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ABSTRACT

Let {z(n)}nzo

given vector x = 5(0) € RN by averaging two 'randomly' chosen

be the sequence of N-vectors obtained from a

coordinates of §(n) and replacing these coordinates by their average
(n+1) . . . .

to get x . This averaging process is formulated in terms of

products of random doubly stochastic matrices, and, using martingale

(n)

methods, it is shown that x converges to g w.p. 1, where g

is the N-vector with all coordinates equal to x , the average of the
coordinates of x = 5(0) . An assertion of Bretagnolle , which arose

in an investigation of the Kolmogorov statistic, follows as an easy
corellary. Products of random doubly stochastic matrices are then
studied more generally, and a condition is given which is both necessary
and sufficient for convergence to the matrix with 1/N in all entries
when the terms in the product form a stationary and ergodic sequence.
These results are related to and illustrated by finite Markov chains

in 'random environments', and a necessary and sufficient condition for

a circular random walk to be accessible is provided,



0. Introduction. Let Xx = (xl,...,xN) € RN be an arbitrary

vector of real numbers, and consider the following averaging process:
choose 'at random' two coordinates of x , say X and Xj ; form
their average %(xi + xj) ; replace both X, and xj by this average

to get a new vector

LD

= % ce B(x.+x, sy e ;
= (xl"" 5Xi_19 2(xi+xj)9xi+13 ’Xj‘l’ 2(x1+XJ)’xJ+1: st) ]
‘and repeat this process. It is intuitively clear that the resulting

converges to g = (x,...,g) with all coordinates

sequence §§(n)1ﬁ>1

equal to X = N-l?%l+...+xN) , the average of all the coordinates of the
original vector x . Our first aim here is to give a simple proof of
this convergence; our second aim is to generalize this simple averaging
model and show how these generalizations are related to finite Markov
chains in 'random environments'. .
In our first section we formuléte the above simple averaging
process in terms of products of random doubly stochastic matrices,
relate it to some classical deterministic results conveniently summarized
by Marshall and Olkin (1979) and an assertion of Bretagnolle (1980), and
give a simple proof of convergence for this special case using martingale
methods. In Section 2 we study products of random doubly stochastic
matrices more generally, and give a condition which is both necessary
and sufficient for convergence when tﬁe terms in the product form a
stationary ergodic process.

The motivation for this theorem is the desire to understand the

limiting behavior of a '""Markov chain in a random enviromment (MCRE)".



In Section 3, this theorem is illustrated by a random walk in a random
environment and branching processes in random enviromments, both of
which are MCRE's. An important application of the random walk example
is the construction of pseudo-random number generators with desirable
properties, which is related to the work of Brown and Solomon (1976).

Since the set of doubly stochastic N x N matrices form a semi-
group, our results can be viewed as strengthening (to almost sure
convergence and to dependent sequences) much earlier results of
Rosenblatt (1960) concerning convolutions of measures on compact
topological semigroups in a special case. Moore (1981) has also
obtained an "almost sure' extension of Rosenblatt's result; however,
while Moore's result applies to a wider class of stochastic matrices
that just the doubly stochastic matrices, his "almost sure'" convergence
is limited to a weaker Cesaro type averaging. Cogburn‘(l982) generalized
Moore's results to MCRE's having either a finite or a g-finite invariant
measure. Diaconis and Shashahani (1981), proceeding in a different
direction, have essehtially shown that the limiting distribution of
the product of random transpositions is the uniform measure on the
permutation matrices (they also provide a rate for this convergence),
where their limit is with respect to a variation norm.

There are clearly a variety of closely related questions which we
will not address here, including: (i) other (deterministic) pairwise
averaging schemes (e.g., at each stage average the largest and smallest

coordinates of x ); (ii) convergence rates for such schemes; and (iii)



central limit type theorems for random pairwise averaging and other
products of random doubly stochastic matrices. Some of these questions
have been examined since our first version of this paper by Proschen

and Shaked (1982).

