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1. INTRODUCTION

X], . X be iid random variables with continuous df F, and let Y], . ’Yn be
id random varlables with df G where 1-G = (1- F\e and 0 < 6 < =, The two para-
eters 6 and F are, in general, both unknown. This model is a particu]ar Lehmann
2iternative; see e.g. Savage (1956). It is easily seen that, for absolutely
continuous F with density f,

rG = GrF
where re = f/(1-F) and re = g/(1-G) are the respective hazard functions and g is
the density of G.  The parameter & is therefore called the “"relative risk".

The above model is simply a very special case of Cox's (1972) well known

'“vegqrtional hazards model", with & = e® where - < 8 <« in Cox's notation.

V;% s model, with censoring and covariates, has been studied by several authors
including Cox (1972) and (1975), Efron (1977}, and Cakes (1977); also see

pters 4 and 5 of Kalbfleisch and Prentice (1980). Efron (1977}, in particularn
ried out parametric efficiency calculations which "roughly" suggest that
inferences based on Cox's partial likelihood are asymptotically fully efficient
in the nonparametric problem; see Efron (1977), page 560.

* purpose here is to use the methods of Hajek {1970} and Beran (s977a} and
77b) to make the “adm1ttediy rough" results of Efron (1977) precise in the

ve two-sample case of Cox's model. The main result, given in Section 2, is a
resentation theorem in the spirit of Hdjek (1970} and Beran (1977). It
asserts that all suitably regular estimates of & in the nonparametric model must
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be asymptotically more dispersed than N{O,sti), in the precise sense of Theorem
1, where ezci = 1/{asymptotic information from the Cox partial likelihood in the
two-sample problem}, and o, = sf{e}z 1 always (equality holds only if 6 = 1).

In the two-sample case, Cox's partial Tikelihood reduces to the likelihood of the
ranks, (see Kalbfleisch and Prentice (1973) or Begun (1982)) which depends only

on the relative risk & and not on the continuous df F. Consequently, Cox's esti-
mate of © is, in the two-sample case, the Maximum Likelihood Estimate (MLE) based
on the ranks. The representation theorem proved by Begun (1982) shows that every

regular rank estimator of & has a limiting distribution more dispersed than

N(O,ezci). Theorem 1 here shows that the same is true for all regular estimates

of relative risk, including those that depend on the magnitudes of the X's and Y's
such as

B = J7L-109(1-6,)/-Tog(1-F ) Jau (1.1

where Fm and Gn denote the empirical df's of the two samples and u is a fixed
probability measure on R, or

Bn = [7, -10g(1-G,)dv/ ", -Tog(1-F )dv (1.2)

where v is a fixed probability measure with fw[—log(l—F)]dv < o, or the estimates

-0

of Steck and Zimmer (1972), and Steck, Zimmer, and Williams (1974).

If 1-F = (1-F,)Y in the above two-sample model where F, is a fixed known df and
0 <y < = is unknown, then it is easily seen: (a) that the MLE of 6 is §o =

[T-Tog (1-F,) dFm/fw-log (1-F,) dG,; and (b) that éo has asymptotic variance

62 < 8202 . More precisely, with K = mtn,

(mn/x\i)%(é0 - 8) —— N(o,ez)

as man — o _  Thus our main result may also be interpreted from the point of
view of "adaptive estimation" as follows: In the two-sample proportional hazards
model it is not possible to estimate the relative risk parameter "adaptively",
i.e. as if F, (or F) were known. The information contained in the X's and Y's
about F cannot be used to "estimate away" the nuisance function F, and thereby
estimate 6 as if it were known. The optimal rank estimates are asymptotically
best among all regular estimates of 6.

