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ABSTRACT

First, we review and further develop the general weak convergence theory of
Hoffmann-J (n'gensen and Dudley for nonmeasurable functions. Our new results include:
(1) a generalized Prohorov theorem; (ii) an extension of Le Cam’s third lemma; (iii) some
new uniformity results.

The general weak convergence theory is then used to formulate several convolution
and asymptotic minimax theorems for nonmeasurable “estimators"; these theorems are
of statistical interest and importance since they provide lower bounds for estimation. The
reformulation using the general weak convergence theory permits a significant
weakening of measurability hypotheses. Examples considered include estimation of an
unknown measure based on i.i.d. observations, estimation of a bivariate distribution P
with missing marginal data, and estimation of the stationary distribution of a Markov
chain.
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0. Introduction

One of the key goals of asymptotic statistical estimation theory concerns asymptotic
efficiency:

Question A:  What (asymptotic) "lower bounds” for estimation are available (in a given
problem)?

Question B:  Can we construct estimators which achieve the bounds?

Since the key papers by Hﬁjek (1970, 1972) and Le Cam (1972), many statisticians have
often answered the first question in terms of either "convolution theorems" or "local
asymptotic minimax theorems.” The first theorems of this type were given by Hijek
(1970), (1972) and Le Cam (1972) with earlier important contributions by Le Cam
(1953) and Chemoff (1956). Ha’tjek (1972), page 177, gives an interesting discussion of
the early history of these theorems. Since then, these theorems have been extended,
generalized, refined, and applied to both "nonparametric "and "semiparametric models”
(see e.g. Koshevnik and Levit (1976), Levit (1978), Beran (1977), Millar (1979), (1983),
and Begun, Hall, Huang, and Wellner (1983)).

More recently, convolution theorems have been developed for estimation of
functions in more abstract spaces. Millar (1985) treats convolution theorems for
estimators with values in a separable Banach space, while van der Vaart (1988a), (1988b)
proves convolution and asymptotic minimax theorems for estimators with values in a
general vector space under various measurability assumptions.

Simultaneous with these developments in statistics, the theory of general empirical
processes has developed rapidly since the key paper by Dudley (1978) (see e.g. Dudley
(1984), Giné and Zinn (1984), Dudley and Philipp (1983), Pollard (1984)), and has
spurred the formulation of a more general theory of weak convergence which neatly
handles measurability difficulties which have encumbered earlier work. This new weak
convergence theory is due to Hoffmann-inrgensen (1984) and Dudley (1985) in a
development from earlier work by Dudley (1966) and Wichura (1968), (1970). It
generalizes both the weak convergence theory for separable metric spaces as given in
Billingsley (1968) and the weak convergence of measures defined on the sigma - field
generated by closed balls due to Dudley (1966) as expounded in Gaenssler (1983) and
Pollard (1984).

Typically the problem of estimation of abswract functions requires the use of
nonseparable metric spaces. This is already apparent in the simple problem of estimating
a cumulative distribution or hazard function, which are most naturally viewed as
elements of the Skorokhod space D equipped with the supremum metric. Furthermore.,
for estimating a distribution on a higher dimensional Euclidean space, one usually views
this as indexed by a collection of Borel sets such as balls or half spaces, in which case it
can be seen as an element of the /™ space employed in empirical process theory. In view

January 24, 1990



.

of this it is necessary to derive lower bound theorems for estimators with values in
nonseparable spaces. Since for such spaces the usual ‘estimators’ will often not be Borel
measurable, the new theory of weak convergence provides the right language for the
formulation of such results.

Our goal here is to combine these two developments by presenting new convolution
and asymptotic minimax theorems (answers to question A) formulated in terms of the
general weak convergence theory of Hoffmann-Jprgensen (1984) and Dudley (1985).

We begin in section 1 with a review and synopsis of the the new weak convergence
theory, with some new developments. Substantial parts of this section are due to
Hoffmann-Jgrgensen (1984) and Dudley (1985). Several results, which are crucial for the
development in sections 2 and 3, are new, however. The generalizations of Prohorov’s
theorem given in theorems 1.1 and 1.3 are both new and are important tools in the proofs
of the convolution and asymptotic minimax theorems given in sections 2 and 3. The
extension of Le Cam’s "third lemma" to this new weak convergence theory, which we
give in lemma 1.6, is also apparently new. Some new results on the uniformity of
convergence (in the new theory) over subclasses are presented in section 1.6. Section 1
concludes with net versions of some of the results in sections 1.1 - 1.6; these are stated in
section 1.7. In particular, we state the net version of the generalization of Prohorov’s
theorem; this is a crucial tool in the proof of the local asymptotic minimax theorem
presented in section 3. The proofs of the results for nets are sketched in section 5 and
complete proofs are given in an appendix.

A convolution theorem formulated in terms of the new general weak convergence
theory is given in section 2. The theorem covers the basic (and, for applications, most
important) case of models which satisfy a local asymptotic normality (LAN) condition.
Similarly, an asymptotic minimax theorem formulated in terms of the new general weak
convergence theory is given in section 3. Four Banach spaces of particular interest for
statistical applications are singled out in corollaries. In section 4 we discuss three
examples: estimating a measure P based on i.i.d. observations, estimating a bivariate
measure with missing marginal data, and estimating the stationary disiribution of a
Markov chain. The examples raise two interesting problems concerning "question B"
which we leave as open: i.e. can the bounds be achieved? Finally, proofs for most of the
results of section 1 are given in section 5.
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1. Weak Convergence

1.1. Definitions and Basic Results

Often the random functions with which we work are, unfortunately, not measurable
with respect to the Borel sigma - field M of the metric space M , and hence do not
induce probability measures thereon. This typically occurs when M is nonseparable;
for example D [0,1] with the supremum (or uniform) metric IIll_, or [=(F) with the
supremum metric [I'llg . The theory we outline below, due to Hoffmann—J;ﬂrgensen (1984)
and Dudley (1985) following an evolution from Dudley (1966), gives up the goal of
inducing distributions on M equipped with some sigma - field of subsets. It gives a
theory of "weak convergence of laws without laws being defined" -- except
asymptotically.

Much of the material presented in this section is known or almost known; we give
references to original sources, as best known to us, throughout the section. The main new
results in this section are: the extension of Prohorov’s theorem theorem 1.1); the
continuous mapping theorems (propositions 1.1, 1.4, and 1.5); and the extended version
of Le Cam’s third lemma (lemma 1.6). We have not seen the main reference given
above, the manuscript of Hoffmann-Jgrgensen (1984), during the writing of this paper,
and are, of this date (January, 1990) unaware of its exact contents.

Suppose that ({2,A,P) isa probability spaceand f :Q — R isa (completely
arbitrary) function,

Definition 1.1. f" denotes any measurable function from (Q,A) to (R,B) such
that

@ f'2f as

(ii) If » 2 f and h ismeasurable,then h 2 f* as.
We will show below that f " exists and is unique. Define
(1) fe==((=).
Then feo :(Q,A) — R is measurable with

(iii) f» £ f as.

(ivy If h £ f and h ismeasurable, then 2 < f ' as.

We summarize (i) and (ii), and (iii) and (iv), respectively, by the notation

*

f =essinflh: A 2 f , h measurable }
(2) fx =esssup{h: h € f, h measurable} .
Let

Epf =inf{Eph: f < h and h ismeasurable},
3 Ewpf =sup(Eph:f 2 h and h is measurable } .
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It is shown in lemma 1.2 below that
(4) Epf = Epf® and  Ewpf = Epfu.
We also define, as usual,

P*(A) = inf(P(B): B DA, B e A),
P.(A) =sup{P(B): BcA, Be A},

Our first two lemmas summarize the basic properties of f* and f. . All the
proofs for this section are given in section 5. The following lemma 1.1 and (i), (ii), and
(xi) of lemma 1.2 are also given in Dudley and Philipp (1983), while (xiii) of lemma 1.2
is in Dudley (1984) lemma 3.1.6.

v *
Lemma L.1. f* exists; moreover we can choose f 2 f everywhere.

Lemma 1.2. (Some facts about f~ and f« )
@ F+g) <f +g" as.
iy (¢ -g) 2 f* = g" as. whenever both sides are defined a.s.
(i) If* =gl <1f — gI" as. whenever both sides are defined a.s.
(iv) (f +8)s 2 f+ + g« as.
(v) (f — g)x £ f» — g« a.s. whenever both sides are defined a.s.
(vi) Ifs — g«l <If — gI" a.s. whenever both sides are defined a.s.
(vii) If g :Q — R ismeasurable, then (f g) = f g lg 201 + f+ 8 1z <o) as.
(it) 1+ f) = 1+ f" as, A+ F) =1 + f+ as.
(ix) Forany A < Q there is a measurable set Ay € A suchthat A < A, and
1; =1y, as.
(x) 1y + 1., =1 as.
(xi) Epf = Epf" and Expf = Epfe.
(xi) P (A) = E(1,)" .
(xiil) ljfse = ly=5g asand P'(f >€) = P(f" >e).
Suppose that (M ,d) is a metric space (nonseparable in general),
{(X,,A,.P,)}, 50 is a sequence of probability spaces, and
(5) X, : X, »>M, for n=0,1,2, -

are arbitrary maps. Let C,(M) be the collection of bounded, continuous functions #
from M to R.

Definition 1.2. We say that X, converges weakly to a random element X, in
(M ,M),and write X, = X,,if forevery h € C,(M),
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(6) E'h(X,) > Eh(Xg, as n — .

Call X separable if there exists a separable Borel set My < M with
Po(X 4 € My) = 1. With the possible exception of set-theoretic pathological cases, it
i1s no loss of generality to assume that a random element in the Borel sigma-field is
separable. See the discussion in Dudley (1985), pages 148 - 149, and Dudley (1976),
theorem 5.5.

Since (6) holds for — A4 , it follows from definition 1.2 that, for 4 € C, (M), also

(7) Ech(X,) > ER(Xy) as n — oo,
Note that to show X, => X, it suffices to prove
(8) limsup E* h(X,) < Eh(X)

: n — oo

forall h € C,(M): (B)implies that
limsup E* (-~ (X,,)) € E(~h(Xy)),

Rp
or
liminf E, h (X,) 2 ER(Xy),
n o e
and hence
(9) Eh(Xy) < liminf E+h(X,) < liminf £”A(X,) < limsup £ 2 (X,) < Eh(Xy),

so that (6) holds.

An appropriate generalization of the tightness definition for this theory is as follows:
Definition 1.3. The sequence (X, },,, is #ight if and only if for every & > 0
there exists acompact set K < M such that forall 8 > 0

(10) liminf P« (X, € K%) 2 1-¢;

where K% = (xeM:d(x,K) < 8}, or, equivalently
(11) limsup P, (X, ¢ K% < ¢.
n

This definition is due to Hoffmann-]girgensen (1984) in a development from Dudley
(1966) and (1976, page 23.3); see Andersen and Dobri¢ (1987), page 167.

Call a random element X in (M ,M) righrif for every € > 0 there exists a
compact set K € M suchthat Po(Xy e K) =2 1 — €. We note that, by theorem
3.2 of Parthasarathy (1967) or theorem 1.4 of Billingsley (1968), any separable X in
a complete metric space (M ,d) istight.

With these definitions, most of the usual results in the theory of weak convergence
of measures on metric spaces as outlined in Billingsley (1968), and elsewhere, have
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analogues or extensions to the nonmeasurable HJ - Dudley theory. One notable
exception, however, is the direct part of Prohorov’s theorem (theorem 6.1, page 37,
Billingsley (1968)), as will be seen in example 1.1 below. We begin with analogues of
several results from the standard theory. The following theorem is stated by Andersen
and Dobri¢ (1987) (see their remark 2.13, page 168), and has been also used by Gin'e and
Zinn (1986), page 61; we do not claim it as new.

Lemma 1.3. (Portmanteau theorem). The following statements are equivalent:

(1) X, = Xy as n — oo,

(ii) liminf P,.s (X, € G) 2 Py(Xg € G) foreveryopenset G < M .

n— oo

(ifi) limsup P (X, € F) < Py(X, e F) foreveryclosedset F — M .

n—ee

(iv)  liminf, |,  Exh(X,) 2 Eh(X() for every bounded, lower semi-continuous
function % .

(v) limsup,, _,“E*h(x,,) € Eh(X,) for every bounded, upper semi-continuous
function 4 .

(vi) lim,,_,,,,P,:(X,, € A)=P(Xy,e A) for every Borel set A with
Po(xoe aA)=0.

Lemma 14. (Weak convergence to a tight limit implies tightness). Suppose that
X, = X,y where X istight. Then {X, ]} istight

For n =1,2, -, let X,:X, > M, and ¥, :X, - M, be maps into
metric spaces M, and M,. Equip M, xM, with the metric
d((x1,x2),01,¥2) = dixy,y)Vdyxz,y2) .

Lemma 1.5. (Marginal tightness implies joint tightness). If both {X,} and (¥, }
are tight, then {(X,,¥,)} istighttoo.

Proposition 1.1. (Continuous mapping theorem; CM ). Suppose that:
(i) g:M — M’ iscontinuousonaBorelset My c M .
(ii) X is Borel measurable and Po( X, € My) = 1.
Then X, = X, implies that g(X,) = g(X,).

1.2. Le Cam’s third lemma

For n =1,2,:-- let P, and (@, be probability measures on measurable
spaces (X, ,A,).Let A, be the log-likelihood ratio of Q, with respectto P, : ie.
given densities g, and p, with respect to a ¢ — finite dominating measure p, (e.g.

L, =P, +0, ) let
A, = log( q—“),

”n
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where log%=—oo if a=0<b,+o if b=0<a,and 0 if a =b.

Let X, :X, > M asbefore. Equip M xR with the metric
d((x,r),(v,s)) =dx,y)Yarctan |r — sl .

