
The Huber-Pollard Z-theorem

Wellner; 5/13/98

The Context/Setup

Suppose that � � R

k

, and that

	

n

: �! R

k

; random maps

	 : �! R

k

; deterministi
 maps

Suppose that

b

�

n

and �

0

are the 
orresponding solutions (or approximate solutions) of

	

n

(

b

�

n

) = 0 or 	

n

(

b

�

n

) = o

p

(n

�1=2

) ;

	(�

0

) = 0 :

In the simple 
ase of i.i.d. data X

1

; : : : ; X

n

i.i.d. P

0

with empiri
al measure P

n

, and

then, for the usual 
ase of linear estimating equations, the fun
tions 	

n

; 	 are given

by

	

n

(�) = P

n

 (�; �); and 	(�) = P

0

 (�; �)

for a ve
tor of fun
tions  : X � � ! R

k

,  (x; �) =  (x; �); often the fun
tions  

are s
ore fun
tions motivated by likelihood, pseudolikelihood, quasilikelihood, or some

other \likelihood" for the data.

Here are the four basi
 
onditions needed for Huber's theorem:

A.1

p

n(	

n

� 	)(�

0

)!

d

Z

0

A.2

sup

j���

0

j�Æ

n

j

p

n(	

n

�	)(�)�

p

n(	

n

� 	)(�

0

)j

1 +

p

nj� � �

0

j

= o

p

(1)

for every sequen
e Æ

n

! 0.

A.3 The fun
tion 	 is (Fr�e
het-)di�erentiable at �

0

with nonsingular derivative

_

	(�

0

) �

_

	

0

:

	(�)� 	(�

0

)�

_

	

0

(� � �

0

) = o(j� � �

0

j) :

A.4 	

n

(

b

�

n

) = o

p

(n

�1=2

) and 	(�

0

) = 0.
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Theorem. (Huber (1967); Pollard (1985)). Suppose that A.1 - A.4 hold. Let

b

�

n

be

random maps into � � R

k

satisfying

b

�

n

!

p

�

0

. Then

p

n(

b

�

n

� �

0

)!

d

�

_

	

�1

0

(Z

0

) ;

if Z

0

� N

k

(0; A), then this yields, with

_

	

0

� B,

p

n(

b

�

n

� �

0

)!

d

N

k

(0; B

�1

A(B

�1

)

T

) :

Proof. By de�nition of

b

�

n

and �

0

,

p

n(	(

b

�

n

)� 	(�

0

)) =

p

n(	(

b

�

n

)�	

n

(

b

�

n

)) + o

p

(1)

= �

p

n(	

n

� 	)(�

0

)

�

n

p

n(	

n

�	)(

b

�

n

)�

p

n(	

n

� 	)(�

0

)

o

+ o

p

(1)

= �

p

n(	

n

� 	)(�

0

) + o

p

(1 +

p

nj

b

�

n

� �

0

j) + o

p

(1) ;(0.1)

here the last equality holds by A.2 and

b

�

n

!

p

�

0

. Sin
e

_

	

0

is 
ontinuously invertible,

there exists a 
onstant 
 > 0 su
h that

k

_

	

0

(� � �

0

)k � 
k� � �

0

k

for every �; this is just the basi
 property of a nonsingular matrix. By A.3 (di�eren-

tiability of 	), this yields

j	(�)� 	(�

0

)j � 
j� � �

0

j+ o(j� � �

0

j) :

By (0.1) it follows that

p

nj

b

�

n

� �

0

j(
+ o

p

(1)) � O

p

(1) + o

p

(1 +

p

nj

b

�

n

� �

0

j) ;

whi
h implies

p

nj

b

�

n

� �

0

j = O

p

(1) :

Hen
e from (0.1) again and A.3 it follows that

_

	

0

(

p

n(

b

�

n

� �

0

)) + o

p

(

p

nj

b

�

n

� �

0

j) = �

p

n(	

n

�	)(�

0

) + o

p

(1)

and therefore

p

n(

b

�

n

� �

0

)!

d

�

_

	

�1

0

(Z

0

)

by A.1 and A.3. 2
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Now our goal is to extend this to an in�nite-dimensional setting in whi
h � is a

Bana
h spa
e. A suÆ
iently general Bana
h spa
e is the spa
e

l

1

(H) � fz : H ! R

�

�

�

jjzjj = sup

h2H

jz(h)j <1g

where H is a 
olle
tion of fun
tions. We suppose that

	

n

: �! L � l

1

(H

0

) ; n = 1; 2; :::

are random, and that

	 : �! L � l

1

(H

0

) ;

is deterministi
. Suppose that either

	

n

(

b

�

n

) = 0 in L;

(i.e. 	

n

(

b

�

n

)(h

0

) = 0 for all h

0

2 H

0

), or

	

n

(

b

�

n

) = o

p

(n

�1=2

) in L;

(i.e. jj	

n

(

b

�

n

)jj

H

0

= o

p

(n

�1=2

)).