2. THE MAIN RESULT

Suppose that G = 72 where 1 < & < » (without loss of generality; if 0 <6 <1

write F = §1/§ and relabel the two populations}, F is absolutely continucus with
density f, and F = 1-F for any df F. Let N = mn, zﬁ = m/N, XN = %-AN. We will

suppose throughout that kﬁ + % €(0,1) as man = =, write % = 1-1, and use [ to
denote both the identity function and Lebesgue measure on (-w,=).
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et
- 17 sequences of densities \fNé such that

Lk 3 ,
Tim L /NG - T - e [ = 0 (2.

where o € 12 and f e 0 = {all density funct1ons on (-»,e}}. Note that (2.1}

i

H - -

implies that « is orthogonal to 7 since { f? =1=

n:

¢(¥) denote the union over o of all sets fC(f a)io e
s contained in support(f) we denote C(f ,a) by Co(f and 1et Co(f} =

(f,u)t o€ LZ, o L f%, support(a) <« support(f)}. The sequences {fN} in

) consist essentially of densities fN with support contained in that of f;
;s everywhere positive, Cs (f) = C(f). Finally, let ©(&,h) denote the set of
1

!
i
2
1)

sequences {BN} such that

11mm n o ol (mn/N)z( N 8) - h| =0 (2.

s e R, and let ©(8) = U{e(6,h) : h e R}. Given {f } e Co(f) and
, define the corresponding sequence of densities {gN} by
By -1

N
9y = GNFN fN . (2.

We say that an estimator Gm n of & is regular at (f,8) (or C —regular at (f.,8))

if for every ({fy}, {8y 1) e ¢y (f) x o(8) and for X, (X] X)) id fy, Y=
{Y?,A..,Yn) iid 9y the d1str1butxon of mn/N) (ﬁ ) converges weakly to a
Jaw L = L{f,8) that depends on]y on f and & and not upon the particular sequenc

{f,7 and Z%ul Thus L = L(f,6) does not depend on o or h (although it will, of

R
h h

ourse, depend on the particular estimator 6 n). This is a very desirable

(%]

Finally, before stating our theorem, we introduce an important function J, and

related quantity 03 . Define J, : [0,1]2 +~ R by

Jels,t) = /0 (1-s) + 8 X(1-t)1, (2.
and define qz = WE(@) by
2 _ 7 Cae
/05 = [ 34(F,6)(1-F)dG (2.

—co

1 a-1Y/6. -
= j{k + 6% x(a']’/”} de

¥

the
has appeared before in Efron (1977, page 561} and Begun (1980}.

, uif When support{(a)

stability property which is precisely in the sp1r1t of Hijek (1970), and Beran
(1977a), {1977b). It is easily seen to be implied by uniform weak convergence i
neighborhoods of f and 6.

change of variables 1-G(t) = x. Thus ai is a function of only & and x; i

49

. 1l denote the usual norm in Lz L (R, 1} . Let C(f,u) denote the set of

50 for a1l N = 1. Let

/

if

2)

3)

es
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THEOREM 1. Suppose that @m,n is a C -regular estimator of § at (f,8) in the
proportional hazards model with limit law L = L(f,8). Then L may be represented
as the convolution of a N(O,GZGZ) distribution with L, = L](f,e), a distribution
depending only on {f,8). Thus if S~ L and W ~ L, independent of N(O,Szai), then
s 9 8(0,8%2) + .

Theorem 1 can be extended to allow for random censorship as follows: Suppose
that U]""’Um are iid censoring times with df C and density c, and that
V]""’Vn are iid censoring times with df D and density d, and that the pairs
{(X?’ﬁi)’ i=1,...,m} and {(Y?,ei), i =1,...,n} are observed where X? =

Cr - 0. -
min{X;,U; 3, 8; = ][X? - KD Yy = min{¥,, Vi, <5 1[Y? =v.]

Let
FO=TF, Ff'= ["TdF, (2.6)
and -
® =06, &= [ Dads (2.7)
and define cz by
165 = [7 3,(°, 6% (1-F%)de” . (2.8)

Then Theorem 1 continues to hold with oz defined by (2.8) rather than (2.5). The
proof of this extension of Theorem 1 involves somewhat more complicated versions
of Lemmas 1 - 3 below. In particular, in the censored cases o, and 8, of Lemma 3
must be replaced by

5T L0, ©) B - [3,(F°, &) @ &

ok {censored) 1-F

-0
and

84(censored) = % gl"‘{%ﬂ + Tog B - T[3.(F%, 62 - [ 9,(F%, &°)8° %%]}

-0

and YZ of Lemma 2 below must be replaced by

1o

yz(censored) =407 {{la 2, i A?_%C%HZ}

1 epr? o+ | e G

1 e
where A = [“uf? dI and B = [“3¢7 dI.

