;Ng# # —1ar# 3 '

VA =\ Xy TV INF — 1P, (7)

and, since Z¥(1) = \/n(n~'N# — 1),

xX#

1 :
v = ——==(2% - Z*(1)P,). (8)

Yt
Although we will not use these identities directly in our proof, they provide helpful
insight and intuition.
Theorem 3.  Suppose that F & M(P} and [Pl < co. Then the following
statements are equivalent:

A, F e CLT(P)and P(F?) < .

B. Z#=Z#~ Zp as. P®in I®(F).

C. X¥=X#*~Gp as. P°in I>®(F).
Proof. This follows from the bootstrap CLT of Giné and Zinn (1990): they prove
the equivalence of A and C (even without the hypothesis ||P||x < oo}, while the
equivalence of A and B is just implied by theorem 2 (essentially Ledoux and Ta-
lagrand (1988}). The proofs of Giné and Zinn use symmetrization by Rademacher
random variables. Thus, if we write sA, sB, and sC for the corresponding sym-
metrized parts of theorem 3, and B, for B unconditionally (integrating over the
Xi’sin (5), Z¥ = Z# ~ Zp in [°(F)}, the Giné and Zinn proof is organized as
follows:

sA = 5B, = sC = sA.

Here the first implication follows from lemma 2.9 of Giné and Zinn (1984); the
second implication follows from the Ledoux, Talagrand {and Zinn) (1988) almost
sure multiplier CLT and proposition 2.2 of Giné and Zinn (1990): and the last
implication comes from proposition 2.2 again. They then show that the “s’s” can
be removed from sA = sC. (Giné and Zinn (1990) do not have sB or sB, in the

1

statement of their main result, but only in their lemma 2.1 and proposition 2.2.}
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An interesting question is: can we use the Poissonization argument to give
an alternative proof of the Giné - Zinn bootstrap theorem, with most of the “hard
work” contained in the Ledoux and Talagrand {and Zinn) (1988) theorem? In other

words, is there a proof of theorem 3 organized in the following way:

A = BeC 7
LT & thm 2

We now complete this program by showing that B and C are equivalent. In
view of (6), it suffices to show that both B and C imply that the right hand side of
(6) converges to zero a.s. P°° and in the sense of =.

Suppose we can show both B and C imply F € GC(P): ie. the Glivenko -

Cantelli theorem holds in [°°(F B

Note that conditional on N# = ¢,

,

EYE: A rF L
{;w[:f# L M7 ‘i}igzgn = {A/[!;/f—némi}ifi.‘g”'

Furthermore, [N# — n| = Op(v/n). Thus we need to consider f&[fjn with 1, =

n
A
O(\/n).
Let the random variable B, have a binomial distribution with parameters 7,

and 1/n. Then

Pr{B, <2)

and consequently

e
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Thus with probability > 1—¢ for n 2 N, the maximum of the absolute values of the

differences of the components of the multinomials in (6)is 2 or less. This suggests

rewriting R, (w) of (6} as follows: let L= {i:] iN* > 7}, and mY) = #(1}),
—nl,i

the cardinality of I;. Then, for n > N, with probability exceeding 1 — ¢ by (b), we

may write
Ba(w) = sign(n — N#)f Z [Ny —n],il0xi(w) — P)
ny e 5
= sign(n — N¥#) - (Oxiwy = P) (¢)
" Jj=1 \/5 m ElJ) el
where EN# —nf > m( ) > m . Since 7\/# —-n = f,, 1t follows that m“’ /1 =

Op(1) on the right side in (¢} while the terms inside the brackets converge to zero for
P> a.e. w by (a) since (conditional on m!y ) it has the same conver gence properties
as Pmm — P. We conclude that R, (w) converges in probability to zero for P>y
w if (a) holds. The following lemma (similar to lemma 3.2 of Pollard (1981}) makes
this more precise.
Lemma. Let U, = (Uasy...,Upn) be a random vector in {0,1}", defined on
(0,1}, B, A), and independent of X1, Xo, ... with an exchangeable {permutation
invariant) distribution, and o Uni > 0as. I {a) holds and Yo Uni —, o0,

then

n ka3

D" U8,y ~ =P}/ Uil —, 0

=3 i=1

for a.e. w as 1 — oo,

Proof.  Write §, = > Uniléx, — Py 3t Ui, and let A, be the o-field

generated by S,( f) JSnsi(f),. fE€F Fix fy e F. Since by symmet ry

E‘:Sn(fo;’f H—i; WE{Eisra‘f(}} n~h}§An+1\
ME(ZUME(J:G{ t/”P!J’O}E, !!1A72+1’ Z ns n-L};‘

