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Abstra
t

We give Dudley's (1978) proof of bounds for L

r

(Q) 
overing numbers for VC-
lasses, dis
uss

the improvement due to Haussler (1995), and then state bounds on 
onvex hulls of VC-subgraph


lasses due to Dudley (1987), Ball and Pajor (1990), and Van der Vaart and Wellner (1996).
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1. Covering Number Bounds for VC-
lasses

Re
all that for a 
olle
tion of subsets C of a set X , and points x

1

; : : : ; x

n

2 X ,

�

C

n

(x

1

; : : : ; x

n

) � #fC \ fx

1

; : : : ; x

n

g : C 2 Cg;

so that �

C

n

(x

1

; : : : ; x

n

) is the number of subsets of fx

1

; : : : ; x

n

g pi
ked out by the 
olle
tion C. Also

we de�ne

m

C

(n) � max

x

1

;:::;x

n

�

C

n

(x

1

; : : : ; x

n

) :

Let

V (C) � inffn : m

C

(n) < 2

n

g;

where the in�mum over the empty set is taken to be in�nity. Thus V (C) = 1 if and only if C

shatters sets of arbitrarily large size. A 
olle
tion C is 
alled a VC - 
lass if V (C) <1.

Lemma. (VC - Sauer - Shelah). For a VC - 
lass of sets with VC index V (C), set S � S(C) �

V (C)� 1. Then for n � S,

m

C

(n) �

S

X

j=0

�

n

j

�

�

�

ne

S

�

S

: (1.1)

Proof. For the �rst inequality, see Van der Vaart and Wellner (1996), pages 135-136. To see the

se
ond inequality, note that with Y �Binomial(n; 1=2),

S

X

j=0

�

n

j

�

= 2

n

S

X

j=0

�

n

j

�

(1=2)

n

= 2

n

P (Y � S)

� 2

n

Er

Y�S

for any r � 1

= 2

n

r

�S

(

1

2

+

r

2

)

n

= r

�S

(1 + r)

n

=

�

n

S

�

S

(1 +

S

n

)

n

by 
hoosing r = S=n

�

�

n

S

�

S

e

S

;

and hen
e (1.1) holds.

2

Theorem 1. There is a universal 
onstantK su
h that for any probability measure Q, any VC-
lass

of sets C, and r � 1, and 0 < � � 1,

N(�; C; L

r

(Q)) �

�

K log(K=�

r

)

�

r

�

V (C)�1

�

�

K

0

�

�

r(V (C)�1)+Æ

; Æ > 0 ; (1.2)
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here K = 3e

2

=(e � 1) � 12:9008::: works.

Moreover,

N(�; C; L

r

(Q)) �

e

KV (C)(4e)

V (C)

�

1

�

�

r(V (C)�1)

: (1.3)

where

~

K is universal.

The inequality (1.2) is due to Dudley (1978); the inequality (1.3) is due to Haussler (1995).

Here we will (re-)prove (1.2), but not (1.3). For the proof of (1.3), see Haussler (1995) or van der

Vaart and Wellner (1996), pages 136-140.

Proof. Fix 0 < � � 1. Let m = D(�; C; L

1

(Q)), the L

1

(Q) pa
king number for the 
olle
tion C.

Thus there exist sets C

1

; : : : ; C

m

2 C whi
h satisfy

Q(C

i

�C

j

) = E

Q

j1

C

i

� 1

C

j

j > � for i 6= j :

Let X

1

; : : : ;X

n

be i.i.d Q. Now C

i

and C

j

pi
k out the same subset of fX

1

; : : : ;X

n

g if and only if

no X

k

2 C

i

�C

j

. If every C

i

�C

j


ontains some X

k

, then all C

i

's pi
k out di�erent subsets, and C

pi
ks out at least m subsets from fX

1

; : : : ;X

n

g. Thus we 
ompute

Q([X

k

2 C

i

�C

j

for some k; for all i 6= j℄




)

= Q([X

k

=2 C

i

�C

j

for all k � n; for some i 6= j℄)

�

X

i<j

Q([X

k

=2 C

i

�C

j

for all k � n℄)

�

�

m

2

�

max[1�Q(C

i

�C

j

)℄

n

�

�

m

2

�

(1� �)

n

< 1 for n large enough : (1.4)

In parti
ular this holds if

n >

� log

�

m

2

�

log(1� �)

=

log(m(m� 1)=2)

� log(1� �)

:

Sin
e � log(1� �) < �, (1.4) holds if

n = b3 logm=�
 :

for this n,

Q([X

k

2 C

i

�C

j

for some k � n; for all i 6= j℄) > 0 :

Hen
e there exist points X

1

(!); : : : ;X

n

(!) su
h that

m � �

C

n

(X

1

(!); : : : ;X

n

(!))

� max

x

1

;:::;x

n

�

C

n

(x

1

; : : : ; x

n

)

�

�

en

S

�

S

(1.5)
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where S � S(C) � V (C)�1 by the VC - Sauer - Shelah lemma. With n = b3 logm=�
, (1.5) implies

that

m �

�

3e logm

S�

�

S

:

Equivalently,

m

1=S

logm

�

3e

S�

;

or, with g(x) � x= log x,

g(m

1=S

) �

3e

�

: (1.6)

This implies that

m

1=S

�

e

e� 1

3e

�

log

�

3e

�

�

; (1.7)

or

D(�; C; L

1

(Q)) =m �

�

e

e� 1

3e

�

log

�

3e

�

��

S

: (1.8)

Sin
e N(�; C; L

1

(Q)) � D(�; C; L

1

(Q)), (1.2) holds for r = 1 with K = 3e

2

=(e� 1).