Lemma 1.6. (An extension of Le Cam’s third lemma). Let P, and Q, be
contiguous, and suppose that

(12) X,.A,) = (X ,A) under P,
where (X ,A):Xy —» M xR is Borel measurable. Then
(13) X =Z under Q,

where Z : X, — M is Borel measurable and

(14) P(ZeB)=ElgX)eh.

Furthermore, if X is separable (or tight), then Z may be taken to be separable (or
tight) too.

Remark. If X is Borel measurable in M and has separable range, then (X ,A)
is Borel measurable in (M ,E) . Proof: Let M be the range of X . Trivially (X ,A)
is measurable as a map in My X R with the product & - field of the Borel o - fields of
My and R . The latter o—field equals the Borel o—field of MyxR, by
separability of M, and R . Now for any Borel set B8 in M xR,
(X.,A) e B)={X,\) e BN(MyxR)) € Ay since B (MgxR) is a
Borel set in MOXE.

1.3. Prohorov’s theorem

Here is an example to show that Prohorov’s theorem (tightness implies relative
compactness) fails for = without additional hypotheses.

Example 1.1. Let (X,,A,.P,) = (X,A,P)=(0,1],{D,[0,1]},A) for all
n =21 where A denotes Lebesgue measure. Let M = [0,1], and define
X(w)=0w for wme X=1[0,1]. Consider the sequence (X,} defined by
X, =X, n21. Then P,.(X, € [0,1])=rX e [0,1]) =1 for all
n=1,2,--,s% (X,}] istight. But X" =1, X. = 0; and hence for the
bounded, continuous function A(x) = x on M it follows that

E'h(X,)=EX, =1, and

Exh(X,)=EX,» =0 forall n =1,2, -

Thus {X, ] has no subsequence for which = holds.

January 24, 1990



-8-

Of course the key difficulty here is that => implies some "measurability in the
limit" since {6) and (7) imply that

(15) E'hX)-Esh(X,) >0 as n — o
forevery h € C,(M}.In the example there is no measurability to start with, so there
is no measurability in the limit, and weak convergence in the sense of definition 1.2

fails; thus it is not true in general that X => X .Infact X => X istrueif and only
if X is Borel measurable.

Here is a modification of Prohorov’s theorem appropriate for the present
(Hoffmann-J$rgensen and Dudley) definition of weak convergence. We first need a
definition:

Definition 1.4. We say that a subset H < C,(M) approximates the unit ball of
Cyp(M) on compacts if and only if forevery h € C,(M) with IlAll, £ 1, 1 >0
and compact set K < M there is an hpe H with lagl, €2 and
Sup, ¢ x 1h(¥) — ho¥)l < M.

Theorem 1.1. (Extension of Prohorov’s theorem). Suppose that:
(1 {X,) istight.
There exists a subset H < Cp (M) such that:
(ii) H aproximates the unit ball of C,(M) on compacts.
(i) E"h(X,) - Esh(X,) > O as n — « forall h € H.

Then there exists a subsequence (X, } < {X,} suchthat X,. = some tight X .

Theorem 1.1 has a number of useful corollaries:
Corollary 11. For »n =1,2, - suppose that X,:X, - M, and
¥, :X, - M, aremaps with
X, =X, ad ¥, = ¥,
where X, and ¥, are tight Borel measurable maps into M, and M,
respectively. Then there exists a subsequence (n’} < {r} such that
(xn'!yn') = (XO,YO) as n’ — oo
for some tight joint law L(X, ¥ ) on the product space (M ;xM,,M;xM,).

As in classical weak convergence theory for separable metric spaces, joint
convergence for the full (joint) sequence in corollary 1.1 fails in general: consider
(X, ,¥,);n21) in [0,1)* with (X,,,¥,,) uniformly distributed on the line
y=x and (X,,,;,%2,4) uniformly distributed on the line y =1-x. Then
X, ~ Uniform(0,1) and ¥, ~ Uniform(0,1) for all an so that X, = X, and
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¥, = ¥, with X, and ¥, ~ Uniform(0,1). But the full sequence
{(X,,¥,); n21) does not converge weakly. Joint convergence for the full sequence
can hold under additional hypotheses; see e.g. Billingsley (1968), page 27, theorems 4.4
and 4.5.

For an arbitrary collection F, let !™(F) denote the collection of all bounded real
functions on F . It will be equipped with the uniform norm izl = sups ¢ plz ().

Corollary 1.2. Supposethat M = [™(F) and that:
(i) (X, ) istight
(1) (X,(f)} is A, —B measurable forevery f € F and n =1,2, ---

Then there exist {n’} < {an} suchthat X,. = some tight X .

When M =[%(F), (asymptotic) tightness of X, in the sense of definition 1.3 is
equivalent to (asymptotic) p — equicontinuity of X, for some pseudo - metric p on
F together with (asymptotic) boundedness; see e.g. Andersen and Dobri€ (1987), page
167. This parallels the classical results in Billingsley (1968), theorem 8.2. Also, a tight
law L(X3) on [7(F) is completely determined by its finite - dimensional laws
LXo(f 1), - . Xo(fn)) . Hence if (i) and (ii) of corollary 1.2 hold and, moreover,

L(xn(f])a ixn(.fm)) - L(XO(fl)’ !x()(fm)):
then X, = X,.

Corollary 1.3. Let A be a sigma - field of subsets of M such that for every pair
Xy #Xxp in M there exists an A —measurable & € Cp,(M) with h(x)) = Alxy).
Suppose that:

(1) {X,) istight
(i) {X,) is A, — A measurable forevery n = 1,2, ---

Then there exists {n’} c (n) suchthat X,. = some tight X, .

An example is obtained by letting A be the sigma - field generated by the closed
balls (cf. Gaenssler (1983), Dudley (1966)). Then A(x) = (1 — p d(x ,x;))* satisfies
h(xy)=1 and h(x;) = 0 for sufficienty large p . Actually, corollary 2 is a special
case of corollary 3, too.

1.4. Measurability in the Ball o - field

An alternative theory of weak convergence due to Dudley (1966) (see also
Gaenssler (1983) and Gaenssler and Schneemeier (1988)) is applicable when the X, s
are measurable in the sigma - field M, of subsets of M generated by the closed bails.
In this theory, X, =>p,4., X, means that

(16) Eh(X,) > Eh(Xgp forall & e Cy(M,M,)
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where C,(M ,M,) is the collection of all bounded continuous functions defined on
M  which are M, —measurable. In view of results of Dudley (1966) (cf. Gaenssler
(1983), theorem 28, page 47), (16) is equivalent to

(17 | hdP,oX ' - [hdPeX;'  forall h e C,(M)

provided X, has separable range.

When X, is measurable in the ball sigma - field M, and X, has separable
range the following proposition says that =>p,4,, isequivalentto = .

Proposition 1.2. (Equivalence of =>p,4,, and = under M, — measurability).
Suppose that X, :X, - M is M, —measurable for n =0,1, - and
PyX ' is concentrated on a separable subset My of M .Then X, =p.u., Xo
if and only if X, = X,.

On the other hand, Dudley (1985) gives an example to show that X, = X, is
not equivalent to
| hdP,oX;' - Er(Xg) forall h e Cp(M),
(where each P,,OX,,'I is definedon {B < M : Xn'l(B) € A,)), which would be a

natural extension of (16) in the case that the X, ’s are not M, ~ measurable.

1.5. Convergence in outer probability, convergence almost uniformly, and
continuous mapping theorems

Now suppose that every X, is defined on the same probability space
(X,A,P), n =0,1, -+ . Wesay that X, converges almost uniformly to X if

dX, X" =, 0 as n = oo,
We say that X, converges in outer probability to X if
d(X, Xq" -, 0 as n — oo,

It is clear that convergence almost uniformly implies convergence in outer probability.
By lemma 1.2.xiii, the latter is equivalent to, for every € > 0

(18) P*(d(X,,,XO) >e) =0 as n — .

The definition of almost uniform convergence has a similar translation:
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Proposition 1.3. (Dudley). Let (X,A,P) be a probability space, (M ,d) a metric
space, and X, functions from X into M, n = 0,1, --- . Then the following are
equivalent:

A dX, Xy -, 0

B. Forevery ¢ >0, P'(sup d(X,, . Xy) >€e) 5 0 as n — oo;

mz2n
C. For each & > 0, there is some B € A with P(B) > 1-8 such that
X, — X, uniformlyon B ;

Proof. See proposition 1.1 of Dudley (1985). O

Both convergence in outer probability and almost uniformly are preserved by a
continuous map if the limit is Borel measurable.

Proposition 1.4. (Continuous mapping theorem; CM continued). Suppose that:
(1) g :M — M’ iscontinuous onaBorel set My c M .
(i) X, is Borel measurable and Po( Xy e My) = 1.
Then:
A d(X,.Xp" -, 0 impliesthat d"(g(X,).g(Xo)" -, 0.
B. dX, X -, O impliesthat d’(g(X,),g X)) —,, 0.

The continuous mapping (or Mann - Wald) theorems given in propositions 1.1 and
1.4 have a further useful extension to a sequence of functions g, . The following
proposition generalizes Billingsley (1968), theorem 5.5, pages 33 - 34, and Gaenssler
(1983), theorem 5, page 56. The basic idea is apparently due to H. Rubin; see Topsge
(1967) for a discussion and a refined version of the theorem in the standard ( separable
M ) weak convergence theory. It is a very useful result in connection with Hadamard -
differentiable functions and the delta method; see Wellner (1989) and Sheehy and
Wellner (1988).
Proposition 1.5. (Extended continuous mapping theorem; CM, ). Suppose that
8, 8. : M — M’ are functions which satisfy:

(i) X, is Borel measurable and Py(Xy; € My) = 1 for some Borel subset
MO of M.

(i) For every x € My and every sequence {x,}] with x, — x,
8.(x,) — g(x).
Then the restriction of g to My is continuous and:
A X, = X, implies g,(X,) = g(Xy) .
B. d(X,,Xy -, 0 implies d’(g,(X,),g(Xp)" —, 0.
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C. dX,.Xy) -, 0 implies d(g,(X,),8 X)) —,, 0.

Convergence in outer probability is stronger than convergence = :

Lemma 1.7. Letevery X, be defined on the same probability space (X,A,P) and
assume d (X, ,X ) —, 0 where X is Borel measurable. Then X, = X|.

This lemma is actually a special case of the following lemma:
Lemma 18. For n =0,1, -~ let X,:X, - M and ¥,:X, - M be
arbitrary maps. Suppose that X, => X, where X, is Borel measurable and
d(X,,%,)" =, 0.Then ¥, = X,.

The almost surely convergent construction of Skorokhod (1956) (see e.g.
Billingsley (1971) has a counterpart in the Hoffmann-Jgrgensen theory of weak
convergence; the counterpart is due to Dudley (1985). To state Dudley’s theorem, we
first introduce the notion of a perfect function.

Definition 1.5. Let (Q,Z,0Q) be a probability space, let (X,A) be a measurable
space, and let ¢: Q — X be measurable. Let P = Qo¢~!. Then ¢ is perfect if
and only if for any bounded real - valued function g on X

P™(g) = Q" (g°9); ie. Epg = Epgod.
As shown by Dudley (1985), theorem 2, page 146, this is equivalent to (go¢)” = g od
as. 0 andto P’ = Q*oqfl.

The key property of perfect functions that makes them useful and important is the
following: suppose that X : (X ,A,P) — (M ,d) where (M,d) is a metric space.
Suppose there exists a perfect measurable function ¢:(Q.Z,0) — (X,A,P) with
P = Qo¢p~!. Define X: (X.3 = M .d) by X = Xo¢p. Then for any set
B cM

(19) 0'XeB)=P' (XeB);

this follows from the definition since, with g(®) = ljx(,) ¢ g) for @ € X,
P'XeB)=0"(XoveB)=0 (X €B).

In this sense we can say that "X =, X ".

Here is Dudley’s (1985) fourth-generation Skorokhod theorem.

Theorem 1.2. (Skorokhod - Dudley? - Wichura). Let (M ,d) be any metric space,
(X, ,A,,P,) any probability spaces, and X, a function from X, intoc M for
each n =0,1, - . Suppose that X, has separable range My c M and is
measurable. Then X, = X, if and only if there exists a probability space
(X,Z£,0) and perfect measurable functions ¢, from (X,Z) o (X,,A,) foreach
n=0,1, - suchthat
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() Qo¢;'=P, on A, foreach n =0,1, ---,
(i) X, = X,°0, — Xy = X, almost uniformly; i.e.

(20) dX, . X)) —-,, 0 as n — e

For a complete discussion of theorem 1.2 and the notion of perfect functions, see
Dudley (1985). For another discussion and exposition, see Pollard (1988).

1.6. Uniformity over subclasses H ¢ C, (M)

Now we give several results connected with uniformity of the convergence in (6)
over certain collections H < C,(M). All of the following results depend on the
separability of X .

Lemma 1.9. Let H < C,(M) be equi-continuous and bounded. If X, => X, and
Xy is Borel measurable and separable, then

(21) sup IE*A(X,) - ER(X ) — 0.
heH

Now let § be a countable, dense subset of the separable subset My < M . For
seS,peQF, ge Q, set

hp.q.s(x) =q(l -pdx,s)",
and let
Hs = {hp.q.s:p € Q+:q € @,5e€ S8},

= i . h; He, i = 2 .
H, {i?x‘”slnh‘ ; € Hg, i 1, m,n21}

Lemma 1.10. Suppose that X is Borel measurable with separable range M, . Then
X, = X, if and only if

(22) E*h(X,) - Eh(Xy) forall & € Hy.

Corollary 1.4. Suppose X, is Borel measurable and separable. Then X, = X, if
and only if
(23) E*h(X,) - Eh(Xy)
for all uniformly continuous 4 e C,(M).
Coroltary 1.5. Suppose X is Borel measurable and separable. Then X, = X,
if and only if
(24) g+ (L' (X,),L(X)) = , P E"h(X,) — ER(X ) — 0
€ DL,
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where
BLy ={h € C,(M): lh(x) = h(y)! < d(x,y) forall x,yeM
and lAll_ < 1}.

