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Abstract

We give Dudley’s (1978) proof of bounds for L,(Q) covering numbers for VC-classes, discuss
the improvement due to Haussler (1995), and then state bounds on convex hulls of VC-subgraph
classes due to Dudley (1987), Ball and Pajor (1990), and Van der Vaart and Wellner (1996).



1. Covering Number Bounds for VC-classes

Recall that for a collection of subsets C of a set X', and points z1,...,z, € X,
Afb(acl,...,xn) =#{CNn{x1,...,zp}: CECk

so that AS(zy,...,,) is the number of subsets of {x1,...,2,} picked out by the collection C. Also
we define

mf(n) = max AS(z1,...,z,).
T1y.-09Tn

Let
V(C) = inf{n : m(n) < 2"},

where the infimum over the empty set is taken to be infinity. Thus V(C) = oo if and only if C
shatters sets of arbitrarily large size. A collection C is called a VC - class if V(C) < oc.

Lemma. (VC - Sauer - Shelah). For a VC - class of sets with VC index V(C), set S = S(C) =

V(C) — 1. Then for n > S,
5. /n ney s
m€(n) < jzo (J) < <§> : (1.1)

Proof. For the first inequality, see Van der Vaart and Wellner (1996), pages 135-136. To see the
second inequality, note that with ¥ ~Binomial(n, 1/2),

S S
> (") = 2"y (”) (1/2)" = 2"P(Y < S)
—\j
j
< ErY-S forany r <1
1 r
_ n,.—S(- \n
= 2" (2 + 2)
= 51 +r)"
n\ S S .
= (5) (1+ 5) by choosing r = S/n

< (@)

and hence (1.1) holds.

Theorem 1. There is a universal constant K such that for any probability measure @), any VC-class
of setsC,and r > 1, and 0 < e < 1,

KlOg(K/Er)>V(C)_1 < <£>T(V(C)_1)+6 §>0: (1.2)

€’ - €

N(e,C, L, (Q) < (
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here K = 3e?/(e — 1) ~ 12.9008... works.
Moreover,

1\ V@)1
) . (1.3)

N6, Lo(@Q)) < KV(C)(46)"© (—
where K is universal.

The inequality (1.2) is due to Dudley (1978); the inequality (1.3) is due to Haussler (1995).
Here we will (re-)prove (1.2), but not (1.3). For the proof of (1.3), see Haussler (1995) or van der
Vaart and Wellner (1996), pages 136-140.

Proof. Fix 0 < e < 1. Let m = D(¢,C, L1(Q)), the Li(Q) packing number for the collection C.
Thus there exist sets C1,...,Cy, € C which satisfy

Q(ClAC]) = EQ|1Ci - 10j| > € for 1 #£ 7.

Let Xi,...,X, be iid Q. Now C; and C; pick out the same subset of {X1,..., X} if and only if
no X € C;AC;. If every C;AC; contains some Xy, then all Cj’s pick out different subsets, and C
picks out at least m subsets from {X1,..., X, }. Thus we compute

Q([ Xy € C;AC; for some k, for all i # j|°)
= Q([Xk ¢ C;AC; for all k < n, for some i # j])

< D Q(Xk ¢ CiAC; for all k < n])
1<j

< () maxi - Qe
m
< (2>(1 -t <1 for n large enough. (1.4)
In particular this holds if
ne = log ()  log(m(m —1)/2)

log(l—¢€)  —log(l —¢)
Since —log(1l —€) < ¢, (1.4) holds if

n = |3logm/e].
for this n,

Q([Xk € C;AC; for some k < n, for all i# j]) >0.
Hence there exist points X (w),..., X, (w) such that

mo< ASXi(w),. . Xn(w)
< max Ag(xl,...,xn)
L1y.-09Tn
en\ S
< (%5) (1.5)
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where S = S(C) = V(C) —1 by the VC - Sauer - Shelah lemma. With n = [3logm/e], (1.5) implies

that
<3elog m)s
<
- Se
Equivalently,
mt/s 3e
<5 )
logm — Se
or, with g(z) = z/log z,
glm?/%) < = (16)
€
This implies that
ml/s < _© 3_61g(%>’ (1.7)
e—1 ¢ €
or 5
3 3
D(e,C,L1(Q)) =m < { A (_e>} . (1.8)
e—1c¢€ €

Since N(e,C,L1(Q)) < D(e,C, L1(Q)), (1.2) holds for » = 1 with K = 3¢2?/(e — 1).
Here is the argument for (1.6) implies (1.7): note that the inequality

X

<y

g(z) = log ®

implies
e
z < 1 ylogy.
e _

To see this, note that g(z) = x/logz is minimized by x = e and is 7. Furthermore y > g(x) for
x > e implies that

log log

1
logy > logx — loglogxz = logx (1 ) >logz(l - ),
e

S0)
z <ylogz < ylogy(l —1/e)~".