Here is the argument for (1.6) implies (1.7): note that the inequality

g(x) =

x

log x

� y

implies

x �

e

e� 1

y log y :

To see this, note that g(x) = x= log x is minimized by x = e and is ". Furthermore y � g(x) for

x � e implies that

log y � log x� log log x = log x

�

1�

log log x

log x

�

> log x(1�

1

e

) ;

so

x � y log x < y log y(1� 1=e)

�1

:

For L

r

(Q) with r > 1, note that

k1

C

� 1

D

k

L

1

(Q)

= Q(C�D) = k1

C

� 1

D

k

r

L

r

(Q)

;

so that

N(�; C; L

r

(Q)) = N(�

r

; C; L

1

(Q)) �

�

K�

�r

log

�

K

�

r

��

S

:

This 
ompletes the proof.

2
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De�nition. The subgraph of f : X�R is the subset of X�R given by f(x; t) 2 X�R : t < jf(x)jg.

A 
olle
tion of fun
tions F from X to R is 
alled a VC - subgraph 
lass if the 
olle
tion of subgraphs

in X �R is a VC -
lass of sets. For a VC - subgraph 
lass, let V (F) � V (subgraph(F)).

Theorem 2. For a VC-subgraph 
lass with envelope fun
tion F and r � 1, and for any probability

measure Q with kFk

L

r

(Q)

> 0,

N(2�kFk

Q;r

;F ; L

r

(Q)) � KV (F)(16e)

V (F)

�

1

�

�

r(V (F)�1)

for a universal 
onstant K and 0 < � � 1.

Proof. Let C be the set of all subgraphs C

f

of fun
tions f 2 F . By Fubini's theorem,

Qjf � gj = (Q� �)(C

f

�C

g

)

where � is Lebesgue measure on R. Renormalize Q � � to be a probability measure on f(x; t) :

jtj � F (x)g by de�ning P = (Q� �)=2Q(F ). Then by the result for sets,

N(�2Q(F );F ; L

1

(Q)) = N(�; C; L

1

(P )) � KV (F)

�

4e

�

�

V (F)�1

:

For r > 1, note that

Qjf � gj

r

� Qjf � gj(2F )

r�1

= 2

r�1

Rjf � gjQ(F

r�1

)

for the probability measure R with density F

r�1

=Q(F

r�1

) with respe
t to Q. Thus the L

r

(Q)

distan
e is bounded by the distan
e 2(Q(F

r�1

)

1=r

kf � gk

1=r

R;1

. Elementary manipulations yield

N(�2kFk

Q;r

;F ; L

r

(Q)) � N(�

r

RF;F ; L

1

(R))

� KV (F)

�

8e

�

r

�

V F)�1

by the inequality (1.3).

2

2. Convex Hulls and VC-hull 
lasses

De�nition. The 
onvex hull, 
onv(F) of a 
lass of fun
tions F is de�ned as the set of fun
tions

P

m

i=1

�

i

f

i

with

P

m

i=1

�

i

� 1, �

i

� 0 and ea
h f

i

2 F . The symmetri
 
onvex hull, denoted by

s
onv(F), of a 
lass of fun
tions F is de�ned as the set of fun
tions

P

m

i=1

�

i

f

i

with

P

m

i=1

j�

i

j � 1

and ea
h f

i

2 F . A set of measurable fun
tions F is a VC - hull 
lass if it is in the pointwise

sequential 
losure of the symmetri
 
onvex hull of a VC 
lass of of fun
tions, F � s
onv(G), G a

VC-
lass.
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Theorem 3. (Dudley, Ball and Pajor). Let Q be a probability mesaure on (X ;A), and let F be a


lass of measurable fun
tions with measurable square- integrable envelope F su
h that QF

2

<1.

and

N(�kFk

Q;2

;F ; L

2

(Q)) � C

�

1

�

�

V

; 0 < � � 1 :

Then there is a K depending on C and V only su
h that

logN(�kFk

Q;2

; 
onv(F); L

2

(Q)) � K

�

1

�

�

2V=(V+2)

:

Note that 2V=(V + 2) < 2 for V <1. Dudley (1987) proved that for any Æ > 0

logN(�kFk

Q;2

; 
onv(F); L

2

(Q)) � K

�

1

�

�

2V=(V +2)+Æ

:

Proof. See Ball and Pajor (1990) or van der Vaart and Wellner (1996), 142 - 145. See also Carl

(1997).

2

Example 1. (Monotone fun
tions on R). For F = f1

[t;1)

(x) : t 2 Rg, F is VC, so by Theorem

2, with F � 1, V (F) = 2,

N(�;F ; L

2

(Q)) � K�

�2

; 0 < � � 1:

Now

G � fg : R! [0; 1℄jg %g � 
onv(F) :

Hen
e by Theorem 3

logN(�;G; L

2

(Q)) �

K

�

; 0 < � � 1 :

Example 2. (Distribution fun
tions on R

d

.) For F = f1

[t;1)

(x) : t 2 R

d

g, F is VC with

V (F) = d+ 1. By Theorem 2 with F � 1,

N(�;F ; L

2

(Q)) � K�

�2d

; 0 < � � 1:

Now

G � fg : R

d

! [0; 1℄jg is a d.f. on R

d

g � 
onv(F) :

Hen
e by Theorem 3

logN(�;G; L

2

(Q)) � K�

�2d=(d+1)

; 0 < � � 1 :

In parti
ular, for d = 2,

logN(�;G; L

2

(Q)) � K�

�4=3

; 0 < � � 1 :
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