Corollary 1.6. Suppose that X, is Borel measurable with separable range M.
Then there exists a countable subset H of Cp(M) suchthat X, = X, if and only
if
(25) P IE*h(X,) — ER(X)l — 0.

€

L7. Net Versions of Hoffmann - Jgrgensen Convergence Theory

We will have occasion to use the net versions of several of the theorems developed
in sections 1.1 - 1.5. Before proceeding, we briefly review some of the key definitions
and properties of nets. A directed set A is a partially ordered set such that given o
and o, in A, there exists an a3 in A with o s 03 and o) < 03. A net

{xq: @€ A) isasubsetofaset X indexed by adirected set A . A net {xy) ina

topological space converges to a point x , if for every open neighborhood G of x
there is an o4 such that x, € G for every &2 0. The liminf of a net of real
numbers {x} is defined by liminf, x, = limyinfg, o xp. A subnet {(xo@): Be B)
is a subset of {xq: e A} which is a net itself, of course, and moreover has the
property that for every og € A there isa Py e B with o) 2 o for every
B2By (ie. of) is ‘eventually past’ ag forevery o). A sequence is clearly a net
and a subsequence a subnet, but a subnet of a sequence is not necessarily a subsequence.
The following two important properties hold:

e Aset F isclosed if and only if it contains the limits of every convergent net
(xq: e A} C F.

® Aset K iscompact if and only if every net {x,: ae A} c K has a
converging subnet with limitin X .

Proofs of these properties can be found in Kelley (1955). If the topological space does
not satisfy the ‘first axiom of countability’ (there is not for every point a countable base
for the neighborhoods of that point), then the assertions can be false if ‘net’ is replaced
by sequence. An example of such a space is one which we will encounter in the proof of
theorem 1.3 below: the product of uncountably many metric spaces equipped with the
product topology is not first countable.

As in section 1.1 suppose that (M ,d) is a metric space (nonseparable in general),
{(Xa Ag:Po)loe 4 isanetof probability spaces, and

(26) Xo: Xy oM, for ae A
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are arbitrary maps. As before, C,(M) is the collection of bounded, continuous
functions 4 from M to R .

Definition 1.6. We say that X, converges weakly to a random elemenr X, in
(M ,M), and write X, = X, ifforevery & € C,(M),

27 HmE* h(Xy,) = Eh(Xp).
[» 4

Definition 1.7. The net (X, ) 4 is tight if and only if for every € > O there
exists acompactset K = K, ¢ M such thatforall § > 0

(28) liminf P s (Xq € K®) 2 1-¢;
ol

where K9 = {xeM:dx,K) < 8], or, equivalently
(29) limsup P (X, € K% < e.
o

It is easily checked that iemmas 1.3 - 1.8 and proposition 1.1 go through for nets
with only notational changes needed in the proofs (see the appendix for complete
statements and proofs). The situation is somewhat different for Prohorov’s theorem. It is
true that a tight net {X ] has a converging subnet. However, this is a different result
from theorem 1.1 which says that a tight sequence has a converging subquence. The
proof of the net version is therefore somewhat different from the proof of theorem 1.1
too. In fact, the proof of the net version is easier because of the second key
characterization of compact sets in terms of nets and subnets discussed above.

Theorem 1.3. (Extension of Prohorov’s theorem for nets). Suppose that:
(1) {Xglgea istight

There exists a subset H < Cp (M) such that:
(i) H aproximates the unit ball of C,(M) on compacts.
(iii) li&n{E*h(Xa) ~Esh(X,)) =0 forall h € H.

Then there exists a subnet (X )oea © {Xglges such that X, = some
[igl’lt XU .

Corollary 1.7. For ae A supposethat X,:X, - M, and ¥ :X, - M, are
maps with
XQ=X0 and YU.=> Yo,

where X, and ¥, are tight Borel measurable maps into M, and M,
respectively. Then there exists a subnet {(Xo ¥ ) loear © (X, ¥o))aeq such
that
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(30) X, ¥y) = (Xo,¥p)
for some tight joint law L(X, ¥ () on the product space (M ;xM,,M; xM,) .
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2. A Convolution Theorem

Now our goal is to use the results of section 1 to establish a convolution theorem for
regular "estimators"; our definition of regularity will be formulated in terms of =>.
This is the key difference between theorem 2.1 presented below and earlier results of this
type due to Millar (1985) and van der Vaart (1988a, 1988b). The present theorem
removes measurability conditions, allows for dependent data (as in Hﬁjek (1970)), and
extends the applicability of those results substantially.

Let H be a linear subspace of some Hilbert space. Write <-,-> for the inner
product and H-ll for the norm.

For n =1,2,--- and h € H let P,, be aprobability measure defined on
a measurable space (X, ,A,). Assume that
(1) log AP =A, 4 - lIlhil2 + op (1), forevery h € H,
dPn.O i 2 "o
where A, , : X, — R are measurable maps with
(2) LO(An.hl’ ot ’An.h_,) 4 Nd(0,<h; ’hj>)
for every finite subset k2, --- ,hy; € H. This is a very natural generalization of the

local asymptotic normality (LAN) assumption of Hajek (1972).

Let B be a Banach space and v,(P,,) be B - valued "parameters” such that
3) RyWn(Ppy) = VaPnao)) — V(h), forevery h € H
for some sequence of linear maps K, :B — B with IR, I - e and a continuous
linearmap v:H — B.

A sequence of maps T, : X, — B is said to be locally regular for v, if, under
Prn
(3 R, (T, = v,(P, 1)) = Z as n — oo,

for every h € H, where Z is a Borel measurable tight random element in B
which does not depend on 2 € H. Note that no measurability hypotheses are made
about the mappings T, .

Theorem 2.1 (Convolution theorem). Suppose (1) - (3) hold and T, is regular. Then
there exist tight Borel measurable elements Z; and W in B with

A, P(Zye v(H) = 1.

B. L(Z)=L&Z,+ W).

C. Z, and W areindependent.

D. L(®"Zy =NO,Ib"I% forevery b « B

*®
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Remark 2.1. Convolution of Borel measures on a nonseparable Banach space is not
well-defined in general. However the sum of two Borel measurable random elements in
B with separable range By (as Z; and MW can be taken to have) is Borel
measurable; recall the discussion following definition 1.2.

Remark 2.2. Tightness of ZZ; and part D of the conclusion completely determine
L(Z ). An equivalent expression of D is that {b*(Zo): b* e B*} isa mean -
zero Gaussian process with covariance function

(5) Cov(b1Zo,b5Z) = <V b) VI b3> = <wW b} ,b3>

where v :B* — H s the adjoint of v defined by <h N b*> = b*v(h) for
every h € H and b* € B .

Remark 2.3. The set v(H) in A is, in fact, the support of L(Z;). Our map vl
plays the role of U in the slightly more general setting of theorem 6 of Jain (1977),
and wv! is the covariance operator § of Kuelbs (1976)and U” U of Jain (1977).

Remark 2.4. Regular estimators {T,} which have limit Z,; (more precisely, limit
taw L(Zy) in (4)) sothat W = 0 in B, have an optimality property. We sometimes
call such estimators Hdjek optimal. This optimality claim can be made more precise in
several ways as follows

Define the Levy concentration function of L(Z) by
Kp() = sup P(INIZ —xll £¢).
xeB
Kz measures the maximum probability assignable by L(Z) to a ball of radius ¢ in
B. Then B -D imply that
(6) Kz(t) < Kz (1) = PIZgl < ¢).
To see that the inequality in (6) holds, let B, = {b € B: llbil <t ). Then
Ky(t)= supP(Z € B, +x)
xeB

sup [P(Zy € B, +x—y)dPy(y),

xe B

which yields the inequality in (6). The equality in (6) follows from Anderson’s (1955)
inequality; see (8) below.

Another way that Z, (or L(Z) ) is optimal is via risks. Let /:B — R be
convex and symmetric. Then it follows from B and C that

) ElZ)Y=2 EIZy).
To see (7), note that by the properties of |,

2UWEZ) < HZy+W) + 1(Zg-W) = (Zo+W) + [(-Zy+W),
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and this yields ) since L(Zy) = L(-2Zy), and hence
L(-Zy+W) = LZy+W) = L(Z).

Inequality (7) also holds for the class of subconvex loss functions [ as defined in
(3.3) of the next section, and in particular for {(b) = L (b) = lipnsey, ¢ € R. This
follows from B and C and Anderson’s (1955) lemma (see Pfanzagl (1985), page 454, and
van der Vaart (1988a, theorem 3.20, page 72). Thus, by (7) with { = |, ,

(8) NZgll is stochastically smaller than IZ I

(ie. PUZy <¢t) 2 PUZN £ 1) for all ¢ >0). Note that this also implies the
equality on the right side of (6).

Theorem 2.1 has a variety of special cases and corollaries. In particular, the case of
independent and identically distributed observations is worth singling out as a corollary.

Let P be a collection of probability measures on a measurable space (X,A),
andlet (X, -+ ,X,) be iid P € P.Let (B,Il'lig) be a Banach space, and suppose
v:P — B.An "estimator” of v(P) isamap T, = ¢,(X,, --- ,X,) from X" to
B ; here we use quotes around “estimator" because no measurability assumptions will be
imposed on ¢,

Now the differentiability of v in (3) may be described as follows: Fix P € P,
and let P(P) be acollection of sequences {P,} in P such that

2
(8) j{ﬁ @pP,’* - ar'? - %h dP“z} -0 as n >

forsome £ e L,(P). The set P’ = PO(P) of all such h’s obtained in this way is

called the rangent ser (at P ). We assume here that P is linear. It is easily seen that
jh dP = 0 forall & € P°.

Definition 2.1. v:P — B issaidto be parhw;se differentiable at P € P if there is
a continuous linear map v = vP from P’ to B such that

9) Vi (V(P,) - V(P)) = Vv(h) as n — oo
forevery (P,} < P(P) satisfying (8).
Now for regularity of {7, } asin (4) becomes:

Definition 2.2. The "estimator” sequence {T,} of Vv(P) is said to be locally regular
at P € P if, under P, (so (X,,A,.,P,) of earlier in this section 1 is now
X" ,A",PD)),

(10) Vn (T, - v(P,) = Z as n — o

forevery {P,} € P(P) and atight Borel measurable random element Z which does
not depend on which {P,} € P(P) ischosen.
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Corollary 2.1. (Convolution theorem; iid data from P € P). Suppose that:
(1) v is pathwise differentiable at P € P with derivative V.
(i) (7,) is = —regular with limit Z .
Giiy P is linear.
Then there exist tight Borel measurable random elements Z, and ® in B such
that:
A, P(Zye v(P)) =1.
B LZ) = LZy+ W).
C. Z, and W areindependent.
D

Zy ismean 0 Gaussian with

CovbiZy,b3Zo) = <V b} ,V b3 >p = <W b} ,b5>.

Proof of theorem 2.1, Set
(a) Zn.h = Rn(Tn - Vn(Pn,h))-
Let g = (g,, - .g4)" be an orthonormal subset of H, and for every a € R¢

let (P,) comespond to h =a'g € H. Now by (1) the log likelihood ratio
Ay (P Py satisfies

(b) Mmoo Pro) = By — %uhn2 + op,(1).
1
= Ap = lal + 0p (1)
By (2)
Lo(Bng,r " »Bng) = Ny(0,<g;,8,>) = NyjO0,1) = L(S).

By corollary 1.1 there exists a subsequence {n’} such that, under P, g,
(C) (Zn"O’An'_gl’ 'Aﬂ"g,..) = (Z ,S) in (BXRd,””())

where (b ,r)lly = b1IVIrl, Here (Z,S) can be taken to be a Borel measurable
random element in B xR? with its Borel sigma - field and with values in a set

ByxR% = Unm=1 K 1n xR, where K, , c K, c -+ are compact subsets of
B.
Again by (2)
L()(An'gl, et ’An.gd’An.h) o d L(S ’Ah)

where (5 ,4A;) is (d + 1) — dimensional Gaussian with covariance determined by (2).
From 4 = aTg it follows that
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E@™s - A, =0.

But then
d
240, — By —p, 0.
=

Combining this with (b), (c), and (3) we see that under P,.q, for every h = alg,
a € RY,

) Zpy s Mg Py Prr)) = (Z — v(h),aTs - %mz)

=(Z - aT\}(g),aTS - %lalz).

Hence under P, , , it follows from lemma 1.5 that

(e) Z,, = Z, on (B,Ilg)
where
® P(Z, € A)=E1,(Z - aTv(g))exp(al$s - %lalz).

By regularity of {7, },
() L(Z,) = L(Z) forall a € R?.
The remainder of the proof is the same as in van der Vaart (1988b); for

completeness we repeat it here.

Let B; be a closed separable subspace of B that contains u,_; K,, and
aT{/(g) for every a . The wrace of Bg,, on B, isthe Borel sigma - field of B,
and P(Z, € B;) =1 for every a. Thus, for every b" € B' and every
a € R?, itfollows from (f) and (g ) that

(h) EeZ = Eexp(ib*(Z — a"v(g)) + a’§ - —;-Ialz).

The left side of (h) is constantin @ € R? The right side is defined for @ € CY and
is analytic; by uniqueness of analytic continuation, it must be constant on all of C 4
Let a = —ib v(g) toobtain

() Eelt’Z = it (@ - STV exp( — %Ib* v(g)?)

- E eib'W, E eib‘?Z,

forevery b~ € B® where
W, =Z - STvg) and Z, = STV(g)

are random elements in B, . (The sum of random elements in a separable normed spuce
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is a random element.)