1. Random pairwise averaging. Let P = {pij} denote the collection
of NxN permutation matrices, and let T = {Tij} denote the collection of
associated 'averaging matrices' defined by Tij = %{I + pij)' Thus Piji.g

1] -
(xl"'°’xi-l’xj’xi+l""’xj—l’xi’xj+1""’xN) and Tijf-" (xl""’xi-l’
l{x.+x.),x. S &t ,l{x.+x.),x. . s...,X.)" for any vector X ¢ RN. Note
277107j i+l j-1°2"1 75 j+1 N y -

that both P and T contain (?) distinct elements. Let M be a random

N
1] 3 . - -
i3 s in T: PM = Tij) = 1/(2)

matrix uniformly distributed over the (g) T
for all Ti' e T. Clearly Mx represents the result of 'randomly' choosing
two coordinates of x, averaging them, and replacing both of the chosen coordi-
nates by their average. Every Tij is doubly stochastié, and hence M is

. doubly stochastic with probability one.

Letting M, M

10 My be random matrices independent and identically

distributed as M, the averaging process described in the introduction is

represented by the vector Mn"'Mli‘ after n steps of random pairwise

averaging.
THEOREM 1. 1If Ml’ M,, ... are iid as M (uniformly distributed over T )

then, for any x e R,

Yx = M-.--Mx =+ X a.s. as N+ =
n— n 1= -
where x = (X,...,X), X = N'l(x1+...+xN). Equivalently
Y = M M -+ L J a.s as n -+ o
n - n "1 N to

where J is the NxN matrix of ones.



PROOF, Let Xx € RN . Since

- -1 -1 =
VENT Iy NN xR
x = 0 without loss of generality.
)
Now let y = X = Mm...M1§
_ 1)
steps, and let 2z = X = Mm+1 -

@ 25 =7;

= L
e = % = 5y +y)

]
<

1}

z

for some random r,s . Clearly

N
™ T 2% -

j=1

Mg =

j=1

.o M. X

for j#r , j#s

y
y% =9 (_E;_____

y = TijE has

, and Tijg = g , we may suppose that

denote the vector obtained after m

- ()
(XM X . Thus

=0 . Further, from (a),

2
= - 1 -
=- 3@, -vy,) 0.

Thus, letting Vﬁ = Zy_ (xim))

(c) Vo ~ ¥, = 5(y.

so that the sequence §Vﬁ :m > 1}

2 , it follows from (b) that

is almost surely decreasing and

V, = lim Vm exists with probability one. But from (c) we have
m—>
BO, -V | »=-%E {0, - vl | o
w1 'm LT Iy = Vs 7} = N(N-1) °
which implies, letting € = ———
prres, & " FrE-n

E(Vo) =

and hence that

a - s)Vﬁ



m N

EW) = (- EW) = (1 - )" G, %) =0 as moo .

Therefore, by Fatou's lemma,

(d) E(V)) = E(l:;.lm Vm) < ltinm_)igf E(Vm) =0

which implies that V_ = 0 a.s. which in turn yields the conclusion

of the theorem. O

Now we want to relate Theorem 1 to some material in Marshall and Olkin

(1979) and an assertion of Bretagnolle (1980). As in Marshall and Olkin

N . k k
(1979), for any two vectors X, y € R, X <y |if 2i=1 X[i] :Ei=1 Y[i]

T n

= N- =y > >
k 1,...,N-1, and Li=1 x[i] Li=1 y[i] where x[l], e 2 X[N] denote

the coordinates of x in decreasing order (and we say that y majorizes X).

For any vector X € RY, it is clear that X < x. Let T

Al + (1-A)P
where 0<i<l, I is the NxN idéntity matrix, and P ¢ P 1is a permutation
matrix be a 'T-transform'. A classical result (Marshall and Olkin (1979)
page 21) says that if 5_<< y  then there exists a finite number of T-
transforms Tl""’Tk such that Tk"'TLX = X. This implies, in particular,
that for any vector X € RN, Tk"'Tlf- = g: for some finite number of
T-transforms (dépending on x). Note that each Ti may involve a different‘
number A = Ai in this result.

In the (random) averaging scheme treated in Theorem 1, A is forced
to be 1/2 always. Consideration of the N = 3 deterministic case quickly
shows that a finite number of such 'T-1/2' transforms will not yield g
in general (when N = 2" for some integer r > 1 a finite number will work).