Here are the four basi
 
onditions needed for the in�nite-dimensional version of Huber's

theorem due to Van der Vaart (1995):

B.1

p

n(	

n

� 	)(�

0

)) Z

0

in l

1

(H

0

) :

B.2

sup

k���

0

k�Æ

n

k

p

n(	

n

� 	)(�)�

p

n(	

n

� 	)(�

0

)k

1 +

p

nk� � �

0

k

= o

p

(1)

for every sequen
e Æ

n

! 0.

B.3 The fun
tion 	 is (Fr�e
het-)di�erentiable at �

0

with derivative

_

	(�

0

) �

_

	

0

having

a bounded (
ontinuous) inverse:

k	(�)�	(�

0

)�

_

	

0

(� � �

0

)k = o(k� � �

0

k) :

B.4 	

n

(

b

�

n

) = o

p

(n

�1=2

) in l

1

(H

0

) and 	(�

0

) = 0 in l

1

(H

0

).

Theorem. (Van der Vaart, 1995). Suppose that B.1 - B.4 hold. Let

b

�

n

be random

maps into � � l

1

(H

0

) satisfying

b

�

n

!

p

�

0

. Then

p

n(

b

�

n

� �

0

)) �

_

	

�1

0

(Z

0

) in l

1

(H) :

Proof. Exa
tly the same as in the �nite-dimensional 
ase. 2

3



Appli
ations of Van der Vaart's Z-theorem:

� Gamma frailty model; Murphy (1995).

� Partially 
ensored data; Van der Vaart (1995).

� Correlated gamma-frailty model; Parner (1998).

� Double-
ensoring; Chang (19xx)

� Semiparametri
 biased sampling models; Gilbert (1997).

� Two-phase sampling models with data missing by design; Breslow and Holubkov

(1997), Lawless, Wild, and Kalfbleis
h (1997), M
Neney and Wellner (1998).

However, in many statisti
al problems the parameter usually in
ludes both a �nite-

dimensional parameter (e.g. regression parameters) and an in�nite dimensional (nui-

san
e) parameter. We now suppose that � = (�;�), where � is a �nite-dimensional

parameter, say in R

d

, and � an in�nite dimensional parameter (a fun
tion). The

M-estimators of �,

^

�

n

, and of �,

^

�

n

, respe
tively, often have di�erent 
onvergen
e

rates. The 
onvergen
e rate for

^

�

n

is often smaller than n

1=2

, su
h as n

1=3

, or n

2=5

in

some 
ases. Huang (1996) established a general theorem to show that under 
ertain

hypotheses, the maximum likelihood estimator of a �nite dimensional parameter has

n

1=2


onvergen
e rate and is asymptoti
ally semiparametri
 eÆ
ient, even though the


onvergen
e rate for the maximum likelihood estimator of the in�nite dimensional pa-

rameter is smaller than n

1=2

. He also su

essfully applied his general theorem to the

proportional hazards model with interval 
ensored data.

The following theorem due to Zhang (1998) generalizes the theorem of Huang (1996)

to the 
ase of ineÆ
ient M-estimators; it shows that under reasonable regularity hy-

potheses, the M-estimator of a �nite-dimensional parameter � has n

1=2


onvergen
e

rate, and that

^

�

n

is asymptoti
ally normal, even though the M-estimator of the 
orre-

sponding in�nite dimensional parameter � 
onverges perhaps more slowly than n

1=2

.

The resulting asymptoti
 
ovarian
e matrix for the M-estimator of � has the well-known

\sandwi
h" stru
ture.