Then, given ¢* e B*, let a = i(c” — b*)v(g) in (h) to obtain
G) E et Z _ g ot (Z ~5STvg) + fc'sf\}(g)exp(_ %Ib'\}(g)lz)exp( %,C*\"(g M2y |
Pt Wy +ic"Zy Ee? T

E( Eeic'Z, ’

By (i) and (j)
) EeitWe +ic’Z _ p bW, p ic'Z,

&

e B' . It follows that W

* .
for every b ,c ¢ and Z, are independent random

elements in B, and L(Z) = L(Zg + W,).
Fix € > 0. For sufficiently large m
M l-e<P(Z e Ky,,) = [P(Z, +x ¢ K 1pm)dPy (x).
Hence there exists xg € B; such that
{m) P(Z, € K|,, —xp)>1-E.
By symmetry of the normal distribution, (m) implies that

(n) P(Zg € Ky,)>1-2¢
with K,,, = %(Klm — Ky,n) . By by () and (n)

l-¢< IKL,, P(y +W, € K,,)dPz () + 2¢,
so there exists yo € K5, suchthat
(0) P(W, € K|, —yp) >1-3¢e.
Since K3, = K,,, - Ky,, D Ky, = ¥y, (0) implies
P(W, € K3, ) >1-3¢.

Let B, be aclosed separable subspace of B that contains the union of the K, , the
Ky, , and the K5, . For every finite - dimensional subspace of H, take an
orthonormal basis g , and carry out the above construction. This yields a collection of
random elements (Z, ,W,) in B, x B, with its Borel sigma - field such that:

(p) Z, takes values in ;} Ky, .

()] Wg takes values in :1) Kinms

(r) Zg and Wg are independent ,
(s) L(Z) = L(Zg +W,),
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® LG Z,) = NO,1b"v(g)?),
() P(Z, € v(H)) = 1,

Moreover, the set of laws [L(Zg Wy): g) where g ranges over the chosen finite
orthonormal subsets of H is tight. Let [g ] = linear span of g, and partially order
the g ’'s by inclusion of their linear spans: g, < g, if [g,] < [g,]. By Prohorov’s
theorem 1.3 the net {L(Z, ,W,): g} has a convergent subnet, say
(LZ, W,): g =g(a), xe A}, which converges weakly to the law of a random
element (Zy,W) in B, x B,.Itisclear from (r) that Z; and W are independent
and, from (s), that L{(Z) = L(Z; + W) ; thus B and C hold. Furthermore, by (u),

P(Zy e V(H)) 2 liminf P (Z, ) © v(H)) = 1,

which proves A.

Finally, with (orthogonal) projection in L,(P) onto [g] denoted by TII(-I[g]),

M(vis 1{g]) = a'g

with
a =<vb*,g>=b"Wg),

and hence
IV " 1 g IR = 1al? = b v(g)I?.

It follows that

V) 16" v(g 2 > v 6% 112 .
Therefore, by (t) and (u),

(W) L(b"2Z,) > N, IV 57 112)
while

(x) L(b" Z, () > L Zy)

since  Z,(,, = Z . Thus
) L Zy) = NO, IV " 1%y,
so D holds. [
To see (5) of remark 2.2, use the standard (polarization) identity
<x,y> = %(q +y ., X +y> - <x,x>— <y,y>) as follows: b1Z,, bsZ, are

jointly Gaussian and

Cov(biZy,b>Zy) = -é—{Var[(b; +b3)Zg) — Var(b1Zg) — Var|b>Zyl!
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1 ! ) L3 ' *
E{llvr(bf +b — IV B2 = v B312
<\)Tb; ,{JTb; >

< {r\}TbI ,b3> by definition of V' .
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3. Asymptotic Minimax Theorems for Gaussian Limits

In this section we obtain an asymptotic minimax theorem for the situation
considered in section 2. It generalizes earlier results by He’tjek (1972), Levit (1978), and
Millar (1983). Let H, B, P, ,,and v,(P,;) be as in section 2, and suppose that
(2.1} - (2.3) hold. In our main theorem we again do not require measurability of the
“estimators," though we impose the following asymptotic measurability condition. Given
a linear subspace B’ of B” ,let T, : X, — B be maps ("estimators") such that

(1) Eof Ry(Ty = Va(Pro) = Eqrf Ry(T, =V, (Pyg) = O
for every f of the form f(x) = g(byx, --- ,b,’x) with b, --- ,b," € B’,
g € Cp(R™).

Assume existence of a tight Borel measurable random element 2ZZ, in B such
that
(2) Lb"Zy) = NO,IW %1% forevery b* e B®

Call a function [/ :B — R subconvex with respect to a topology Tt on B if
H0) =0 < I(x) forevery x € B
(3) Ix) = I(=x)
{x :I{(x) ¢} isconvexand T-closedforevery ¢ € R .

Let t©(B") be the weakest topology on B that makes »':B — R continuous for
all b € B’.

Remark 3.1. A convex subset of B is T(B*)—closed if and only if it is
{Ill - closed. Hence t(B*)—subconvex is identical to Il — subconvex.

Theorem 3.1. (Local asymptotic minimax theorem). Assume that (2.1) - (2.3) and (1) -
(2) hold. Then, for every 1(B’) ~ subconvex |/

(4) sup liminf sup Ep s IR, (T, = v, (P, 1)) 2 EIZy) .

IcHn—oeh

Here the first supremum is taken over all finite subsets / in H.

Remark 3.2. A sequence of estimators {T, } is said to be local asymptotic minimax
(LAM) for the loss function [ if it achieves equality in (4): i.e. if

5 limsup sup Ep LR, (T, — Vv, (P, u))) = El(Z)

n—e hel

for every finite set / < H. Note that if {T,} is locally regular and Hijek optimal,
then it is automatically LAM for bounded continuous loss functions. Proof: Local
regularity and Hajek optimality imply that, under P, , ,

(6) R,(T, = v, (Pop)) = Z, for 4 € H,
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and since the inner supremum in (5) is just over a finite set, (6) implies that (5) holds;
recall (1.7).

Here are some corollaries of the local asymptotic minimax (LAM) theorem 3.1; we
assume throughout that (2) and (3) hold, and call a map T, in a subset of RF
projection measurable if every coordinate T,(f) isa measurable map in R .

Corollary 3.1. Let B be separable. Then the LAM theorem holds for every Borel -
measurable 7, and Il — subconvex loss.

Corollary 3.2. Let B = D[a,b] with Il . Then the LAM theorem holds for every
projection measurable 7, and Il — subconvex loss.

Proof. Projection measurable is identical to D[a ,b]' — measurable; cf. lemma 3.26 of
van der Vaart (1988a). Hence wecantake B’ = D[a,b]" and have (1)hold. [

Corollary 3.3. Let B = /™(F). Then the LAM theorem holds for every projection-
measurable 7, and T(I1) -~ subconvex loss, where Il = lin{rg: f € F}. An
example of such loss is [(x) = /y(lixll,) where [:[0,e) — [0,c0) is increasing
and lower-semicontinuous.

Proof. The first assertion is trivial. The second follows from

x:lxy<sc)={x:ixll_<sd) = r‘\F{x:Ix(f)ISd}

fe
since /g isincreasing and lower-semicontinuous. [J
Corollary 3.4. Let B = {*(F) with I . Then the LAM theorem holds for every

projection measurable 7, for which {R, (T, - v,(P,¢)} is tight and
[Il,, — subconvex loss function.

Proof. Tightness and projection measurability imply that (1) is satisfied for
B’ = I=(F)" ; cf. part (2) of the proof of Prohorov’s theorem 1.1. ]

Proof of theorem 3.1. (i). Assume first that

,
{a) f{x) = a) IK,.C(T;'X),
i=1
where a =2 0 and, forevery { =1, -+ ,r,
Tx o= (07X, b x), some by, o b, € B

K, < RP" isconvex, symmetric, and compact.

It is clear that it suffices to consider the case o = 1.

Call the expression on the left side of (4) "Risk{/).” Assume without loss of
generality that it is finite. Partially order the finite subsets / of H by inclusion:
I, <1, ifandonlyif /| < I,. There exists a subnet {n; : I < H, finite} such that
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Risk(l) = li;'n Etépl Epsl Ry (T, — vy (Pp 1)) .

For instance, take n; to be any natural number with n; 2 I/l = the cardinality of 7,

and
lr(n; 1) = lim r(n, 1)l < HIt,
n—
where
rin,I) = hSléP!Eh.*l(Rn(Tu = V(P ).
Set
Zyp = Ry(T, = v (Ppy)).
Forevery i =1, - - ,r consider 1,7, , asamap from X, into the one-point

compactification D; of R” . Trivially {1,Z,4) is tight under P, . Furthermore,
by (1)

Eof % Zyg) — Epnf (G Z,g) - 0, asn — =, forevery f e Cp(D)).
By the Prohorov theorem 1.3, the subnet ({n;} has a further subnet such that for every
i=1, - ,r

T Zyo = W, on D;.

Here, as in the sequel of the this proof, we abuse notation in writing {n’} for every
new subnet that will be extracted.

Fix an orthonormal subset {g,, ---.,g,} of H. As in the proof of the
convolution theorem (cf. (a) - (e)) there exists a further subnet such that, under P, ,

‘CI-Z,‘».,, = Wa.i on D"

forevery h = aTg and ¢ € R™,and i =1, --- ,r .Here (cf. (D)

T a’s - lIa2
(c) P(W,;, € A)=E1,(W,;, - t,a’ v(g)e
(where so+y = oo forevery y € R?).
Next we use
aTs - Liap
(d) e 2 AN, Ya) = c(s)aNy(e(s), (1 + AU Xa)
where

e(s) = 1+1)1s
cs) = (1 +7L_1)dfzexp(—.—;-(1 + 3 ls Ry

By (c) - (d)
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[P(W,; € A)dN4(0,X)a)
= [E1,(W; — Ze(S) — Z;a)c(S)dN,, (0, (1 + A" )a)
= N0, (L+ V)TN * M; 5 4),

where I; is the p; xd mamix with j ~th column 7t,v(g;) and M, is the
probability measure on D; given by

M (A) = E1,(W; — Se($)c(S).

Now, forany A = aTg,
Risk() 2 lim Eyu l(Z,, )
n

v

=
E limian,,r_h*(tiZn-_h € K‘-C)
=1 "

2 ( € K"C).

IIMw

-

Thus forevery A > 0

Risk(l) 2

{

[P(W,; € Kf)dN40,X @)

~ 'I_I_Mw

T N, O, Z,ZT(1+ 07 * M, 5\ (KF)
i=1

¥ N, 0,51+ 0TH KD,

i=1

v

where the last step follows by Anderson’s (1955) lemma; see e.g. Pfanzagl (1983), page
454.

Let A 4 0 toobtain that

Risk(l) 2 ¥ N, (0,5 EDKE)
i=1

P(vuZ, e Kfy,

]
i

t
where Zg is as in (i) of the proof of the convolution theorem.

This is true for every finite, orthonormal subset g of H . Partially order these
subsets as in the proof of the convolution theorem. Since every Tt; depends on only
finitely many elements from B’ ¢ B* , we have by (w) and (y) of the proof of the
convolution theorem that

L(T,-Zg) - L(T"ZO).
4
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Hence

,
Risk(l) 2 liminf ¥ P(1,Z, € Kf)
8 i=1

2 EP(TI'ZO € K‘_C) = EI(ZO)
i=1

(ii). Suppose that (4) holds for every member of a sequence {/,} such that
01! <!

r =

©) L, T ae L@&Zy).
Then
R(l) 2 limsup R(/,) 2 limsup El.(Zy) = EI(Z,) .
r oo

r e

Hence (4) holds for [ , 100.

(ii1). Let C < B be 1t(B’)—closed, convex, and symmetric. Then there exists a
sequence of compact subsets K, < R? and maps T,x) = (" x, -, b°x) (for

some b’y, '+ ,b’, € B’)suchthat

® et ) T lee ae LZg)

Proof of (iii). By the Hahn-Banach theorem applied to the locally convex, topological
vector space (B, t(B"),

C= n {x:Bx1<¢),

b'e

for constants ¢, € R.Let § bea separable Borel set with P(Z, e S) = 1. We
have

C:NnS = U (xeS:bxi>c,}.

b'e B

Every set (x e §:1b'xl > ¢,-} is relatively t(B)—open in S. Since S is
separable with respect to the norm topology, it is Lindeldf with respect to the norm
topology, hence certainly with respect to the T(B’) — topology. Thus there is a countable
subset {h’;} such that

CnS =uxeS: bixl>c}.
i=1 :

Now (f) is satisfied with

KP ={y e RP:Iy‘-IScb-i,i=1,...,p}.
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(iv). Finally,let [ be an arbitrary T(B") - subconvex function. Set
r?.
L) =rtY 1 (),
i=1
where C,; = {x:[(x) >i/r}.Then 0 < T everywhere. Moreover, every
C,; is t(B)— closed, convex and symmetric. Hence by (iii), every [, can be

approximated from below in the sense of (e) by functons of type (a). By (i) - (ii), (4)
holds for every [, . Apply (ii) again to see that (4) then also holds for /. [J
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4. Examples
In this section we give several examples to illustrate the convolution and asymptotic
minimax theorems of sections 2 and 3.

Example 4.1. (Estimation of a probability measure P from iid sampling.) Suppose
that (X,A) is a measurable space, and let X,, ---,X, be independent and
identically distributed random elements in (X, A) with unknown distribution 2 .
Suppose that F < L,(P) = Lo(X,A,P), and let B = {"(F). We consider
estimation of v(P) € [T(F) defined by

(1 VIPYf) = [fdP = P(f), f eF.

Let H, = ({all bounded L,(P) functions k: [hdP =0} ; thus
H_O =H={helyP): _[h dP = 0} © L,(P) with the usual inner product
<f ,g>=P(fg)=Ef(X)gX).For h € Hy, define P, by

dP,
P
for n sufficiently large. Then (2.6) holds, so that l.’0 = Hj is linear. Of course (2.6)
entails that (2.1) holds with A, , = 271231 h(X;).

=1+ a2y

(2)

Furthermore, (2.7) holds with v(h) given by
(3) V) = [hfdP = [h(f - P(f)dP
=<h,f—P(f)>=<k,\}T1tf>, f e F
since  <1,h>=0; here m is the element of B* = I=(F)" given by

ne(b) = b(f) for b € B = I7(F). Hence the limit process ZZj of theorems 2.1
and 3.1 has covariance function

(4) Cov(Z(f), Zog) = <f —P(f).g ~P@)>=P(g) - P(HIP().