= E(ﬁ){»}iz b= P{foilAnsy)
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Thus with probability > 1—¢ for n > N, the maximum of the absolute values of
differences of the components of the multinomials in (6} is 2 or less. This sugge:
rewriting Ry (w) of (6) as follows: let I; = {7 : Aj[{?\if—ni,i > j}, and m{ = #(I
the cardinality of I;. Then, for n > Ng, with probability exceeding 1 — e by (b}, v}w

may write

. L O : \
R,(w) = sign{n - i\ff)-v/—r_; Z Mﬁvn~n§,i(éx-‘(w) - P)
=1

2
. My 1 .
= Slgn(n - ‘Vf) § T E i(éx.'(w) - P;
j=1 \/ﬁ mS'J) iel;

where [N# —n| > m!Y > m'?. Since N# —n = 0,(\/n), it follows that mi,”/\/’;{
Op(1) on the right side in (c) while the terms inside the brackets converge to zero fo;
P ae. w by (a) since (conditional on m$’) it has the same convergence propera}j
as ng,) — P. We conclude that R, (w) converges in probability to zero for P>.a.
w if (a) holds. The following lemma (similar to lemma 3.2 of Pollard (1981}) ma :

this more precise.

Lemma. Let U, = (Uni,....Unn) be a random vector in {0, 1}, defined o
(10,1}, B, ), and independent of X1,Xs,... with an exchangeable (permutation

invariant) distribution, and Yoiei Uni > 0 as. If (a) holds and Yo Uni —p 00
then

kL

3
1Y Unibxiar = P/ S Uil — 0
=1

i=1

for a.e. was n — oo.

Proof.  Write S, = Y Unilbx, — P/ 3% Uai, and let A, be the o-fie
generated by S.(f), Sosi(f),....f € F. Fix fo € F. Since by syminetry

E{Sﬁ<f0}§An+1) = E(E{Sn{fOHUm An+1 ﬂAn-H }

7

= B(}_UniBUfol X)) = PUo)Uns Anst)] 3 UnilAnsr)
i=1

=1

= E{folX1) = P(fs}lAnsr)

ho.

the
Co
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and, similarly,
Sat+1(fo) = E(Sns1(fo)|Ans1)

= E(E(Snr(fo)lUns1, Ans1)]Ansr)

e n+1
= E(Z U1 i E(fol(Xi) = P(fo{Uns1, Ans1)/ Z Unsr, 1] A1)
=] =1

= E(folX1) = P(fo)|Ansy)

hold, {S(fo), An} is a reversed martingale. In view of
E(1Snl%Ant1) 2 {i?gEE(Sn(f}gAn+l)§}* = [[Sall%F.

the sequence {|[S,]/%, A,} is a reversed submartingale bounded from below by 0.

Consequently, there exists a nonnegative random variable S with
HSallE — S  as.  P™ x )

Write N = Y"1 U,; and note that
Pr(iSnllF > €)= EPr([|Sull% > €[U,)
= EPr(|[Fx - Pl > elUa) — 0
by (a) and dominated convergence. Consequently S must be degenerate at 0. o
Applying this lemma to the summandsin (¢}, we conclude that Ry(w) converges

in probability to 0 a.s. P™ if {a) holds.

Assume B. Since B implies A by theorem 2, (a) follows immediately since
F € CLT(P) implies that F is P-Glivenko-Cantelli in probability and together
with P(F) < (P{F?})'/? < s this umplies F is P-Glivenko-Cantelli a.s. {e.g. by
the proof of lemuma 3.2 of Pollard (1981)).
Finally, suppose that C holds. To prove ( a), we first show:
Claim 1. Cimplies P(F} < x and P(F?) < ~.
Proof. Giné and Zinn (1990), page 858, show that implies P(F?) < oo using
a result on the CLT in Banach space {Araujo and Giné {1980}, theorem 3.5.4). A

direct proof of P(F} < oo {which is all we need here} is also possible {and takes

about a page), but will be omisted. 0
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Claim 2. C implies EV,, — 0.
Proof. Let ¢ > 0. Then