Here is the notation and 
onditions needed for the theorem. Let � = (�;�), where

� 2 R

d

, and � is an in�nite dimensional parameter in a 
lass of fun
tions F . �

�

is a

parametri
 path in F through �, i.e. �

�

2 F , and �

�

j

�=0

= �:

Let H =

�

h : h =

��

�

��

�

�

�

�=0

�

and de�ne

m

1

(�;�; x) = r

�

m

(�;�)

(x) �

�

�

��

1

m

(�;�)

(x); � � � ;

�

��

d

m

(�;�)

(x)

�

0

:
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m

2

(�;�; x)[h℄ =

�

��

m

(�;�

�

)

(x)

�

�

�

�

�=0

;

m

11

(�;�; x) = r

2

�

m

(�;�)

(x);

m

12

(�;�; x)[h℄ =

�

��

m

1

(�;�

�

; x)

�

�

�

�

�=0

;

m

21

(�;�; x)[h℄ = r

�

m

2

(�;�; x)[h℄;

and

m

22

(�;�; x)[h; h℄ =

�

2

��

2

m(�;�

�

; x)

�

�

�

�

�=0

:

We also de�ne

S

1

(�;�) = Pm

1

(�;�;X);

S

2

(�;�)[h℄ = Pm

2

(�;�;X)[h℄;

S

1n

(�;�) = P

n

m

1

(�;�;X);

S

2n

(�;�)[h℄ = P

n

m

2

(�;�;X)[h℄;

_

S

11

(�;�) = Pm

11

(�;�;X);

_

S

12

(�;�)[h℄ =

_

S

0

21

(�;�)[h℄ = Pm

12

(�;�;X)[h℄;

and

_

S

22

(�;�)[h; h℄ = Pm

22

(�;�;X)[h; h℄:

Furthermore, for h = (h

1

; � � � ; h

d

)

0

2 H

d

, where h

j

2 H for j = 1; 2; � � � ; d;, and

H

d

= H�H� � � � �H

| {z }

d

; denote

m

2

(�;�; x)[h℄ = (m

2

(�;�; x)[h

1

℄; � � � ; m

2

(�;�; x)[h

d

℄)

0

;

m

12

(�;�; x)[h℄ = (m

12

(�;�; x)[h

1

℄; � � � ; m

12

(�;�; x)[h

d

℄);

m

21

(�;�; x)[h℄ = (m

21

(�;�; x)[h

1

℄; � � � ; m

21

(�;�; x)[h

d

℄);

m

22

(�;�; x)[h; h℄(m

22

(�;�; x)[h

1

; h℄; � � � ; m

22

(�;�; x)[h

d

; h℄)

T

;

and de�ne

S

2

(�;�)[h℄ = Pm

2

(�;�;X)[h℄;

S

2n

(�;�)[h℄ = P

n

m

2

(�;�;X)[h℄;

_

S

12

(�;�)[h℄ = Pm

12

(�;�;X)[h℄;

_

S

21

(�;�)[h℄ = Pm

21

(�;�;X)[h℄;

and

_

S

22

(�;�)[h; h℄ = Pm

22

(�;�;X)[h; h℄:

The following Assumptions will be used to formulate our general theorem:
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A1. (Consisten
y and rate of 
onvergen
e):

j

^

�

n

� �

0

j = o

p

(1) and k

^

�

n

� �

0

k = O

p

(n

�


)

for some 
 > 0:

A2. (Zero-mean stru
ture):

S

1

(�

0

;�

0

) = 0; and S

2

(�

0

;�

0

)[h℄ = 0; for all h 2 H:

A3. (Positive "pseudo-information"): There exists an h

�

= (h

�

1

; � � � ; h

�

d

)

T

, h

�

j

2 H

j = 1; � � � ; d, su
h that

_

S

12

(�

0

;�

0

)[h℄�

_

S

22

(�

0

;�

0

)[h

�

; h℄ = 0;(0.2)

for all h 2 H. Moreover, the matrix

A = �

_

S

11

(�

0

;�

0

) +

_

S

21

(�

0

;�

0

)[h

�

℄ = �P (m

11

(�

0

;�

0

;X)�m

21

(�

0

;�

0

;X)[h

�

℄)

is nonsingular.

A4. (Approximate solution of pseudo-s
ore equations): The estimator (

^

�

n

;

^

�

n

)

satis�es

S

1n

(

^

�

n

;

^

�

n

) = o

p

�

(n

�1=2

);

and

S

2n

(

^

�

n

;

^

�

n

)[h

�

℄ = o

p

�

(n

�1=2

):

A5. (Sto
hasti
 equi
ontinuity): For any Æ

n

# 0 and C > 0,

sup

j���

0

j�Æ

n

;k���

0

k�Cn

�


�

�

p

n(S

1n

� S

1

)(�;�)�

p

n(S

1n

� S

1

)(�

0

;�

0

)

�

�

= o

p

�

(1);

and

sup

j���

0

j�Æ

n

;k���

0

k�Cn

�


�

�

p

n(S

2n

� S

2

)(�;�)[h

�

℄�

p

n(S

2n

� S

2

)(�

0

;�

0

)[h

�

℄

�

�

= o

p

�

(1):