For L,(Q) with r > 1, note that
le — 1pllz @) = QCAD) = [1c — 1ol (o)
so that

N6, 14(@) = M€ 0.1 < (K riog ()

This completes the proof.



Definition. The subgraphof f : X x R is the subset of X x R given by {(z,t) € X xR : t < |f(z)|}.
A collection of functions F from X to R is called a VC - subgraph class if the collection of subgraphs
in X x Ris a VC -class of sets. For a VC - subgraph class, let V(F) = V (subgraph(F)).

Theorem 2. For a VC-subgraph class with envelope function F' and r > 1, and for any probability
measure ) with ||[F'[|, ) > 0,

r(V(F)-1)
N Q€| Fllg F, Lr(Q)) < KV(F)(16¢)" ") (1)

for a universal constant K and 0 < e < 1.
Proof. Let C be the set of all subgraphs C'y of functions f € 7. By Fubini’s theorem,

Qlf — gl = (Q x A)(CrACy)

where A is Lebesgue measure on R. Renormalize Q x X\ to be a probability measure on {(z,?) :
|t| < F(z)} by defining P = (Q x A)/2Q(F). Then by the result for sets,

4:6) V(F)-1

€

N(2Q(F), F. L1(Q)) = N(.C. L1 (P)) < KV(F) (

For r > 1, note that

Qlf —gl" < QIf —gl@F) ' =2"7'R|f — g|Q(F"™")

for the probability measure R with density F"~'/Q(F"~!) with respect to . Thus the L.(Q)

distance is bounded by the distance 2(Q(F" /7| f — 9“}12/,7{ Elementary manipulations yield

N(EZHF“Q,Wj:a LT‘(Q)) S N(ETRFa]:a LI(R))
86>V.7:)—1

&

< v

by the inequality (1.3).

2. Convex Hulls and VC-hull classes

Definition. The convex hull, conv(F) of a class of functions F is defined as the set of functions
S agfi with 307 o < 1, @ > 0 and each f; € F. The symmetric convex hull, denoted by
sconv(F), of a class of functions F is defined as the set of functions ;" o f; with Y 7" Jas| < 1
and each f; € F. A set of measurable functions F is a VC - hull class if it is in the pointwise
sequential closure of the symmetric convex hull of a VC class of of functions, F C sconv(G), G a
VC-class.



Theorem 3. (Dudley, Ball and Pajor). Let @) be a probability mesaure on (X, A), and let F be a
class of measurable functions with measurable square- integrable envelope F such that QF? < oco.
and

1 \%4
NlFloa P @) <€ (1) . 0<est.

Then there is a K depending on C and V only such that
1 2V/(V+2)
log N (e[ Fllga comv(5). 22(@) < & (1) .

€

Note that 2V/(V +2) < 2 for V < oo. Dudley (1987) proved that for any § > 0
I\ 2V/(V42) 4
g Nl Pl comv (). 22(@) < K (1) .

€

Proof. See Ball and Pajor (1990) or van der Vaart and Wellner (1996), 142 - 145. See also Carl
(1997).

a

Example 1. (Monotone functions on R). For F = {1, .)(2) : t € R}, F is VC, so by Theorem
2, with F =1, V(F) = 2,

N(e, F,Ly(Q)) < Ke?, 0<e<l.

Now
G={9:R—[0,1]|g /} C conv(F).
Hence by Theorem 3
log N(e,6, Io(Q) < =+, 0<e<1.

Example 2. (Distribution functions on R?) For F = {1[t,oo)(x) .t € RY, Fis VC with
V(F) =d+ 1. By Theorem 2 with F = 1,

N(e, F,Lo(Q)) < Ke 2%, 0<e<l.

Now
G={g:R"—1[0,1]|g is a d.f. on R?} C conv(F).

Hence by Theorem 3
log N(€,G, Lo(Q)) < Ke 24/(d+1), 0<e<l.
In particular, for d = 2,

log N(e,G,La(Q)) < Ke *3,  0<e<1.
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