Thus the deterministic question becomes: Does there always exist a sequence

of 'T-1/2 transforms' Tys Tps «...  such that T ---T)x ~ X as k> «?



Theorem 1 gives a probabilistic proof of the existence of many such
sequences: take any w in the set A = {w: Yn(w)_)_< «2 as n - @}
which has P(A) =1 . Using this fact, we will now give a simple
proof of an assertion of Bretagnolle (1980) which arose in the course
of an investigation of the Kolmogorov statistic in the case of

independent, non-identically distributed random variables.

COROLLARY 1. Let F = (F FN) be n arbitrary distribution

1000

=.]_'..Zb‘l=l Fi(x) 9 XER°

functions, with average of F given by f(x) N %

[o=]

} such that

Then there exists a sequence of T - % transforms {T m=1

m

lim T ...T F(x) = E %) wuniformly in x ¢ R ;

0
i.e.
It ...t F-F|_ -0 as moow.
m 1~ ='w
PROOF. Since T ...T, = S -’—l-J as m - ® |
—_— m 1 m N
_ N
HSmE_ - EHOD = max sup | T (S (i,3) - —-) F. (x)l
1<i<N j=1
X 1
< max I ]Sm(l,J) - ﬁl max supF, (x)
1/1<N j=1 I<i<N  x
N
< max IS (i,j -—‘
I<i<N j= 1

-0 as m - , |



2. Products of random doubly stochastic matrices. Let Q denote the

transition matrix of a discrete time finite-state Markov chain. It is well-
known (e.g. Karlin and Taylor (1975)) that if Q is aperiodic and irredu-

. . n . . .
cible, the 1lmn+m Q =1 where the matrix I has identical rows, each

row being the stationary distribution of the Markov chain. If Q is doubly
stochastic, then it is easily seen that each element of 1 equals 1/N
where N is the number of states. Consider a "Mafkov chain in a random
environment" (MCRE) described as follows: Let AA+ denote the space of
nonnegative N xN stochastic matrices and let (Q,A,P) be an appropriately
large probability space. Suppose that {Xn}n2=l is a statiomary and
ergodic process with Xi: Q - M+'for i=1,2,... . Then a process {Hn}

is called a MCRE with environment {Xn} ® if, conditional on the environ-

n=1

oo
is a time inhomogeneous Markov chain

mental sequence X
e t n'n=1"

{Hn}n=l

with transition matrix Xn at time n. It is then of interest to know

the behaviour of Yn = Xl'X2°-1Xn, the n-step transition probability

matrix. If the matrices {Xn} are independent and identically distri-

n=1

buted, rather than just stationary and ergodic, and if E(Xl) = Q is an

irreducible aperiodic matrix, then it is clear that l:!'.mn_m° E(Yn) =

n . . .
limn+°° Q = I where the rows of 1 are identical and each row is the

unique stationary distribution for the stochastic matrix E(Xl) = Q. If

the matrices {xﬁ}n=l are doubly stochastic (as well as iid), then E(Xl)



= Q 1is doubly stochastic, from which it follows that each element of I

is 1/N. Note that if one only assumes that {Xi}i:l are stationary

and ergodic rather than independent and identically distributed, even these
rather limited results are no longer obvious.

Our main result concerning the behaviour of the products {Yn} is

the following theorem:

THEOREM 2. Let {Xn}n= be a stationary ergodic sequence of random

1

variables taking values in the space M+ of NxN nonnegative doubly

stochastic matrices. Let Yn = Xl-Xz'“Xn for n=1,2,... . Suppose

there exists a positive integer k such that

A P(mlnlf_i,jiN(Yk)ij > 0) > 0.
Then
1) lim Y = -!'-J a.s.
n> n N
and
(2) lim  E(Y) = =J
n->o n N

where J 1is the NXxN matrix of ones.

PROOF of Theorem 1. Let Vn = Xn.Xn+1."Xn+k-l for n=1,2,:..

By Theorem 6.6 of Breiman (1968), {Vn}n:1 is a stationary ergodic process.