It is known that the empirical measure P, = n! Y./x1 Oy, achieves this bound in the

sense of theorems 2.1 and 3.1 for certain classes F (P — Donsker classes in the
terminology of Dudley (1984), (1985)) or Gin'e and Zinn (1984)), ie. for a
P — Donsker class F

(5) Vn (v(lP,)) - v(P)) = Z, in [=(F).
Regularity of the empirical measure estimator P, is established for classes F with

(uniformly) square integrable envelope function F in Sheehy and Wellner (1988).

It is not always possible to compute v and vi explicitly, as is illustrated by our
next example.

Example 4.2. (Bivariate three - sample model). Suppose that (X.Y) has joint
distribution P on the product measure space (X x¥ ,AxB). Let Py and Py
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denote the marginal distributions of X and Y . Suppose that we observe
CETR STVNERRENC. ST ST BT I

(6) X21! ,inz ud PX

Y31,"',Y3n3 lld PY
where the three samples are independent. We write Z = ((X,Y ), - (X ,.Y 1))
Xo = (Xgp, -+, X)) and Y3 = (Y3, -+ ,Y¥3,). This can, of course, be viewed

as a missing data model: the Y’s are missing in the second sample, while the X 's are
missing in the third sample. Let n = n +n,+n5, andset A,;; = m/n, i=1,2,3.
We assume that A,;, — A; € (0,1),{ =1,2,3.

Let Gy = (all bounded L,(P) functions g : jg dP =0}. Let

L;_? = (g e LyP): _[gdP = 0).For g € Gy, define P, by
dP

7 n_ 1 -1/2

(7N 2P +n g

Now set

(8) g\(x) = E(gX. )X =x),

9 g,00) = E(gX. )Y =y),

and note that
dP dP

nX =1 + n-llzgl, nY + n_llzg

dPy dPy

Thus we take H = H_O where Hg is the subspace

Hy = {(g.81.82: 8 € Gp},

(where g, and g, are defined by (8) and (9)) of the Hilbert space
LYP)xLI(Py)xL)(Py) withinner product

<(g.,a.b),(h,c,d)>=ME(gh) + ME(ac) + ME(bd) .
[t follows that in the present model

P.o isthelawof (Z,X,,Y3) under P, and

P,, isthelawof (£,X,.Y3) under P, .

Let E,E, denote expectations under P, P, respectively.
Note that (2.1) and {(2.2) hold with

An A

5 M 2 2
n_”"{' gX .Y + Z g1(Xai) + Z 82(¥3) )

i=1 i=1 i=1

n, - 2
;LlI/Zni-UZ > eXy Yy + )’21.2”21/2 2 81X )

i=1 i=l

(10)
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n3
+ Angl? 2 820Y3) + op(1)

i=1
and
IA1? = M Eg3(X,Y) + MEgE(X) + MEg2(Y)
where again & = (g.,2,.8,) € H,.

As in example 4.1, suppose that F < L,o(P) = Ly X x¥ ,AxB,P), and let
B = ["(F). Consider estimation of the measure P indexed by F: ie.
vV, (P, o) € [7(F) defined by

Va(Pp o)) = n%,% Ef Xy;,Yy) = [fdP = P(f).
Thus

Vo (Po ) = P (f)
and

Vit (v (Pop) = VaPuoXf) = [g (f = Pf)aP,
50 (2.3) holds trivially with R, = Va and,for & = (g,2,,89) ,

\./(h)(f) = <%(f - Pf.,0,0),(2.2,.82)>
1

! -Pf —a-b ﬂa ﬁb)(gg g2)>
A RV VA

<vin,,(2.81.89>

i
i
<

]

(11

where m; is, as in example 4.1, the evalution map, and a = a(x) and b(y) satisfy,
with % = f - pf,
A
EGOXY) — aX) =b(¥)IX =x) = Tl-a(x)
2
and

A
EGFOX,Y) - aX) =b¥)IY =y) = l—lb(v),
3

or equivalently

(12) EQafPX.Y) = M +ApaX) —Ab@)IX =x) =0
and
(13) EQaf %X Y) - Ma(X) = +A)b(¥)I¥Y =y) = 0.
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Thus
Cov(Zo(f), Zo(®)) = <V mp v m,>
1
= l—E(fO -a; - be)g® - a, - b))
1
+ ““E(aray) + LE®b,)
A A3
- 1 0 0
(14) = SEU0 - g - g’
Note that

NPT RO SpPY. 2 _ 1 D)
vim? < "ll(f .0, 0 JLIj(f Pf)dpP

where the right hand side is the variance of the estimator of V(P )(f) = P(f) based on
using the Z’s only. Strict inequality holds if (a +b ,Aa/h;,Ab/A3) = 0 in
LY (PYXL3(Py)x L3 (Py).

The pair of equations (12), (13) reduce to the "ACE equations" when A, = 0 and
Ay + A3 = 1 with A;,A3 > 0. These equations arise in connection with projections
on sum spaces; see e.g. Bickel, Ritov, and Wellner (1989) for these equations in the
closely related problem in which the Py and Py margins are known, corresponding to
ny=ny=o0and A =0, A,,A; > 0.

Example 4.3. (Estimation of the stationary distribution of a Markov chain.) Let
Xo,X1,X5, - be astationary Markov chain with state space (X,A) and unknown
transition kernel (Markov kernel) Q(x,A). We assume that the chain has a unique
stationary distribution 7, and consider estimation of & seen as an element of [~(C),
based on observation of X4,X,, --- ,X, ofthechain. Here C isasubsetof A.

Let H be the set of ail measurable functions 4 (x,y) with
(15) Egh*(XoX ) < o,
(16) Eg(h(Xy,XDi1Xg) = 0.
H isa Hilbert space with respect to the inner product
(17 <hy hp> = Egh (XX Dhao(X0.X ) .
Let H be the subspace of uniformly bounded 2 € H.

For i1 € H and sufficiently large n

(18) Oual,A) = [ (L+n7h(xy)Q(x ,dy)

is a transition kernel by (16).
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Now suppose that the chain is uniformly ergodic (¢f. Nummelin (1984), 6.6), i.c.

(19) sug 0" (x ,A) - A}l - 0 as m > o

where Q™ is the mth - step transition kernel. Under (19), every Q. admits a
unique stationary distribution 7, , too, and =, , asymptotically depends smoothly
on h . The following lemma is essentially due to Penev (1988).

Lemma 4.1. Suppose that (19) holds. Then, for sufficiently large », Q,, givenby
(18) admits a unique stationary distribution 1, ;  and

(20) Vn (M, = ®) = V(h) in I™(C)
where V(A)@A) = <h , V4> with
(1) Valry) = T (@70 ,A) - 0™ ,4)).
m=0
dnn h . .
Moreover n (Xg) — 1 in = — probability.
Let P,, be the distribution of the stationary chain X,,X, --- ,X, under
Q@ » - Then, under (19)
dPn.h 1 2
(22) log T Ko, . X)) = Ay py — Ellhll + op, (1)
where
(23) Ay = 07128 m(Xi_1, X))

(=1
satisfies (2.2). To see this, note first that (19) implies that the chain with transition kernel

Q is mixing, and hence ergodic. Next, (22) and (2.2) follow either by a short direct
argument or as in Roussas (1972).

Relations (20) - (22) imply that the conditions for the convolution theorem are
satisfied. The same is true for the asymptotic minimax theorem, provided the optimal
limit process Z, exists. The latter requires a Vapnik - Chervonenkis type of condition
on the extensiveness of the class C. If Z; exists as a tight random element in
{7(C), then it should have uniformly bounded sample paths and have zero - mean
Gaussian marginals with

(24) Cov(ZyA),ZyB)) = <V ,Vg>.

(One could view the stationary distribution n as an element of some other space
too, of course. For instance, if X = R, then it is nawral to identify =m with its
distribution function, which can be seen as an element of the Skorokhod spuce
D [—e0,00] with supremum norm. This set-up rules out certain estimators. On the other
hand, one obtains asymptotic minimax theorems for a different set of loss functions.)
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Before proving lemma 4.1, note that the process corresponding to the empirical
measure /P, converges marginally in distribution to 2Z,. Specifically, set

(25) Z,,(A) = n'2(P(A) - m, ,(A))

= 22y (1, (X)) - T, n(4) for A e C.

i=l

Then
(26) Lo, (Zy 4 A1)y - Zy 4 (A)) = LZ Ay, - . Z(Ar)
for every A,, --- ,A, in A. This implies that the empirical measure P, is

efficient for the estimation of m provided some tightness conditions are satisfied.
Efficiency of /P, has been established for the case X =R and
C = ((—et]: 1t € R}, seee.g. Billingsley (1968), section 22, and Penev (1988).

In fact, it holds that

@D AT (LX) - 7@ = n T E VXX + op, (1),
i=1

i=l
which implies (26) for 4 = 0, and hence for general # via lemma 1.6 and (20). To
see the validity of (27), let

0.0) = T (@™(x,A) - TA)).

m=0

By (19), ¢,4(Xg) issquare integrable. Then (27) follows from

(28) RV S (5 (X X)) = VA (K LX)
=1

= 072 S (04 Ki)) = 04 (X)) = 1720, (X o) — 04 (X,)

i=1
= OP,._O(I) »

and, by (21) and (19),
(29) ValXi X)) = 1, (X)) — m(A)
since Qo(x JAY = 1,4 (x).
The asymptotic covariance function of ZZ,, is easily computed (cf. e.g.

Billingsley (1968), page 197). Combination with (26) yields

(30) EZyAYZ)B) = Cov(ly(Xo), 13(Xo)) + 3 Covi(l,(Xg), 150X, )
k=1

+ Y Cov(ly(X,), 15(Xo)) .
k=1
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This formula can also be derived directly from (24) and (21), but this is somewhat
tedious.

Proof of lemma 1. Let M be the set of finite signed measures on (X,A).Equip M
with the total variation norm lI4l. View @ as the operator Q : M — M given by
QuA) = IQ(x,A)du(x), and define II:M - M by Iy = uX)n. By
definition Qn = 7. Itiseasily checked that IIQ = QII = [1* = I and

3D Q- =0" -1 for m =1,2, --- .
By (19) and (31)
e - IH™n - 0.

By a standard argument one sees that this convergence occurs at a geometric rate so that
(32} Q@ - D™ < e,
m=0

Therefore, the operator R=I1I-0+11 has a bounded inverse

Rl'= ¥ (0 -M™. For h € H define the operator A, by
m=0(

A(A) = ff h(xy) Q@ dy)dux).
Itis easily seen that HA, Il < 2Bkl . Hence for IR~ 2HAN_ < Vn |
R - n28,y1:M 5> M
exists as a bounded operator. Set
Ton = (R — a7V, 1.

Since (R — n~172 A X)) = wX) for every He M, we  have
T, »(X) = 1(X) = 1. Next,

¢ ~-Q-n" MM, =R - n" VAR, , - Or,, =0,

so that w,, is a stationary distribution for the transition kernel Q, , given by (18).
Reversing the argument shows that &, , is unique.

Now
Vn i, —m =1 (R = n”2A,) ' -~ R\ n)
=R - 0 AV (I - R - 17 2A)R™ R
= RTAR™'m = R7A, T = V(h).

Use (31) 10 see that

VA) = 4m(A) + T [[O™0 ARGy QG dy)dnix)
m=1
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= <h,Vs >,

where
Vay) = T @"0.A) - TA)).
m=0

Here v 4 1S square integrable (in fact uniformly bounded by (32)), but is not contained
in H in general. Its orthogonal projectionon H is

Valey) = Va(xy) — EMu (g, X1 Xg=x),
which equals the right side of (21). The last assertion of the lemma foilows from

dnn,h
his

—1 dnn.h
(| Xg) — 1l >g)<e Ilw-lldﬂ:

<elim,, -nl - 0. O
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5. Proofs for Section 1

Proof of lemma L.I. Set L = inf| jarctan hdP : h2f , h measurable ). Choose

h, 2 f  measurable with _farcran hodP L L. Set f, = kinf hy . Define
=m

f*(co) = lim,, _, . f,,(w) (finite or —eo). Then f (w2 f (w) everywhere. " s

measurable, and _[arcran f *dP = L. Moreover, for every h = f  that is

measurable, it follows that

(a) Jarcian (hAf*)dP = lim [arcian (hAf,)dP 2 L = [arctan f~ dP .

m— e
Since arctan(f*) — arcran(f A h) 2 0, and

(b) [(arctan f* ~ arcan (f*Ah)dP < 0, by (a),
it follows that

() arcian f Y = arctan (f A h ) a.s.,

implying that f* = f*Ah as,or f* <h as. O
Proof of lemma 1.2, (i) is trivial. (ii) follows from (i) and

*

ff=(¢F-g+8) (-8 +g" as.
To prove (iii), note that f* -g" S - g ) as. by (ii) if both sides are well defined
a.s., which is obviously smaller than |f — gI* .

(iv) - (vi) follow from (i) - (iii) by symmetry.

The proof of (vii) proceeds in steps: First, we claim that if A is measurable then
(a) Fl) =f71,.
To see (a), note that (f 14)" < f° 14 1is clearly true. But if 4 = f 1, , then
f<hly+f 1,..Hence f~ <hily, +f"1,.,s0that f 1, < h . Thus (a)
holds. Now
(b) Fe) = a) lgsg+ (e lpeo + (F8) 1gag
= (Felgsg) +Felgco) +F8lpao) by@.

Here

(©) (fgly-o =0 =0,
and

(d) f8lgso) =f 8lgsq-

To see (d), first note that < clearly holds. But if h 2 f ¢ Iig 501+ then
h*l[gSO} 20 and £ 1£g>0] 2 fg 1[3 >0] Hence (h"g)llg >0) 2 f llg >0 - Thus
[ lgs0 = (F Lgso) S (R/g) 1, 5 ¢, and we conclude that

S8 g0y Shlgao+0Shl,q+hlycy=h,
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so (d) holds. Similarly,
(e) (f&lyco) =/fe8lyeg.
Combining (c)-(e) with (b) yields the claim.