3. PROOF OF THE MAIN RESULT
We begin with three key lemmas. Proofs of Lemmas 1 and 3 are given in Section 4.

LEMMA 1. If {fN} € Cg(f,a), {SN} e 6(8,h) with 8 > 1, and {QN} is defined by
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(2.3), then

$ i shy B ;2\, _oa i o=
'hmm,n o U (mn/N} (gN - 97 2 o,
where
—. - 1 .
5 = g4 [1+l0g B) + of %4 (0-1)[7 o £I/F . (3.1)
1t i¢ easily checked that 8 & g%. Now define
¢ m n \
Loz teg | T i) 1 Yyl } (3.2)

=l FG) 3= elYy)

m 3 \ n >
=2 1og{ T T gy }
i=1 % =
=g T Gy)
1 J
LEMMA 2. If {fy} e ¢ (F,a), {8y} ¢ 0(8,h) with 8 > 1 where o < Ly» h ¢ R,
then, for every € > 0,
T S (T e T R R T ]
é”fyw‘f,‘r}dm,n— N m é alXy i
m,n e =1 - 0
N L -4 .
- 2)\N%n;2 ) 8(\’3.)9 2(Yj) *‘1/2‘(2} se )
3=1
where yz =4 ‘iz + 4k'1H 8 HZ , and 8 is given in Lemma 1. In particular

1
i
it follows that L ——y N(-%yz, yz) under (f,8) as m A n =+ o, Ay > A

mehn

Lemma 2 is an easy two-sample extension of the Lemma given on page 439 of
Beran (1977b). It is easily deduced from Lemma 1 and LeCam's second lemma; see
LeCam [1969) or Hdjek and Sidak (1967).

2 in Lemma 2 depends upon o € L2 and h ¢ R; the explicit dependence
iven by way of Lemma 1. In the following lemma we compute the value of

for a particular choice of o « L%, Define Oy € L2 by

‘ §- [(FRe)E £, (3.3)

»
J
-

J, is given in (2.4); denote the 8 given in (3.1) corresponding to ha, by
Note that support{a,) < support{f}.

If o = hoy , then

(9]
[

§ = he, = g %EMG@ | - TL0.(F.6) & - [TU,(F.6)d6]} (3.4}




52 J.M. Begun and J.A. Wellner

and
—Y~£ = Yi = hz/azgz (3'5)
where GE s given by (2.5).

Proof of Theorem 1. By (2.1), (2.2}, and Lemma 2 the characteristic function of
[N . .
(mn/N)’(em’n— GN) under (fN,eN) is

EfN’aN exp [1u(mn/N)%(§m,n~ 8N)] (3.6)
= EfN’eN exp [1u(mn/N)%(ém’n- 8) - iuhl + o(1)
=, exp Liulm/M)¥(6, (- 8) + Ly o - o]+ o(1) (3.7)

the latter being true for all o e Lz, oL f%, support({a) « support(f) and h « R.

We choose o = hoy, where o, is given in (3.3). By considering only a subsequence

if necessary, we may assume that under (f,8) the random vectors ((mn/N)%(em n-e),
£

R} -
XN'%m'% ) a*(Xi)f_%(Xi) + XN—% n2 ) B*(Yj)g %(Yj)) converge weakly to a random
1 1

vector (S,Z) such that Z ~ N(O,%h_zyi). It then follows from Lemma 2 that the

random vectors ((mn/N);i('éln 0" 6). L ) converge weakly under (f,6) to the
random vector (S, 2hZ - %YE ).

Hence, by regularity of em n the characteristic function (3.6) converges to

E exp [iu S], while (3.7) éonverges, by Vitali's theorem and an almost surely
convergent construction as in Beran (1977b), to

E exp [iu § + 2hZ - %% - iuh]

p [iuS + ivZ] denote the characteristic function

Hence, by letting ¢(u,v) = E ex
), (3.7), and the preceding that

of (S,Z), we have from (3.6
5(u,0) = E exp [ius + 2hz] exp [-iuh - 10v2] (3.8)
for all real h. The right side of (3.8) is analytic in h, constant for all real

h, hence constant for all complex h. In particular, the choice h = iv/2 yields,
for all real u,v