B.. > 0}. Then, by the Birkhoff Ergodic

+ .
et H= {Be M: mlnl_f_i,jiN 1

Theorem (e.g. Breiman (1968)),

. v 1 n _
(3) 11mn_m - zj=l lH(Vj) P(Vl e H) a.s.
where 1H(’) is the indicator of the set H. Since

(4) P(Vl eH) = P(minlf_i,j_f_N(Yk)ij > 0) > 0
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by (A), (3) implies that there exists w.p. 1 a positive integer n_ =

0
n (w) >1 such that V e H. Now
c n
0
(5) min ¥ ).. = min TN @ ). w
TM<i,5 <N Tngtk-171] 1<4,J<N fs=1"n-1’is" 'ny’s]
min ~(V_).. min ) N (Y )
1<4,J<N 'ny’dj T 1<i<N fs=1''n-1’is
But Yn -1 is stochastic since it is the product of stochastic matrices,
0 .
and since Vn e H, it follows from (5) that
0
(6 M0 iy enagersy 2 M ontn iy 7O

Thus, for n > n0+k—1,

. — . N e o0 e
@ miny e en™liy T ™Mo 5w zs=1(Yno+k-1)is(Xno+k X3
> min (Y ) N X *2+X )
- 1<i,j<N n0+k—l ij ~s=1 n0+k n’sj
- .
and since {Xn}n=l are doubly stochastic, Xn0+k“'Xn is also doubly
stochastie, so that (6) and (7) vyield Yn e H for n >'_n0+k—l.
Now let X denote the process {Xn}n:l and let
(8) mn(XX) = mlnlf_i,j iN(Xl.“Xn)ij
and
(9 Mn()Q() = maxlf_i,j _<_N(X1“.Xn)ij .
Then it is easily seen that mn(}x) is an increasing sequence since
(10) m (X)) = min ). (X))
ntl 1<i,j<N “s=1""1 n’is "n+l’sj
> m_(¥) min Y& ). = n (X
- n 1<j<N%s=1"nt+l"sj n
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because Xn is doubly stochastic. A similar argument shows that Mn( X)

+1
is a decreasing sequence. Since mn( *X) and Mn(XX) are bounded below by
zero and above by 1, the sequences converge. Let m(X) = limnm mn(X()

and M(XX) = limn_wo Mn( XX). Denote by T the shift operator on the process

X; i.e. TX = (Xz,X3, eses)s Then, for n > 1,

[l

N &), &

an mn(}x) mlnlii,jf_N zs=1 17is Z‘O'Xn)sj

= m

L (TX).

|v

. N
mop (TE) ming gy Loy Xy

Taking limits in (11) as n »> «» yields

(12) n(X) > m(TX),

and a similar argument shows that
(13) M(X) < M(TX).

Equations (12) and (13) imply that m(X) and M(X) are invariant random
variables under the shift T, and since the process X is ergodic,
Proposition 6.18 of Breiman (1968) implies that m( X) and M(X) are
constants almost surely.

For any positive integer r, we can write

(14) X)) o= om (TR + e

T AR 13

where Eij = Eij (Tr X,n) is a random variable bounded between 0 and 1

for all 1<i,j<N. Then

1]

N o o
(15) m, (20 miny 4,5 <N YC Ll SOPICSELE W) s

: ¢ N T
iy <i,j <N z:3=1(X1 Xr)is(mn—r(T ®) + esj)
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N e e o
=1 & X)

r
+ mi
mn-*r(T X) min . isesj

1<i,j<N s

N
1<j<N ls=1 ®sj °

|v

r .
mn_r(T X) + mr(XX) min

Since (Xr+l"°Xn) is doubly stochastic, it follows that, for any
1<j<N,
(16) Nm (T ) + TN e =1

n-r s=1 “sj ’
and so, upon combining (15) and (16),

r r
17) m (X)) > m (T"X +mn(X){1l-Nn_ (T X)].
Also,
r r

(18) Mn—r(T X)) + (N—l)mn_r(T X) <1,

so combining equations (17) and (18) yields

3

(19) n (%) > m_ (T"H) + n () {M__(T"%) - (T"%)).