A6. (Smoothness of the model): For some � > 1 satisfying �
 > 1=2, and for

(�;�) in the neighborhood f(�;�) : j� � �

0

j � Æ

n

; k�� �

0

k � Cn

�


g,

�

�

�

S

1

(�;�)� S

1

(�

0

;�

0

)�

_

S

11

(�

0

;�

0

)(� � �

0

)�

_

S

12

(�

0

;�

0

)[�� �

0

℄

�

�

�

= o(j� � �

0

j) +O(k�� �

0

k

�

);

�

�

�

S

2

(�;�)[h

�

℄� S

2

(�

0

;�

0

)[h

�

℄�

_

S

21

(�

0

;�

0

)[h

�

℄)(� � �

0

)� (

_

S

22

(�

0

;�

0

)[h

�

;�� �

0

℄

�

�

�

= o(j� � �

0

j) +O(k�� �

0

k

�

):
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A7. (Asymptoti
 normality of proje
ted pseudo-s
ore): With

m

�

(�

0

;�

0

; x) � m

1

(�

0

;�

0

; x)�m

2

(�

0

;�

0

; x)[h

�

℄;

we have

p

nP

n

m

�

(�

0

;�

0

;X) �!

d

N(0; B);

where B = Em

�

(�

0

;�

0

;X)


2

= Em

�

(�

0

;�

0

;X)m

�

(�

0

;�

0

;X)

0

.

Theorem 2.3.5. (Asymptoti
 Normality) Suppose that: assumptions A1-A7 hold.

Then

p

n(

^

�

n

� �

0

) = A

�1

p

nP

n

m

�

(�

0

;�

0

;X) + o

p

�

(1) �!

d

N

�

0; A

�1

B

�

A

�1

�

0

�

:

Proof : A1 and A5 yield

p

n(S

1n

� S

1

)(

^

�

n

;

^

�

n

)�

p

n(S

1n

� S

1

)(�

0

;�

0

) = o

p

�

(1):

Sin
e S

1n

(

^

�

n

;

^

�

n

) = o

p

�

(n

�1=2

) by A4 and S

1

(�

0

;�

0

) = 0 by A2, it follows that

p

nS

1

(

^

�

n

;

^

�

n

) +

p

nS

1n

(�

0

;�

0

) = o

p

�

(1):

Similarly, we have that

p

nS

2

(

^

�

n

;

^

�

n

)[h

�

℄ +

p

nS

2n

(�

0

;�

0

)[h

�

℄ = o

p

�

(1):

Combining these equalities and A6 yields

_

S

11

(�

0

;�

0

)[

^

�

n

� �

0

℄ +

_

S

12

(�

0

;�

0

)[

^

�

n

� �

0

℄ + S

1n

(�

0

;�

0

)

+o(j

^

�

n

� �

0

j) +O(k

^

�

n

� �

0

k

�

) = o

p

�

(n

�1=2

);(0.3)

_

S

21

(�

0

;�

0

)[h

�

℄[

^

�

n

� �

0

℄ +

_

S

22

(�

0

;�

0

)[h

�

℄[

^

�

n

� �

0

℄ + S

2n

(�

0

;�

0

)[h

�

℄

+o(j

^

�

n

� �

0

j) +O(k

^

�

n

� �

0

k

�

) = o

p

�

(n

�1=2

):(0.4)

Be
ause �
 > 1=2, then the rate of 
onvergen
e assumption 1 implies

p

nO(k

^

�

n

� �

0

k

�

) = o

p

�

(1):

Thus by A4 and (2.3.4) minus (2.3.5), it follows that

(

_

S

11

(�

0

;�

0

)�

_

S

21

(�

0

;�

0

)[h

�

℄(

^

�

n

� �

0

) + o(j

^

�

n

� �

0

j)

= �(S

1n

(�

0

;�

0

)� S

2n

(�

0

;�

0

)[h

�

℄) + o

p

�

(n

�1=2

);
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i.e.

�(A + o(1))(

^

�

n

� �

0

) = �P

n

m

�

(�

0

;�

0

;X) + o

p

�

(n

�1=2

):

Hen
e

p

n(

^

�

n

� �

0

) = (A+ o(1))

�1

p

nP

n

m

�

(�

0

;�

0

;X) + o

p

�

(1)

!

d

N

�

0; A

�1

B

�

A

�1

�

0

�

:
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