#(u,0) = ¢lu,v) exp Luv/2 + (862653"1 VA (3.9)

6(u,v) exp [%(6o, u + (285*}—1v)2] exp [-%ezciuz}

i

The choice v = —2(60*)2u gives

o{u,0) = olu, -2(80,)%4) exp [~%ezgzuzj (3.10)

for all real u. Since ¢{u,0} is the characteristic function of S, or equiva-
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1ently of the Taw L = L(f,8), and the first factor on the right side of (3.10)

is the characteristic function of S 2(96*, Z while the second factor is the
characteristic function of a N(0,8 d*) rv, Theorem 1 follows. 0
The preceding proof used the apparently arbitrary choice a = ha, with o, given in

(3.3). This choice of a, however, yields the strongest posswb]e theorem. It may
be of help at this point to explain briefly how the function o, was obtained.

gfrom (1977) parameterized the proportional hazards model using the "average

hazard distribution” F given by
F o= ’F_:/\« E:l‘)x ?}, + 8
0

Note that re F (h + ¢ X)rF is the average hazard rate for F and G, where s =
0

= fo/?o . He then assumed that ro(t) = exp(y * w (t)) where w = w (t) is a
k-vector of (known) functions, and y is a K-vector of (unknown) parameters.
t

This implies that f (t) ( ) exp {- [ v, s)ds} = exp [y - w(t) - f exp

(v -+ wl {s))ds], and an easy computat1on then shows that scores for y |

s (t) = <> 1og () =2 ~—~1og f; 2[ (t)]ft%(t) » (3.11)

Yy ka

k=1, ..., K, are given by
t S
Sk(t) = wk(t) '_c{wk(s) Fo(s) dFO(s)

Hence for any K-vector g ,
t

g-8(t)= gow(t) - [ gewls) ?O(S)']dFO(S) . (3.12)
or, by letting V_ denote the gradient operator (ﬁ8 s e s —§~) and using the
Y Yy CAl%
expression on the right side of (3.11) for the scores,
ﬂgvf% G = gew - fgg?qd% . (3.13)

Finally, inspection of equation (3.13) of Efron's (1977) Lemma 1 shows that the
information for 8 = log &, and hence for &, is smallest when the second term

inside the exnectat1on is zero, and a re]atwve¥y straightforward calculation
shows that, in the two-sample case, Efron s

E {z[R(t)} - E {z} — aR[3,(F(t), G(t)) G(t} - 4] (3.14)

as mn > @, Ay > 2, where £ = 1/(0 + 8} and the notation on the left side is
Efron's, that on the right ours. Thus we “guess" that

gew(t) = 6R[d(F(t), 6(t}) G(t) - 2] (3.15)
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is a “"worst possible case" with minimum information. By substituting (3.15)
into the right side of (3.13), noting that the "infinite-dimensional analogue" of

-l .
the left side of {(3.13) is Zaofo’, and computing the corresponding a, for f, {by
2 result similar to Lemma 1), we obtain the function a, given in (3.3}, up to a
constant multiple.

A more general approach which justifies the present o, as yielding an
"effective score' for & which is orthogonal to all nuisance parameter scores is
given by Begun, Hall, Huang, and Wellner (1983).

4. PROOFS OF THE LEMMAS

We will denote the function J,(F,G) by simply J,, write H = AF + %G, and make
frequent use of the identities

8 GdF = FdG (4.1)
and
Jdh = FlaF (4.2)
which follow easily from G = F%and the definition of H.

Proof of Lemma 3. The formula (3.4) for 8, follows easily from (3.1) and (3.3)
after noting that

B X
fa*f% dl = - | a,f? dI (since ay & )
X -0
X Xt
=30 { [ J,6dF - [ [ 9,6 = dF(t)}
- —o0 =t0 F

i
X
P
-
—
b
f
b
[
*
[}

1 1

by use of Fubini's theorem on the second term, and that 6F ' df = G~

dG b
(4.1). Y

The Qth task is to compute [l axll and || B*ﬁz . Note that for any o e 2,
lall? = ] odl = Jlaf%2F, and that X ~ F (continuous) implies that

-0 -

—gag F(X) ~ exponential (1). Hence by routine computation it is easily seen
that

[[1+10g 1% d6 = 1, (4.3)