Taking limits in equation (19) as n tends to infinity (with r fixed)

yields
(20) n(X) > m(T' X) + mr(XX){M(TrX) - n(T" X)}

and since m(X) and M(X) are constants almost surely, equation (20)

implies that
(21) 'mr(IX){M(m) - m(X)} < 0 a.S..

But for r sufficiently large mr(XX) > 0 a.s., and M(X) > m(X)

and so it follows from (21) that M(X) = m(X) a.s. -
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Since (Xl'~'Xn) is doubly stochastic
(22) NMn( X) > 1 and Nmn( X) < 1;

but this together witﬁ n(X) = M(X) forces m(X) = M(X) =1/N a.s.,
and this completes the proof of (1) of the theorem.

The second half of Theorem 2, (2), follows immediately from (1) and
the Lebesgue dominated convergence theorem since all the entries of the

matrices are bounded by 0 and 1. []

REMARK 1. Condition (A) is clearly a necessary condition for equation
(1) to hold, so Theorem 1 is sharp. Some simple sufficient conditions for
(A) will be given at the end of Section 3.

REMARK 2. TIf one regards Xn as the transition matrices of a Markov
chain, then, conditional on {Xn}n:l one can construct a time-inhomogeneous
Markov chain. It is well known (Orey (1971)) that the associated space-
time process is time homogeneous; 1.e. it has a fixed transition probability
matrix P = P(X). It is possible, therefore, that using standard results
for the limit of the matrix Pn, one could "transfer" these results from
the space-time process to the original process and thus obtain a different

proof of Theorem 1.

REMARK 3. It should be noted that the limiting behavior of
products has been studied extensively (see Senata (1973) for a nice
account) and, that conditional on the given sequence of matrices, the
random product becomes a deterministic one. Thus one is tempted to try
to "transfer'" the deterministic result to the ramdom product case.

When {X_}.
n

=1 2are independent and identically distributed, Theorem 2
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could in fact, be proved using classical results in Senata (1973) or re-
lated extensions in Kaijser (1975). Even the stationary ergodic case
can probably be proved in this manner although this case poses a

greater technical difficulty. Unfortunately, a complete proof along
these lines would involve repetition of most of the proof of Theorem 2

given above, and hence no advantage is gained with this alternate

approach in this case.

3. Examples.

EXAMPLE 3.1. Random walk in a random environment on a circular lattice.

Consider a particle executing a random walk in a random environment on

the lattice {0, 1, ... , N-1} modulo N; 1i.e. {(qn’rn’pn)}n=0 is a

stationary and ergodic sequence of positive random variables such that

+ +r =1
(23) Pn qn n )
where, conditional or the enviromment {(p ,q ,r )} ., p_ is the
n’ n’ n n=0 n
probability of a unit move in the counterclockwise direction, qn is the
probability of a unit move in the clockwise direction, and r is the
n
. s . th
probability of sitting still on the n move. If Xn denotes the

transition probability matrix conditional on the environment, then

° 9o o
°

(24) Xn = ' .
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where X is an N*N matrix. If Hn denotes the position of the
n .
— o
particle at time n, and if ¢§ denotes the environment {(qn’rn’pn)}n=0’

1

then Theorem 1 states that, for 0<i,j<N-1,

) - s - N
(25) lim P(Hn—JIHO—l, £) = 3 a.s.

if we assume that there exists a positive integer k independent of HO

. . 11 2
such that, starting at Ho,all states are accessible at time k. ("Accessible
at time k" means that there is positive probability that the k-step

transition‘probability is strictly positive; i.e. that condition (A) holds.)

This result is related to the fact that the only possible limit
distributions for the convolution of a measure on a compact group G
is the uniform measure on a subgroup K (Heyer (1977), Thm. 2.17,
page 90). Of possible greater interest is the use of examples of this
type to construct pseudo-random number generators, and in this regard,
to extend the results of Brown and Solomon (1976). We conjecture, in
fact, that using a stationary ergodic process in place of a convolution
measure to construct a pseudo-random number generator will allow the
user greater freedom in specifying '"desirable" properties of pseudo-
random numbers generated.