(viii) is trivial.

To prove (ix), let # = 1, . Then Ag =[h =1] satsfies 1, <1, and
lg, € h.

(x) follows from (viii): (14l = (1 = Lye =1+ (=14) =1 — 15 where
(viii) is used 1o get the second equality.

To prove (xi): First, E,;f = r fdP < jf*ffP = Epf* is mivially true. To
prove the reverse inequality, by definition of I f dP there exists a sequence
h, 2 f . h, measurable such that

3 1
[ fap + Py > [h, dP
foreach m = 1,2, --- . But any such sequence {h,,} also satisfies h, = f by

definition of f * , and hence we have

hm 2 g = inf By 2 f*

where g, | . It follows that

| 7aP 2 liminf[h, dP > liminf|[g, dP 2 liminf[(g, M)dP

m = oo m — o m — eo

> [liminfg, M dP

m — oo

=[f" MdP  forevery M,

and the right side converges to j fTdP as M — o whenever the latter is finite.

Proof of (xii):

P'(A) = inf(P(B): B D A, B measurable )
inflfEh: h 2 1, , h measurable }
E(1)" by (xi)

Ely, by(x)

] AV |

P(Ag 2 P(A).

Proof of (xii}): We show that A o (f > €] with A measurable implies that
AD({f >e).Thus P(f" >e) S P'(f >¢).
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Define g = f*l,, + (F°A €)l,c. Ther g = f as. and is measurable, and
hence g > f" . Butthis implies f*Ae > f" on A°,or A° < (f" < ¢}, and
hence A O {f" > ¢}.

Note that this implies the first assertion: 1[} >g) S I sg easily since f [ ;
moreover, by (xii), £ 17, = P (f >e) = P(f* >e) = E I+ 5 ¢ » which implies
the assertion. L[]

Proof of lemma 1.3. The equivalence of (ii) and (iii) is trivial; similarly, the
equivalence of (iv) and (v) is also trivial. That (iv) and (v) together imply (i) is easy since
a continuous function is both upper and lower semicontinuous.

Now we show that (i) implies (ii). First, there exists a sequence {4, )} < C, (M)
with 0 € h, <1g and h, T 1g.Nowforevery m = 1,2, ---

liminf P, (X, € G) 2 liminf Ex h,,(X,) 2 Ex h,, (X ).

n —oo n—oo

By monotone convergence Eh,, (Xq) T P(Xye G)as m — . To show that (iii)
implies (v}, assume without loss of generality that 0 < f < 1. Fix r. For
p=0,---,r, set F, = {x: f(x) 2 p/r} (aclosed set by upper semicontinuity

of f)and f,(x) = r7! Zr: lg (x). Then f, 2 f and If, - fll, < Ur . Now
p=0

,
limsup £*F (X,,) € limsup £* f,(X,) < % Y limsup PY(X, € F,)
p=0 "

r
<Ll s pyxye F,) by
r =0

= Efr(xo)

Let r — <o to get the conclusion.

Now we show that (vi) implies (iii). We have oF% = {x : d(x ,F) = ¢). Thus
we have OF“ N 3F® # O if € # €, so that Po(X, € 9F) can be nonzero for
at most countably many € > 0. Choose €, 4 O such that Py(X, € oF™) = 0,
m=1,2, - _Then

limsup P (X, € F) < limsup P,(X, € F*") = P(Xye F™).
n n

Letting m — < yields (iii).

To complete the proof, we show that (ii) and (iii) together imply (vi). For A < M
with Po(Xqy € 0A) = 0,

Po(Xy € IntA) < liminf Pu (X, € IntA)
n

A

A

liminf PJ(X, € A)
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< limsup P:(Xn € A)
< limsup P, (X, A) < Py(X, € A).

But the left and right sides are equal since Po(Xy € dA ) = 0, and hence (vi) follows.

O

Proof of lemma 1.4. For every € > 0 there exists a compact set K = K, with
Py(Xye K)21-¢e.Bylemma 1
liminf Pu (X, € K®) 2 Py(Xp e K) 2Py(Xye K)21-¢. O

= oo

Proof of lemma 1.5, Let € > 0, andlet K| and K, be compactsetsin M, and
M, respectively with liminf, _, . P« (X, € Kla) 21-¢ and
liminf, , . Ps(¥, ¢ K¥)21-¢ for every §>0. Then
(K, xKp® = K¥ xK? and

limsup P, ((X, .¥,) € (K& xKkd))

n —r oo

< limsup P((X, ,¥,) € (K?) xM, UM, x(K3)F)
n —

< timsup ( Py ((X,,¥,) € (K{)Y xMy) + PI((X, ¥,) € M, x(K$)F)]
n — oo

<2e. 0O

Proof of Proposition 1.1. This is almost as in Billingsley (1968): Let F <« M’ be
closed and let C(g) € M denote the continuity set of g. Then, since

g F) e C)X Ug™F)and Py(Xy e C°(g)) =0,
limsup P,:(g(X,,) € F) = limsup P:(X,, € g'l(F))

A

limsup P.(X, € g '(F))
rn

1A

PE(XU € g'l(F)) by (i) implies (iii) of iemma 1.3,

IA

Py(Xye C(g)Xug i)

PyXy e g7\ (F))

Polg(Xg) € F)

which yields the conclusion C by (iii) implies (i) of lemma 1.3. [
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Proof of lemma 1.6. By contiguity, E ¢e® = 1. Furthermore, there exists a compact
K, c R with

Q.,(A, € K))<e, n=1,2,

Here (K. = M — K, the complementin M of K..Since 1 = E exp(A) < =,
K. can be chosen such that

Elg(Ne" < e,

Let g be continuous, with compact support such that 0 < 1 k, £ 8 S 1. Hence
lg =11 S 1g. . Let h € Cp(M). Since h(X,)" < lall.,

Eg h(X,) — ER(X)e’|
S 1Ep h(X,) (1 = g(A)] + |Eg h(X,)" g(A,) = ER(X)g(A)et
+ ER(X)(g (A) = e’

in

IRl Eg 11 = g(A)) + 1Eg h(X,)" g(A,) — ER(X)g(A)et
+ IR Elg(A) = et

(a) < 2kl e + IEg h(X,) g(A,) ~ ER(X)g(A)e’l.
But
Eg, h(X,) g(A,) = Ep h(X,) g(A,)e™,
= Ep (h(X,)g(A,)e™)" by lemma 1.2.vii
(b) — ER(X)g(A)eh,

since {(x,A) — h(x)g(?t)eJL € Cy(M xR). Combining (a) and (b) completes the
proof of (13).

The second assertion of the lemma is obvious. [

Proof of theorem L1. For m =1,2, -+, let K, be a compact such that
liminf, P« (X, K,,?) 21 - 1UUm forevery 6 >0.

(1). There exists {n’} such that lim E*h(X,,') exists forevery h € C,(M); say

n —o

(a) lim E*h(X,) = T(h).

n — oo
Proof of (1). Since K,, is compact, C(K,,) is separable. The same is true for
{he CK,): lhll, £ 1}. By the Tietze extension theorem (Jameson (1974).
theorem 12.4, page 113), every h € C(K,) with sup, o A} <1 has an
extensiontoan h € C,(M) with llhll, € 1. Thus, there exists a countable subset of
{h € Cp(M): llnll, < 1}, of which the restrictions to K, are dense in
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{h e CK,): ki, £11}.

Let {h;}Z, c {h e CoM): ki, £ 1} have this property for every
m =1,2, - .Byadiagonalization argument one can find {n"} < {n} such that

E"hj(X,) - T(hj), as n — e
forevery j = 1,2, --- and numbers T(hj) e [-1,1].
Fix h e C,(M) with llhll, £ 1. Given € >0 and m there exists h;
with

sup 1h(y) — hiy) <E.

yek,
As a consequence, there exists & >0 such that

sup lh{y) - hi(y) < 2¢.
yek}

(Indeed, suppose that there exists y, € K,,i“” with |a(y,) — h;(y,)! 2 € for every
p=12, . Then d(y,.K,) < lp -0 as p — e, so that there exists
x, € K, with  d(y,,x,) - 0. Extract a subsequence {p’} with
X» > x € K, . Then vy, — x 100, and by continuity of A —h; it would follow
that lh(x) — hj(x)l = g))

Now since IK:‘.(X,!)* + 1(&5):(1',,)* = 1 bylemma 1.2.x,
E" h(X,) - E"hi(X,)
SHE((X,)" =i (X)) Lgs(X,, )l
+ 1E (XY 1) 1+ 1E By (X,) Lo (X))
S EWX,) - X )N 1, + 2P (X, e (K2Y),

for some measurable A, € A, with A, C [X, K,,‘?]; this follows from lemma

1.2.x and 1.2.ix. The last expression is smaller than 2& + (2/m) for sufficiently large
n.

We conclude that {E* 2 (X,) ) has the property that for every 1 > 0 there is a
converging sequence of numbers that is eventually within distance 1. Thus
E'h (X,) converges, and (1) is proved.

(2). Forevery h € C,(M)
E"h(X,) - E<h(X,) > 0 as n — oo.

Proof of (2). Fix It € C,(M) with llhll_ £ 1, m, and € > 0. By (ii) and an
argument as above, there existsa hg € H with llggl, €2 and & > 0 such that
sup ”1(_}') - )’I(J(_}’)l < 2e.
KS

yERKm

January 24, 1990



- 45 -

Then, by lemma 1.2.x and 1.2.vi,
Ex h(X,) — Exho(X,)
EW(Xy)s ~ ho(X,)el 15 6(X, )s

IN

+ E TR, 1o (X))
+ E Tho(X, e Lgae(X,)°1

1M

Eh(X,) = hoX ) 155X, + 3PI(X, € (KOF).
(a) <2e + % for n 2 some N, .

Similarly, by lemma 1.2.x and 1.2.iii,

IE* h(X,) = E" ho(X,)
(b) < ER(X,) - ho(X,)1" lgs(X, )e + 3P(X, € (KDF).
For n - o the latter expression is less than 2& + (3/m) . Since
() E" h(X,) - E. h(X,)

= E" ho(X,) - Es hoX,) + E"h(X,) — E* ho(X,)
+ Ex ho(X,) - E: h(X,),

(2) follows from (a), (b), and (iii).

(3). The map T :C,(M) — R is an abstract integral; i.e. T(h) is linear, positive,
and continuous at 0 on C,(M).

Proof of (3). A. First linearity: For A, h, € Cp(M)
T(hy + hy) = lim E"(hy + hp)(X,) < lim (Eh((X,) + E hy(X,))

n— e n’ = oo

= T(hy) + T(hy) = lim (Eeh(X,) + EchyX,))

n oo

}im Ei(h\(X,) + ho(X,)) = T(hy| + hy)
n' = oo

IA

by (1) and (2). By a similar argument T(ch) = cT(h) for ¢ € R and
he C,M).

B.. T ispositive. This is trivial.

C. If {hp} c Cp(M) with hp Lo pointwise, then T(hp) 1l 0. Indeed, by Dini’s
theorem 4, L 0 uniformly on compacts. Fix €>0 and m . For sufficiently large
J 2

th. (y)l < g,
JUp 0N <€
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Then, as above, there exists 6 = 8 >0 such that

sup Ih (y) < 2¢,
ye Kb

Thus for sufficiently large p
T(h,) = lim (Eh,(X, 3)° lgaXy)s + Ehy (X, o Loy Xy )

ﬂ—)“

26 + il L

1A

proving C and (3).

(4). By the Daniell-Stone theorem {Bauer (1983), theorem 7.1.4, page 197), there exists
a probability measure L on U(C,(M)) with

T(h) = [hdl, h e CpM).

Of course U(C,(M)) = Borel 6 -field of M ; see e.g. Bauer (1983), theorem 7.2.4,
page 206.

5). LK,)21-—+.

nt
Proof of (5). Indeed there exist {hp} c Cp (M) with

1& Sh

L and hpil&_ as p — oo}

for example, take h,(x) = (1 — p d(x ,K,,))*. Thus
L{K,)= lIm Ih dL = lim lim E h (X, .

p e p—oemn e
Let 0 <r < 1. Since h, = 1on K, ,thereexistsa 8 = 8(p,r) > 0 suchthat

sup b, )1 > 1.
ye Kk}

Thus
11m E’ h (X,) 2 llmsuprE 1K5(x )

n' — e n e

\

2 liminfr Ex1ys(X,) 2 r (1 - L), by (i),
m

n — oo

and the claim follows. [

The proofs of corollaries 1.1 - 1.3 involve use of the following lemma to verify the
second hypothesis of the generalized Prohorov theorem 1.1,

Lemma 5.1. Supposethat H < C (M) satisfies:

(1) H is an algebra; ie. it is a vector space and g,k € H implies
gh e H;
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(i) 1 e H;
(iii) H separates pointsof M ;
and one of the following conditions:
(iv) forevery h € H, " Al € H;

(iv’) for every compact set Ky ¢ M and & > 0 there exists a compact set
K o K, and afunction x5 € H with 1 < x5 <1 and x5 =0 on
K.
Then H approximates the unit ball of C,(M) on compacts; i.e. (ii) of theorem 1.1 is
satisfied.
Proof. By the Stone - Weierstrass theorem (Jameson (1974), page 266), the restrictions
hlg of the elements # € H to a compact K are umformly dense in C(K). Let
h e C,(M) with NAll, < 1. There exists hy € H with hylg uniformly close to
hlg;ie.

sup lh(x) — hox)l < 7.
xe K

Now under (iv) take /i, = (h‘() A 1)VY(-1). For the case of (tv"), first note that by
the argument as in the proof of theorem 1.1, there exists & > 0 with

sup h(x) - ho(x)l

xeK?
Now set hg(x) = f?g(x)x;,(x); note that hy € H since 50 and x5 € H and H
is an algebra. Then hgly = hyly and

kgl

1A

sup Iho(x)l + sup lh g )
xe K? e (K%

<2n + sup )N + 0
x e K*®

<2n+dal,. O

Proof of corollary 1.1. By lemmas 1.4 and 1.5, hypothesis (i) of theorem 1.1 is
satisfied. Thus we only need to check (ii) and (iii) of theorem 1.1.