[00,G - (3,6 F T ar? ar = [ o2& o, (4.4)
and

13,5 - [ 9.d61%d6 = [32 B d6 . (4.5}
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A150, z:
[[1+10g BIL3,E - [ 9,d61d6 = [1- xa371/Te (4.6)

<ince, by Fubini applied to the second term,

[[0,6 - ] 3,461 d6 =0

and, again by Fubini applied to the second term together with the identity

}jiog§d6=?§1og§-§,

/3,6 109 G d6 - [[ [ J.dG] log G d&

= [9,G d6
= [[1-x 3,F] d6/76 by the definition of J, (4.7)
= (1-2 032) /%6 by (2.5) .

It now follows from (3.3) and (4.4) that

iéu*112= 532 jaﬁ G2dF; (4.8)

and from (3.4), (4.3), (4.5), and (4.6) that

2 2

To

I - o2 - 20720 032 + 3 [9%EPde) (4.9)

Xl

- w202 - et w38 [ 2 da) .

B

ore combining (4.8) and (4.9) to compute *,/2 we note that

(08 @an = [0, FTVaF by (4.2) (4.10)
= o7t [ 0,6d6 by (4.1)

=627 ae?y by (47) .
ence from (4.8}, (4.9), and (4.10) it follows that corresponding to the parti-
cular choice of o = ha, and the corresponding 8 = hg, we have

2z ax T nagliZe 427 fngli?
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T2 % 22
$h _id*e

1

aH + h22(80,) 27 Te78

2( 2 2,-1

= h"(870g) R

and this completes the proof of Lemma 3. 0
Proof of Lemma 1. We begin by noting several basic facts: Since a, ~ xoe (0,1),

(2.1) is equivalent to (2.1) with (nn/N)% replaced by N? and o replaced by
5= O%) %a, amd snm]aﬂy in (2.2) and the statement of Lemma 1; we shall use
the normalization N here to simplify notation. Also, Lf } e C (f,o) implies

that (dropping the tilda on o)
I NE(FyF) - 2 e Pt — 0

where FN’ F are the df's corresponding to fN, f and

[ denotes the supremum

1
2l it follows by

norm. Thus gy =+ g in measure and since {gN l=1=14g
13.

| — 0.

Vitali's theorem that || gN -

Now let ny = (SN—])/Z + (6-1)/2 =n > 0 since 8 > 1, and use Minkowski's
inequality and (3.1) to write

.
N g - ¢ -8l
ok L yen
= || (e - 89)(1-Fy) Ty - we T hEf
n
+ iR - e - %h (log F) FI¢?
s FDNT (£ - 7Y - Fla
N N
+ NEFD - FIIF o BN oFHan) PR

i

A N
AN+8{BN+CN+DN;

where the four terms AN - DN correspond to the four preceding lines. We shall

show that each of these terms converges to zero as N =+ o,

First AN by easy algebra and Minkowski's inequality

0 orak 1 i, | .
o < [ I (ay/e)® = 1)(erey)™ - (h/28) gl + Al ) gt - g%l — o

. i 1 o«
since N%(%N -8)=handg: =gfinl




Efficiency of Relative Risk Estimates 57

. " . , L . S
To handle By, first note that || Fy - Fil, =0, f§ + f* in L2 and Nz(nN - n) =+ kh

-mqp‘: that

WIFN- FI6E —— uh(log F) FIE%

ure, and by direct calculation,

=N

=T 2 ~ 2 n A ~ 2 "3 f =\ FN 02
- rN‘ifﬁ[é = N(gy-6)/[86y (6 + 8)1 ~ 5% "= || 5h(Tog F) 672 .

Therefore, by Vitali's theorem it follows that

n

s EEN _E B E £,
By = || W3R - FLIFZ - 5h(log F) F 7]+ 0.

2y 0 is easily shown by using Minkowski's inequality, (2.1}, and

F,o- Fli 7 O
oy = TR NAEE - £ - P o
< R INUAE - ) - ol + (R - T alf
S FL N - P e [+ Ry - Pl s la i 0
since |

l, >0 implies || Fy - F7

o

+ 0 forn > 0.