We will now provide a necessary and sufficient condition for

accessibility which can be easily verified in practice.
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PROPOSITION 2. A random walk in a random environment on a circular

lattice is accessible if and only if

(B) P(0<r,.<1l, or 0<p0<l and O<q0<l) > 0

0

if the number of states N 1is odd, or

) P(O<r.<1) > O

0
if the number of states N 1is even.
i = {5: > = X v i
PROOF. Let J(i,n) = {j: (Yn)ij} 0} where Y o= XXX is
the n+l - step transition probability matrix, and let a(i,n) denote
the length of the largest interval contained in J(i,n). (For example

[N-1,0,1] is an interval of length 3.) It is easy to see that a(i,n)

is a non-decreasing function of n. For if O< rn+l_<_l, then J(i,n) C;__

J(i,n+l); and if raoT 0, then either P i1 >0 or 941 >0
which implies that either

(26) {(j+1) mod N: j € J(i,n)} C J(i,n+l)

or

(27) {(j-1) mod N: j € J(i,n)} & J(i,ntl).

If O«< r < 1 then either P >0 or S > 0 from which it follows

that, if a(i,n) < N then
(28) a(i,ntl) > oa(i,n) + 1.

Suppose P(0< r0< 1) > 0. Since {En}nzo is stationary and ergodic, then

w.p. 1 there exists a sequence n, = nk(g) strictly increasing such that

k

O<r_ <1. It follows that for n > n a(i,n) = N. Since n_ is finite

N’ N

w.p. 1, there exists an integer K such that P(nN =K)> 0, and it
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follows immediately that

(Y.) >0) > O

(29) P(min k)13

1<i,j <N
so that the random walk on the circular lattice is accessible. Hence
condition (C) is a sufficient condition for accessibility whether N is
odd or even.

Case 1. N even. Suppose condition (C) fails. Then P(r0 =0 or Ty = 1)

=1. If En = (0,1,0) then, for each i, J(i,n-1) = J(i,n); i.e. there

is no change. If ¢ (0,0,1) then

n

(30) J(i,n) = {(G+)modN: j e J(i,n-1)}

so that oa(i,n) = a(i,n-1). A similar argument holds for En = (1,0,0).
Now !J(i,O)] < 2 where [J(i,n)l denotes the cardinality of the set
J(i,n) and furthermore o(i,0) =1. If gn = (qn’O’Pn) where q > 0 and
P> 0, and if [J(i,g—l)l < N/2, then a(i,n) =1 from which it follows
that |J(i,n)| < N/2 for all n, and hence the random walk in the circular
lattice is not accessible.

Case 2. N odd. We will first show that P(O1<p0‘<l and 0« 9 < 1) >0
implies that the random walk is accessible. We may without loss of generality
assume P(r0 =0 or ro = 1) = 1 since otherwise we have already shown that

the random walk is accessible. Now it is easy to see that if gn = (qn,O,pn)

where qn > 0 and pn > 0 and if IJ(i,n—l)[ < (N+1)/2, then

(31) |J(i,n)] [J(i,n-1)] + 1.

Since the process § is stationary and ergodic, there exists w.p. 1 a

strictly increasing sequence n = nk(g) such that P 0, a, > 0,
k

k
and r_ = 0. It follows that, for n > ny, |3(i,n)| > (W1)/2 which
k
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implies that o(i,n) > 2. But it is easy to see that if

(32) 2 < a(i,n) <N
and if Py > 0, 9Uyp > 0, and r " 0, then
(33) a(i,ntl) > a(i,n) + 1

from which it follows that for n Z-nZN’ a(i,n) = N. Since n2N is

finite w.p. 1, there exists an integer K such that P(n2N =K) > 0,

and so for this K

(34) P(mlnlf_i,jiN(YK)ij

> 0) > 0;
i.e. the random walk is accessible. It follows that condition (B) is
a sufficient condition for the random walk to be accessible if N is odd.