Take H tobe the linear space spanned by all functions of the form
(x,y) = f)gy), f e CMp, g € C(My).
(iti): For f 20 and ¢ 2 0
(a) FXp)g(¥o)e € (F(X)g (X)) < f(X,)8(X,)
S U@, s fIX,)g (¥,
Thus
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E"f(X,)g(¥,) — Exf(X,)g(¥,)

SEfX,) g()" = EfX,) g (¥,

SEIf®X,) = fXNllg® )1 + ELf X, )ellg(F,)" — g(¥,).
gl E(f (X,)" = f X)) + WFILE@(,)" - g(¥,)e)
(b) - 0 by (1.4) and (1.15) .

1A

For f 20, g 20 andarbirary a,b € R,
E'(@+f)X,) (b +g)¥,) = Ex(a +[)X,) (b +g)¥,)
<Sa+E(Gf&X) +E (ag,) + E"(f(X,)g(¥,)
- @+ EGBfX,)+E(ag¥,)) +Ex(f(X,)g(¥,)
using lemma 1.2.i and 1.2.iv
(c) — 0 usinglemma 1.2.vii andthe 2 0 case.

Finally, for linear combinations,

E* Zf,(xn)g,(fn) - Ex Zf;(xn)gx(yn)
S S(Efi(X)8i(¥,) - Eofi(X,)g;(¥,)) by lemma 1.2(1) and (iv)

- 0 using (c) .

(i1): We apply lemma 5.1. It is easily seen that H is an algebra separating points
of M = M{xM,,and 1 € H. Thus (i) - (iii) of lemma 5.1 hold. To verify (iv)’, let
K © M be compact. Then K < K{xK, where K, and K, are compacts in
M, and M,, and the function

x5k oy) = (1 =871 (e K ) (1 - 87y Ky .
satisfies hypothesis (iv). O
Proof of corollary 1.2. We again verify the hypotheses of theorem 1.1. Hypothesis (i)
of theorem 1.1 is obviously satisfied in view of (i). If we take
(a) H={rh:M S5 R :hx)=g&{), . x(n)
forsome fy, ~-- ,f, € F and g € C,(R™) forsome m 2 1},

then (ii) implies that (iii) of theorem 1.1 holds.

Moreover H satisfies (i) - (iv) of lemma 5.1, implying the validity of (ii) of
theorem 1.1. Hence the conclusion follows from theorem 1.1. [
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Proof of corollary 1.3. Use theorem 1.1 applied with H equal to the set of measurable
f e Cp(M). The validity of (ii) of theorem 1.1 follows from lemma 5.1 (i) - (iv), O

Proof of proposition 1.2. Let #:M — R be bounded and continuous, and suppose
Xﬂ =>Dudley XO . Then

(a) E*h(X,,) = inf{fg dP,: g:X, - R, g 2hoX, , g measurable )
<inf([gdP,: g =foX,,f2h,f:M - R, f M, —measurable )
= inf( [f dP, X : f:M - R, f2h,f M, - measurable |
= j' hdP, X,

Hence

(b) limsup E"h(X,)) < lim j* hdP, X, = [hdPpXg' = ER(Xy),

and this implies X, = X, by (9).
On the other hand, if X, = X, then
E*h(X,) - Eh(Xy) forall h € C,(M),

so, in particular, for 4 € C,(M ,M,) < C,(M), A, -M, measurability of X,
implies that

En(X,) = E"h(X,) = Eh(X,);

ie. X, =puuey Ko O

Proof of proposition 1.4. A: Let €¢ > 0; for £k = 1,2, --- set
By =(xe M: forsomey e M with d(x,y)<lk, d(g(y),g(x)) > e}.

Then C; = B, "M, isrelatively openin Mg, and hence C, € M. Moreover, the
sets C, 4 @ as &k — o by continuity of g on M, Choose k so large that
P(Xy e C,) < e.Then

[d'@X,),8(Xp) > ¢e]
= [d'eX,),8(Xp) > e]lN((Xg e C{N[dX, . Xg)' < Uk |
Ud'eX,).gXo) > eln{Xge CAN[dX,, Xy < Uk]
(a) C(Xge CGluldX, X 2lk]lu [Xge M§)
by the definition of C; , and hence
PT(d(g(X,),g(Xy) >e) SP(Xge Cp) + P(d(X,.Xp) 2 k)
(b)

for n 2 some N,.

A

£+ &= 2¢
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B: Let C,, k=1,2, --- be the sets in the proof of A. Then, by (a),

(<) [sup d’(3(X,).8 X)) > €] = U [d(g(X,).8(Xo) > €]
c{Xpe Clu ; [d(X, . Xo)' 2 Uk]u[Xye M§)

c{Xpge ClulsupdX,, . Xp)' 2 Ukl U (Xge M§],
mz2n

and hence

(d) P*(n§u>p d(g(X,),gXp) >e) < P(Xye C) + P(sup d(X, X 2
=n =n
<SE+ € =2¢

for n 2 some N,. [

Proof of proposition 1.5. First we show that &ly, 1s continuous. Note that (ii) is

equivalent to:
forevery x € My both g,(x) —» g(x)
@) and  lim limsup @, (S (x,8)) = 0

n —oca

where S§(x,0) < M is the open sphere of radius & centeredat x € M, and w, (§)
denotes the oscillation of g ontheset S.Hencefor x,y € Mg,

d@().g()) < d(@(), 8,0 + d'(g, (), 8,(0)) + d’(g,(x),g(x))
Sd' @), 8.0 + @, (S(x,d(x,y)) + d(g,(x),g(x))
- 0
as n — o andthen d(x,y) 4 0.
Proof of A. Let G < M’ be open. By lemma 1.3, it suffices to show that

(b) liminf P, (g,(X,) € G) 2 Py(gXp) € G).

n —» w0

Now (i1) implies that for every x € My and every € > 0 there exist &, >0 such
that i 2k and d{x,y) < & imply d’(gx ,g;y) < €. Set

T, = n{xeM:g(x)e G) = n g 'G.
i2k i2k

Then, with T,co

interior(T, ),
©) TcT, cg'G for n 2k.

Note that x € My g~'G implies that for § sufficiently small and & sufficiently
large, whenever d(x,y) < d and i 2k it follows that g;(y) € G ; hence the open
sphere of radius & about x, S(x,8) < T} ,sothat x € T, anopen set. Thus
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(d) g7'G = g7'G N"MYUETIG N M)
c L;'Tko u M§ .
Since Py(Xy € M) = 0 by (i),
(e) PygXy e G) < Py(X, e gT,?) by (d)

IA

PyXoe T2) +€ for k 2 some K,

since T, T implies Tko T

1IN

liminf P o (X, € T2) + €

L A

by X, = X, andlemma 1.3(ii)

In

liminf Pou (g, (X,) € G) +€ by (c).
L A

Since £ is arbitrary, (b) holds.

Proof of B. As noted in the proof of A, the following assertion is equivalent to the
hypothesis (ii):

forevery x € My andevery € > 0 there exist

() k =k(x,e), 6 =08(x,e) >0 suchthat n 2 £ and d(x,y) < &
imply d'(g,(y),8(x)) S €.

This is equivalent to:

forevery x e My andevery € > 0 thereexistsa
(@) k = k(r,e) suchthat n 2 &k and d(x,y) <%

imply d'(g,(»).g(x)) < ¢e.
We can therefore define

X ; _ forall y with d(x,y) < 1tk , forall n 2k,
(h) (x ,€) = min< k: 4, (y),g(x) € ¢ )

Claim. k(-,€) isa measurable function. This will follow from

k(x,e) < liminf & (x,, ,€)

M = oo
for any sequence (x,) < My withx, - x € M,.

Proof. Since k is integer - valued, the liminf is achieved for some subsequence
{x,-}, and in fact liminf,, k(x, ,€) = lim,,-k(x,-,€) = k" for all m’ sufficiently
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large. Suppose that the right hand side is finite for some subsequence (if not, then the
inequality is trivially true). If d(x,y) < l/k", then there exists an my such that
dx, ,y) < Uk’ for all m 2 m.Hence

(1) d'(g,(»),g(x,) <e forall n 2 k.

Since gly, 1s continuous as a consequence of (ii), we can let m — o in (d) to
obtain

)] d’(g,(y),g(x)) <e forall n 2 k’".

Hence

(k) k{x,e) < k' = liminf k(x,, ,€) .

m — oo

It follows from (k) that for any fixed integer K the set {x : k(x ,e) < K} is closed,
and hence k(-,&) is measurable, proving the claim.

Now we are ready to prove B. Let € > 0. By the claim, £(X4,€) is a (proper)
random variable, and there existsa k5 = ky(€) such that

) P(k(Xy.,8) > kg) < %
Since d(ﬁn,X(o)* = O,forall n 2 nye),
(m) PdX, X" > —)< &,

ko 2

Then, with

=~}
p)
i

{(d'(g,(X,),gXo)" > e}

= (d(X,.Xp" > 1)
ko

—
=]
—
D]
3
il

D = {k(Xy,8) > kg ),
for n 2 max {ny, k),
P(B,) < PB,N(CSND)) + P(B,N(CSND))
S P(D) + P(C,) + P(D) by (g) and (h)

< +

= E by 1) - (),

| m
o |m

and B holds.
Proof of C. Let € > ( and write

(0 By = sup d'(gn(X,),8Xg)" > €) = U (d(gu(X,), X)) > e}

and
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) C,=(swpdX,.Xo) 2 -1)5 U (dX,.X9" = 1.
m2n kO m=n k()

By hypothesis, thereisan ng = ng(€) such that
(@ P(C,) < -g- forall n 2 ng.

Hence
P(8,) < P(B, "(CSND)) + P(B, N(CEND))
< P(D)+ P(C,) + P(D) by (g) and (h)

£ £ _
<s+s=e by (1), (p), and (q) ,

forall n 2 max{ng,kq),and C holds. [J
Proof oflemma 1.8. Let F ¢ M beclosedand ¢ > Q. Then

P,(Y, € F)<Pi(¥, € F and d(X,.¥,) <€)+ P.(d(X,.¥,)" 2 ¢)
< P(X, € Ft) + o(1).

Thus limsup P,(¥, € F) < P(X, € F&) forevery € > 0. Finally let € { 0;
the conclusion then follows from (iii) implies (i) of the portmanteau lemma 1.3. [

Proof of lemma 1.7. Apply lemma 18 with X, = X, and ¥, = X, ,
n=12.--. 0
Proof of lemma 1.9. Let X, and X be as in theorem 1.2. It suffices to show that

sup IEh(X,) - ER(X )l — 0.
heH
First, from X, — X, almost uniformly and equi-continuity of H, it follows that

hsuq{ Ih(fn) - h(fo)l — 0  almost uniformly .
<

This follows from a minor extension of the argument for B of proposition 1.4. It suffices
to replace the B, there by

B, = {x: thereexists y with d(x,y) < 1/t and hsupH lh(y) = h(x) >¢€).
€

Next,
sup IE"h(X,) - En(Xp)l < E(sup lh(X,) — h(X 1) — 0
heH heH
since the integrand is uniformly bounded by assumption and converges to zero a.s. [

Proof of lemma 1.10. It suffices to show that liminf, |, _ E«+A(X,) 2 EA(X) for
every h € Cp(M) with h =2 0. Forsuch h there exists a nondecreasing sequence
fm in Hy = H; with f,, < h everywhereon M and f, T & on M,. To see
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this,

note first that, since Hy is countable, this statement follows from

h()=sup{f(y): f € Hg, f <h}, every y e My.

Next fix y € M. Assume without loss of generality that A(y) > 0.Fix ¢ € (0,1)
with h(y)—& € Q. There exists & > 0 such that A(x) >h(y) — € for all
x € B(y.28). Now take f e Hg as above with d(s,y) < 8, p = 1/, and
q = h(y)—¢e. Then f vanishes outside B(y,28) and has maximum value
h(y) — €. Thus f < h.Moreover,
FO)=(hO)-e)l - d(y.s)d) 2 (h(y) - &)1 -¢).

Now since f, e Hy o ~-f, e Hy, it follows from (22) that
E'(_fm(xn) = E(—f,,(Xy) by (22), and hence

liminf £, h(X,) 2 liminfE, f, (X,) = Ef,,(Xo),

n — oo n—ee

for every m . Finally let m — e and apply the monotone convergence theorem.

U
Proof of corollary 1.4. Every h € Hj satisfies
lhix) — iy < Md(x.,y),
for some M < oo, and hence is uniformly continuous. The assertion then follows from
lemma 1.10. O

Proof of corollary 1.5. BL, is a bounded equicontinuous subset of C,(M), so
X, = X, implies (24) by lemma 1.9. Conversely, (24) immediately implies
E*h(X,,) — En(Xy) for all h € BL,, which implies that (22) holds since
h € Hy implies that ~/M e BL, for some finite constant M . Thus the conclusion
follows from lemma 1.10. O

Proof of corollary 1.6. This follows immediately from lemma 1.10. ([

Proof of theorem 1.3. This is analogous to the proof of theorem 1.1. The only step that
needs a substantial change is step (1).

(1). There exists {&’) such that limy E “h(X o) exists forevery h € C,(M).

Proof of (1). Consider the net (E” h(X )}, « c,(M) as anet in the product space

[ -0kl Al
heCyM)

This space is compact in the product topology, by Tychonov’s theorem. Hence there
exists a converging subnet. (O
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APPENDIX: Statements and Proofs of the Net Convergence Results

Here we give complete statements and proofs for the net convergence
generalizations of lemmas 1.3 - 1.8, proposition 1.1, and corollary 1.1 which were briefly
stated in section 1.7.