1 — .
Vo<~ }_;(M,ﬁ +DF(X:) =W,

where EW, = 2P(F) < oo by claim 1. Since E(an#‘» + 1) = 2, there exists a
K = K(e) with
# oy
112{2)2 E(MT, + 1)1[Mﬁ25’} <e

Then we have, with X = (X1,...,Xn),

E(Vn{;&) <e+ E{WTLI-[Vn)é] {‘_Y.}

1 # \ \
=€t ; FXHE{(M], + Dt cnomny + Yt 5 1)1 vi 54}

IN

1 n
= anas Iy
e+n E FXiH{K Pr(V, > X)) + €},

=1
and hence, by symmetry considerations,
EV, <e+eP(F)+ K E{F(X,)Pr(V, > elX)}

— el +P(F)} as n-— oo

by (e}, claim 1, and dominated convergence. Since € > 0 is arbitrary, this yields the:

claim. o
Claim 3. (1-1/n)"E|P, - Pll% < EV,.
Proof. This follows from two applications of Jensen’s inequality:

Since M f; ~Binomial(n,1/n),

1
(L= 2B = Pllz = Eln™ 3" E(1yye_y )6x, - P
i=1

Efin‘i Ifmf‘i:og(é/\} - P)|I%

i==1

IA

n

ggggn‘IZ'

=1

MF —1)(6x, - P)|% = EV,

where the last inequality follows from E W SEWU+V]HU.V are independent

with EV = 0 (applied conditionally). o

1
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Proof.

and, for every ¢ >

The finite-dimensional convergence in {a} follow
device and the random sample size central limit theorem of Bl
Rosenblatt (1963); this is almost exactly as in Csdrgd (1974),

It remains to prove (
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It suffices to show that

Yo=Xy, =50 Gp  as n— oc,

0, that

hrsﬂxm sup Prp{ilY

LG

gg}-'(é»ﬂf‘} > 5} =0

pages 20

b). Let v > 0. Choose 0 < a4 < b < oo so that

Pria <v<b)y>1 -~

With 0 < 1 we have

by assumption (1

by

Y+ hng limsup Pri{

=0

~ I 1 . ¥
<y + iﬂipj hsup Prp{

< v+ lmlimsup2 Pry (X, 76,00

lim Prp(jn™'N, —

T O

vi>np=0

). Hence with the choice 0 < 17 < a the left side of (b)

max
n(a 1~1/)<k<n(b+7,)

max ||
k<[n(b+ )]

R0

i d v’g““‘f

510 pe—oo

with i, = [n(b+ 57)] by Ottaviani’s inequality

!>€‘Pr

provided

By theorem 4.1

o

nequality 3.2.7 =

. Dudley (1984}, i with ||]]

i

(b=0

lmsupP; PUKAl #1650 > ¢

0 aes

v
v nla—}

i
HEFs,

(a)

(b)

s by use of the Cramér-Wold

um, Hanson. and

_ 99

(e)

(d)

is bounded

-}
Vilb+g)°
(e)
PP}}‘
(f)
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is valid for every ¢ > 0 and for n sufficiently |

for every ¢ > 0. Consequently (f}

and moreover the right side of (e) equals v. Since v > 0 is arbitrary, (b) hold
& % 1 i i

Remarks: Pyke (1968) proved theorem 4 in the one-dimensional distribution

function case: (4, A, P) = ([0,1]. B, Lebesgue), and F = {lio,g 1 0 < ¢ <1} under

the assumption (1) with P(rv = 1) = 1, Billingsley (1968) and S. Csérgé (1974).

following Blum, Hanson, Rosenblatt (1963}, showed that Pyke's one-dimen
result continues to hold under (1) and (2), allowing a general positive limit random
variable v. These results were extended by Wichura (1968) and Fernandez {1970;

the latter includes the “desirable generalization” mentioned by Pyke (1968} in his

closing remark. Note that in view of the results of Dudley (1985} sections 6 and 7,

)
theorem 4 also contains these results as well as many others,
Acknowledgments:  We owe thanks to Fvarist Giné, David Mason, Ronald
Pyke, and Joel Zinn for helpful discussions. A referee suggested the present proof

of theorem 1.
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