Suppose condition (B) fails. Then P(EO e {¢0,1,0),(1,0,0),(0,0,1)})
= 1. It is easy to see that in this case [J(i,n)l =1 for all n and
i=1,...,N so that tﬁe random walk is not accessible. []

EXAMPLE 3.2. A sterile multi-type branching process in a random
environment (MBPRE). (See Athreya and Ney (1970) or Karlin and Taylor (1975)
for the definition of MBPRE). Consider a collection of particles with
X1 of type 1, Xy of type 2, Xyg of type N. Suppose that all the
particles are sterilevbut.that pij(gn) = (Xn)ij equals the probability
that an 1i-type particle iﬁ the  n-th generation '"mutates" to become a
j-type particle in the (n+l)-th generation (conditional on the environ-
ment En = Xn). Suppose that it is equally likely for a j-type particle
to mutate to a i-type particle as it is for an i-type particle to mutate
to a j-type particle; 1i.e. (Xn)ij = pij(En) = pji(En) = (Xn)ji for all

i,j=1,...,N. Then the matrix Xn = Pn = P(;n) = (pij(gn)) is doubly



18
stochastic. A necessary and sufficient condition for XO'X1°°-Xn to
converge to (1/N)J a.s. as n tends to infinity is that there exists

a positive integer K > O such that

(35) P(nin X -o-XK)ij > 0) > 0,

1<1,5 <%0

The interpretation of this result is that, assuming equation (35), the
expected number of particles of each type is the same "in the long run"
independent of the initial population.

EXAMPLE 3.3. Random pairwise averaging. Le; T = {Tij} be the
collection of 'pairwise averaging‘matrices' described in Section 1. Note

again that T contains (g) elements and that T C M+. Suppose that

[e e}

{X}

nin=1 is a stationary ergodic sequence with values in T and that

(D) P(Xl = Tij) > 0 for each Tij e T.

These conditions are clearly satisfied if, for example, the Xi's are
independent and uniformly distributed over T as in Section 1. We will
now show that (D) implies condition (A) of Theorem 2 and hence, by Theorem
2, Yn = Xl---Xn + (1/N)J a.s. as n > «,
L i = {j: > 0}. i 1,} f 11 k>1
et J(i,n) = {j (Yn)ij }. Since (Xk)jj e {1,%} for a >

and all j =1,...,N, it follows that J(i,n)& J(i,ntl) for all n > 1.

Let 1 ﬁ_ko <N be fixed. Let A denote the unique element of T such
that (A), = 1/2. Since {X }* is a stationary and ergodic sequence
1k0 n n=1
and since P(X1 = A) > 0, there exists w.p. 1 an integer n, = no(w)
such that X = A. Now
ng(w)

1
(37) o a2 Ta )33 dig = 2% 111
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since i e J(i,1) dimplies that (Yn)ii> 0. Hence k., e J(i,n) for

0

Since 1 < k) < N was arbitrary, it follows that there exists

a positive integer n,

n>n..
-0

ni(w) such that, for all n > n, s J({,n) =
{1,2,...,N}. Let n* = n*(w) = SuPliif_N ni(w) . Then for n > n*, the
cardinality of J(i,n) equals N for all 4i. Since n* < » w.p. 1,

there exists a positive integer K > 0 such that P(n* = K) > 0. But

(38) minlii,jf_N(Yn*)ij > 0
and hence
(39) P(min (Y. ) > 0) > 03

1<4,j<N K1)
i.e. condition (A) of Theorem 2 is satisfied.

By use of arguments similar to those used in Examples 3.1 and 3.3, it
can be seen that the following are sufficient conditions for condition (A)

of Theorem 2 to hold:

. > > .

(Al) P(mlnlf__i,jf_N(Xl)ij 0) 0;
i.e., there is positive probability that all the entries of Xl
are strictly positive.

(A2) P(mlnlf_i_{N.(Xl)ii >0) =1 and mlnlii,jiNP((Xl)ij > 0) > 0g
i.e. all the diagonal elements of Xl are strictly positive
w.p. 1, and each element of Xl has positive probability of
being non-zero. (This condition handles Example 3.3.)

(A3) {Xn}nil are independent and identically distributed and take
values in a finite subset A of Mt such that there exists

A € A which is an irreducible aperiodic matrix and P(Xl = A) > 0,
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