As in section 1.1 suppose that (M ,d) is a metric space (nonseparable in general),
{(Xg,Ag, Po)laeca isanetof probability spaces, and

(n X,:X,->M, for ae A

are arbitrary maps. As before, C,(M) is the collection of bounded, continuous
functions 2 from M to R.

Definition 1.2.net. We say that X, converges weakly to a random element X in
(M ,M),and write X, = X,,ifforevery h € C,(M),

) BmE h(Xy) = £ h(Xg) .
o

Definition 1.3.net. The net (X} ., is fight if and only if for every € > 0
there exists acompactset K = K, € M suchthatforall 3 > 0

3) liminf Py« (X, € K3) 2 1—¢;
o

where K% = (x e M : d(x ,K) < 8}, or, equivalently
(4) limsup P, (X, ¢ K% <&.
o

Lemma 1.3.net. (Portmanteau theorem). The following statements are equivalent:
(i) X, = X,.
(ii) liminfP,+(Xy € G) 2 Py(Xy e G) foreveryopenset G < M .
o
(i) limsupPo (X, € F) s Po(Xqy e F) foreveryclosedset F c M .
o
(iv)  liminfy, Exh(X ) 2 ER(X,) for every bounded, lower semi-continuous

function h .
(v) limsupg £ *h(X o S ER(X,) for every bounded, upper semi-continuous
function & .
(vi) limyPo(Xqe€ A)=P(Xge A) for every Borel set A  with
Py(Xye 0A)=0.
Lemma 1.4.net. (Weak convergence to a tight limit implies tightness). Suppose that
X, = X, where X istight. Then {X,) istight
For ae A, let X,:X, > My and ¥,:X, —> M, be maps into metric
spaces M; and M,. Equip M, xM, with the metric
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d((x, X2),(¥1,¥2) = d(x; ,yl)vdz(xz,)’z) .

Lemma L5.net. (Marginal tightness implies joint tightness). If both (X,} and
{¥,) aretight,then {(X,,¥ )] istighttoo.

Proposition 1.1.net. (Continuous mapping theorem; CM ). Suppose that:
(i) g:M — M’ iscontinuousonaBorelset My c M .
(i) X, is Borel measurable and Py(Xq € My) = 1.

Then X, = X implies that g (X = g (X,).

Theorem L.L.net. (= Theorem 1.3; Extension of Prohorov’s theorem for nets).
Suppose that:

) (Kolaea istight,

There exists a subset H < C, (M) such that:
(i) H aproximates the unit ball of C,(M) on compacts.
(i) lién{E'h(Xa) - E«h(X )} =0 forall h e H.

Then there exists a subnet (X }ycar € (Xglgea such that X = some
tight X, .

Corollary 1.1.net. (= Corollary 1.7.) For ae A, supposethat X : X, — M,
and ¥, :X, — M, are maps with
X,=X; and Y,=¥Y,,

where X, and ¥, are tight Borel measurable maps into M; and M,
respectively. Then there exists a subnet {(X ¥y )lowea’ € {((Xg,¥o)laea such
that

(5) Xy . ¥oy) = (Xy,¥)
for some tight jointlaw L(Xy, ¥ ) on the product space (M| xM,, M| xM,) .

To prepare for the net version of Le Cam’s third lemma, for ave A, let P, and
Q. be probability measures on measurable spaces (X,,A,). Let A, be the log-

likelihood ratio of @, with respect to P ; i.e. given densities g, and p, with
respect toa ¢ — finite dominating measure U, (e.g8. Uy = Po+ Q) let

Ay = log( ﬂ) ,

o

where log-z-=—oo f a=0<b,+e if b=0<ag,and0 if a =b.
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Let X,:X, - M asbefore. Equip M xR with the metric
d((x :f'),(y :S)) = d(x ,y)VarCtan Ir - SI .

Lemma 1.6.net. (An extension of Le Cam’s third lemma). Let P, and Q, be
contiguous, and suppose that

(6) Xy . Ay = (X ,A) under P,
where (X ,A): Xy — M xR is Borel measurable. Then
(7) X, =>Z under QO

where Z : Xy — M is Borel measurable and
(8) P(Z € B) = E13(X)e™.

Furthermore, if X is separable (or tight), then Z may be taken to be separable (or
tight) too.

Lemma 1.7.net. Letevery X, be defined on the same probability space (X,A,P)
and assume d (X ., X )" -, 0 where X, isBorel measurable. Then X, = X

This lemma is actually a special case of the following lemma:

Lemma 1.8.net. For ae A ,let X,:X, > M and ¥, :X, > M be arbitrary
maps. Suppose that X, = X, where X, is Borel measurable and
dX o, ¥y —, 0.Then ¥y = X,.

Proofs

Proof of lemma 1.3.net. The equivalence of (ii) and (iii) is trivial; similarly, the
equivalence of (iv) and (v) is also trivial. That (iv) and (v) together imply (i) is easy since
a continuous function is both upper and lower semicontinuous.

Now we show that (i) implies (ii). First, there exists a sequence {h, )] < C,(M)
with 0 < h, <1 and h, T 15 .Nowforevery m = 1,2, -

liminf Poyx (X, € G) 2 liminf Ex h,,(X o) 2 Es h,, (X ).
a o
By monotone convergence Eh,, (Xo) T P(Xge G) as m — . To show that (iii)

implies (v), assume without loss of generality that 0 < f < 1. Fix r. For
p=0,--,r, set F, ={x:f() 2 p/r} (aclosed set by upper semicontinuity

of f)and f,(x) = r7! i lg(x). Then f, 2 f and lf, - fli, < l/r . Now
p=0

,
limsup £ f (X ) < limsup E*f, () < ~ Y limsup P (X, € F,)
o o rp=0 a

s L3 PyXge F,) by
r o
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= Efr(XO)-

Let r — oo to get the conclusion.
Now we show that (vi) implies (iii). We have oF® = {x : d(x ,F) = ¢} . Thus
we have OF" MOF™ % @ if g = €,, sothat Po(X, € OF%) can be nonzero for

at most countably many € > 0. Choose €, { O such that Po(Xy e OF™) = 0,
m=1,2, -+ . Then

limsup Po(Xy € F) < limsupPy(Xy € F) = P(Xy e F™).
3 13

Letting m — e yields (iii).

To complete the proof, we show that (ii) and (iii) together imply (vi). For 4 < M
with Py(Xge€ 0A) =0,

Po(Xy e IntA) < liminf Pou (X, € IntA)
o

A

liminf Py (X, € A)
o
< limsup Pu(Xy € A)
o
< limsup Py (X4 € A) S Py(Xg e A).
o

But the left and right sides are equal since Py(X, € 0A ) = 0, and hence (vi) foliows.

O]
Proof of lemma 1.4.net. For every € > 0 there exists a compact set K = K, with
Po(Xye K) 2 1~-¢€.Bylemma 1.3.net,
liminf P s (Xo € K®) 2 P(Xge K 2Py(Xpge K)21-¢. O
[+

Proof of lemma 15.net. Let € > 0, andlet K, and K, be compact setsin M,
and M, respectively  with liminfy P+« (X, € K 15 Y21 -¢ and
liminf, Py (¥o € K§) 2 1 —¢ for every 8>0. Then (K, xK,)® = kK3 xk$
and

limsup P (X, ¥g) € (KE xK$))
o

< limsup Po (X o, Fo) € (KE)X xM,y U M x(K3)F)

[4 4
< 1im£up (Po((Xy ¥ € (KPY xMy) + PL((X, . Fo) & Myx(KE:
<2e. O
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Proof of Proposition 1.1.net. This is almost as in Billingsley (1968): Let F < M’ be
closed and let C(g) € M denote the continuity set of g. Then, since

gFY c C)Y¥ ugTl(F)and Py(Xye C°(g)) =0,
limsup P, (g (X o) € F)
[4 4

limsup P, (X, € g~ \(F))
a

In

limsup Po (X o € g7(F))
[+

< Py(Xy e g \(F))

by (i) implies (iii) of lemma 1.3.net,

748

Py(Xge C@)X ug \(F))

PXye g '(F))

PygXp) e F)

which yields the conclusion C by (iii) implies (i) of lemma 1.3.net. [J

Proof of lemma l.6.net. By contiguity, E e® = 1. Furthermore, there exists a
compact K, € R with

Qa(Aue(KE)C)SE, n=1,2, -

Here (Ko = M -K,, the complementin M of K,..Since 1 = E exp(A) < o,
K can be chosen such that

Elg(Ae <e.

Let g be continuous, with compact support such that 0 < 1 k. S8 < 1. Hence
lg =11 S g . Let h € Cp(M). Since h(X " < linll,,

Egh(Xy) — ER(X)e™

A

|Eg h(X o) (1 — g(AN + 1Eg h(X )" g (Ag) — ER(X)g(A)e™]
+ IER(X)(g(A) — Dell

A

Al Eg 11— g(A)! + IEp h(X )" g(Ay) — ER(X)g(A)e
+ Rl Elg(A) — 1le?

IA

(a) 20lhll.e + Eg h(X )" g(Ay) — ER(X)g(A)er! .
But

Eg h(Xy) 8(Ay) = Ep h(X ' g(Age™,
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= Ep (h(X)g(Ae™)"  bylemma 1.2.vii
(b) - Er(X)g(A)eh,
since (x,A) = h(x)gMe* e Cp(M xR). Combining (a) and (b) completes the
proof of (8).
The second assertion of the lemma is obvious. [J

Proof of theorem 1.1.net. The only step that needs a substantial change is step (1).

For m=1,2, -, let K, be a compact such that
liminf, Py« (X € K,,?) 21-1/m forevery 6 >0.

(1). There exists a subnet (o'} such that limy E *h(xa.) exists for every
h € Cb (M) 5

Proof of (1). Consider the net (E*h(X o}n e ¢, ) @sanetin the product space

1 [-lAl, 0Al].
heCyM)

This space is compact in the product topology, by Tychonov’s theorem. Hence there
exists a converging subnet. [J

(2). Forevery h € Cn(M)

Im{(E"h(X o) - Es h(X))} = 0.

[+ 4
Proof of (2). Fix h € Cp,(M) with Hhll_< 1, m, and € > 0. By (ii) and an
argument as above, there existsa hy € H with llhgl, €2 and & > 0 such that

sup la(y) — ho(y)l < 2¢.
y € Ks

Then, by lemma 1.2.x and 1.2.vi,
IEx h(X o) ~ Euhp(X )l
SEREXDs — holX el 16X o)
+ ETh(X )x 1gse (X )"

+ E ThoX o)e 1o (X )"

SENMX — hoX )" 1gs(X e + 3P (X e (KDF).
(a) < 2e + =l for o = some o, .
m

Similarly, by lemma 1.2.x and 1.2.iii,

E* h(X,) — E*ho(X I
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(b) < ENXy) — hoX)! 14X o)s + 3P (Xo e (KOF).
For a 2 o, the latter expression is less than 2 + (3/m), just as in (a). Since
(c) E'h(X,) — Es h(X )
= E hoXy) - EshoXy) + E'h(X ) - E" hy(X )
+ E.ho(X,) - Exh(X ),
(2) follows from (a), (b), and (ii1). [

The remaining parts (3) - (5) of the proof are exactly the same as in the proof of
theorem 1.1. [J

Proof of corollary 1.1.net. By lemmas 1.4.net and 1.5.net, hypothesis (i) of theorem
1.1.net is satisfied. Thus we only need to check (ii) and (iii) of theorem 1.1.net.

Take H to be the linear space spanned by all functions of the form
x.y) > fx)g), f e CGMy), g e C(My.
(iii): For f 20 and g 2 0
() FE v g(¥oh < (EXDgT ) < f(X)g(¥y)
SUXDe(M) < X)g (Fy).

Thus
E'f(XQg(¥y) — Ex f(X)g (¥ )
SEfXY g — Ef(Xo)s g(F e
SEfXo)" - fEDellg(F )"l + EIf Eoallg (Fg)" — g(F)l
SIQIE(fXe) = FE ) + IFILE@QFY" — g(¥ )
(b) - 0 by (1.4)and (1.15).

For f 20, g 2 0 and arbitrary a,b € R,
E'@+f)X QW +8)¥o) ~ Ex(@+fUX )b +g)¥ )
Sa+EGfE)+E@gFy) + E (fX)g(¥,)
— @+ EOFX)) +E@ag(F)) + Es(f (X )g(¥)
using lemma 1.2.i and 1.2.iv
(c) — 0 using lemma 1.2.vii andthe = 0 case.

Finally, for linear combinations,

E'SfiX)gi(¥o) - E« T fi(Xp)g (¥

< Z(E*f,-(xa)gi(l’a) - Efi (X )g:(¥)) by lemma 1.2(i) and (iv)

January 24, 1990



- 66 -
- 0 using (¢) .

(ii): We apply lemma 5.1. Itis easily seen that H is an algebra separating points
of M = M{xM,,and 1 € H. Thus (i) - (iii) of lemma 5.1 hold. To verify (iv)’, let
K c M be compact. Then K < K;xK, where X; and K, are compacts in
M, and M,, and the function

xsCxy) = (1 - 871d (x ,K ) (1 - 8V dy(y . K)
satisfies hypothesis (iv). [

Proof of lemma 1.7.net. Apply lemma 1.8.net with X, = X, and ¥, = X,
oe A. O

Proof of lemma 1.8.net. Let F ¢ M beclosedand ¢ > Q. Then
Po(Yoe FYSP(Fye F and dXy,¥)' <)+ Py(d(X . ¥ 2e¢)
SP(Xge FE) + P(d(Xy,¥y) 2€).

Thus limsupg Pu(¥, € F) < P(Xy e F®) forevery € > 0. Finallylet ¢ 1 0;
the conclusion then follows from (iii) implies (i) of the portmanteau lemma 1.3.net. O
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