Finally, the (more difficult) term DN is

0y = | OCFY - 71 - 20 P J b

To show that Dy + 0, first note that the result is trivial when n = 0(g=1), so
we assume n > 0. Let
- NEEE L ‘211
o N (fN - f?) - o, (4.17)
and note that || QMH -+ 0 implies that there exists a finite constant M such that
| atreyliZ < m (4.12)
Thus we have both
T U VR VI ¥ .
[P () - F(x)| = | JUFE - £ (E7 + Fh)d1] (4.13)
N b N N
= | N o+ e ) (£ + £l
X NN
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5,

< NAPLR (0% + F(x)

(4.14)

which yields
= S P 5
1FN(X);§ - F(x)* <N o' s

and
Fy(x) - Flx) = Z(fﬁ _ P+ £l - P (4.15)

_;,03 - oo
m*;w+ewﬁa+n‘f(a+%ﬁa.
X X

Now let a, = F"(]-ZM N';i), where F'1 denotes the left-continuous inverse of F.

Then, by (4.11) - (4.15) and
0 = (yex) Y sy (DT

where |X - x| < ly-x|, we find that

a
N <3
ASCED - T - 20PN (fafd1)iPF a1
-CC N .

aN e o
=2 [ ey e N Jla e )P0
-0 X x

¢ TECE, (05 FORP [Fy00™ PO (n1) (1B, )23 () o

where |Fy(x) - FOO T = [Fy(x) - F{x) ]
ay -
<212 [I8( ng%)z + o TR0 22 (x) dx
- X
a
N ,
s 212 [ [2F 00 ¢ RGO + ROON3ME 41785 () dx

where |R(x)| < 1 and by using (a+b)2 2(a2+b2} repeatedly

A

3
12 - 0 e ax

a
N
o 8% + an2(n-1) 2 [ TGP (k) dx

for N sufficiently large
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a2 2, 2,21 Ay w. y2n-1
il H ‘- - -
<8 [ eygll?+ 14+ 91T Mo (2n-1)710 Flay) ™ 11 4 o1 (4.16)
o 14+ 912N og (1/F(a) 1y, g
e Q.
We also have, by Cauchy-Schwarz,
FronF)N [ardn] £(x)dx
3 X
N
< 4| al? [FPVTE dl = 20 [l |2 RGa)® 0, (4.17)
ay
and hence it remains only to show that
[ NEFY - 192 £d1 = 0(1) . (4.18)
a
N
When n > 1 it follows from (4.13) that
T G I A A e A
a a
N N
< W [N [7F a1 = 40 W F(ay) = o(1) (4.19)
a
N

and therefore it remains only to prove (4.18) for 0 < n < 1. Thus suppose that
0 <n <1, and set
< .
dy = [ (a+ %y, (4.20)
a
N
and
_ -1 -1,2
bN = F '(1-N dN) . (4.21)

Note that support(a) < support(f) implies that [ o%dl > 0 and hence

ay
de < £ [ oDV gyl — 0. (4.22)
a
N

Then, as in (4.13), we have for x > 3y
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= - % - L o=,k
Fox) = FLal < NS (o v )P0 [RU0™ + 0]
N
which implies
§?Eu(><};i - f(x)%é < N'%di for x > ay - (4.23)
Hence, from (4.22) and (4.23) it follows that for ay LX< bN
2
T Ny
FN(X) >Fx)P{l - —x 12 F(X)’U-dN) s (4.24)
- 2
F(x)
and similarly
R0 < FO(1+dy) - (4.25)
Thus it follows, for 0 <n <1, that
by By
N CF) - PO fd = e ] [1-‘?N]2“‘2[FN-F}2 £ dl
ay ay
bN
=2n- -4 -1 40k
e [ F2aog )t Nl « PR £ a
a
N

(4.26)

A

b
N

W2(1-a) 70 P (2rg)? £ ar
a
N

< n(1-4) 1 H2ra)? dy Fla)™ = o(1)

and that, from the definition of by and [Fy - F'[ <1,

P4
o §

[F] - F172 ¢ d1 < N Floy) = dy = o(1). (4.27)
N

Combining (4.19), (4.26), and (4.27) completes the proof of (4.18): Hence
Oy 0, and this completes the proof of Lemma 1.
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