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Abstract



1. Azuma’s Inequality

Inequality 1. (Azuma (1967)). Suppose that f € Li(P) and f — Ef =% | d; where {d;, A;}I",
is a martingale difference sequence:

E(d;)Ai_) =0, i=1,...,n.

[Question: What is A4(7?]
Assume that ||d;|c < 00, and set a? = Y1, ||d;||%. Then, for every ¢ > 0,

and

2
Pr(lf — Ef| > t) < 2exp (_2%> .

Proof. Note that if Y is a random variable such that |Y| <1 a.s. and E(Y') = 0, then for any real
number r,
FEexp(rY) < exp(r?/2).

This is proved as follows: for any |z| <1,
cosh(r) + x sinh(r)
exp(r?/2) 4+ x sinh(r),

exp(rz)

IAIA

(note that e” = cosh(r) + sinh(r) and e~" = cosh(r) — sinh(r) so equality holds from the first to
fourth lines at the endpoints z = +1) so

E(exp(rY)) < exp(r2/2) .

It follows that
E(exp(rd;)|Ai-1) < exp(r?||di[1%,/2) -

Hence we find, by iterating this inequality,

Eexp(r(f —Ef)) = EeXP(TZdi)
i=1

n—1
= F {exp(r Z d;)E (eXp(Tdn)|An—1)}
i=1

IN

n—1
E {exp(?’ > di)exp (r[ldn|3/2) }

=1

IA

exp(r?a®/2).



Thus Markov’s inequality yields

Pr(f —Ef >t) < exp(—rt+r%a®/2) forall >0
= exp(—1?/2a?)

by choosing r = t/a?. O

This form of Azuma’s inequality is ideally suited for situations in which —¢; < d; < ¢; almost
surely; that is, the martingale differences take values in symmetric intervals of length 2¢; about 0.
A slightly different formulation is as follows:

Theorem. (Hoeffding (1963), Azuma (1967)). Let Xi,..., X, be a sequence of random vectors.
Let A; = o{Xy,...,X;}, @ = 1,...,n. Suppose that {V;, A;}1<i<, is a martingale - difference
sequence, and that there exist random variables Zi, Zs,... and non-negative constants ciy,co, ...
such that for every i = 1,...,n, Z; is a function of Xy,...,X;_1 and

Z; <Vi<Zi+c¢

almost surely. Then, for every ¢ > 0 and n,

P(zn:Vz >¢€) < exp <—262/ zn:c?)
i=1

i=1
and
n n
PeSisa <om (-2 3.
i=1 i=1
The proof of the theorem is based on the following lemma:
Lemma. Assume that the random variables V' and Z satisfy E(V|Z) = 0 a.s. and for some

function f and constant ¢ > 0,
f(Z) <V < f(Z) +e.

Then, for every r > 0,
E (erV|Z) < exp(r?c?/8).

Proof. Recopy the proof of the lemma used to prove Hoeffding’s inequality, and compute
conditionally. O

Proof of the Theorem: For any r > 0 we have

P() Vi>e) < Eexp (rzvz)
i=1 i=1
n—1
= ¢ "E {exp <r Z VZ> E(e’"V”|An_1)}
i=1



< e‘“E{exp( ZV) exp(r?c/ )}

n

" exp 7'2202/8

= exp (—262/ Z c?)
1

by choosing r = 4¢/ > 7. O

IN

This leads naturally to the following theorem of McDiarmid (1989) in which the hypotheses are
formulated in a very convenient form for our particular applications:

Theorem. (McDiarmid (1989)). Let X, ..., X, be independent random vectors with values in A,
and assume that g : A™ — R satisfies

sup lg(@1, -y xn) — g(T1, e T, T Tty )| < (1.1)
T1,..,Zn€ATLEA

for ¢ =1,...,n. Then for all € > 0,

n
Pr(g(Xla"' 7Xn) - Eg(Xh 7Xn) Z E) S exp <_262/ZC?> )
1

and

Pr(—(g(X1,...,X,) — Eg(X1,...,X,)) > €) <exp <—262/Zc§) :
1

Proof. Let V = g(X1,...,X,) — Fg(Xq,...,X,), and set
Vi= (B4 —BAY)(V),  i=1,...,n,

so that V' = 37 Vi. (Here B4 = E.) Clearly {V;, A;} is a martingale difference sequence. Note
that

Vk = E{g(Xh7Xn)|Ak}_E{g(X177XTL)|'A]€—1}
= (X X0 - [ E(X s X w)dE )

where F}, is the distribution of Xj. Let
Wy = sup (Hk(Xla s 7Xk—17u) - /Hk(Xla s 7Xk—17ul)dFk(ul)>
u

and
7, = inf (Hk(Xl,...,Xk_l,v) — /Hk(Xl,...,Xk_l,v’)dFk(v’)> .
v

4



Thus Z; <V, < Wy, almost surely, and

Wy — Zp < supsup (Hp(X1q,...,u) — Hp(X1,...,v)) < ¢
u v

for k =1,...,n by the hypothesis (1.1). Hence the claimed bounds hold by the Hoeffding - Azuma
theorem. 0

Now the goal is to use the Hoeffding-Azuma-McDiarmid inequalities to prove the following two
lemmas due to Koltchinskii (1999). The basic idea is closely related to the methods of Yurinskii
(1974), (1976). Suppose that X1,..., X, are i.i.d. P on (X, A). Let P, = n '3 "  dy,, and for
any class of functions F from X to R, set

Au(F) = By — Plls.

If ri,...,r, are i.i.d. Rademacher random variables with P(r; = +1) = 1/2, then we define
n
Py =n"'> ridx,, and  Ry(F) = ||Pi|F.
i=1

Lemma 2.2. For any countable class of functions F with f : X — [0, 1] for each f € F, we have

Pr(An(F) = EAR(F)
Pr(EAn(F) 2 An(F)

Proof of Lemma 2.2. Let Z; = 6x, — P. Then take
n
V=nlBy - Plr=11)_ Zillr = ndn(F),
i=1
and with 4; = o{X1,...,X;}, i =1,...,n, define

Vi = (B4 — B4 (V) = E(VIA;) — E(V]Ai—1) .



Note that

n
V= HZZJH]: Eg(Xla"'aXn)
Jj=1

satisfies

|g(X1, . ,Xn) — g(Xl, . aXi—laXiaXi-i—la . ,Xn)|
=Y. 2+ Zillz = 1> Zi + Z||#|
J#i J#
<|\Zi = Zillr = 1 f(Xi) = Pf = (f(X}) = Pf)l+
= [If(X:) = f(X)lF < 1.
Thus the hypotheses of McDiarmid’s theorem hold with ¢; = 1,...,n, and Y ;" ; c? = n. Hence it
follows that

2t2
and this yields

Pr(Ap(F) — EAL(F) > €) < exp(—2ne?).

The proof of the second inequality is the same, and the third statement follows from the first two.
O

Proof of Lemma 2.3. Let Z; = r;0x,. Then take

n
V=nlPllz = 1) Zillz = nRa(F),
=1

and with A; = o{X1,..., X;}, X; = (r,X;), i = 1,...,n, define
V; = (B4 — BA=Y) (V) = E(VIA;) — E(V]Ai—1) .

Note that .
V= HZZ]H]:EQ(XlaaXn)
i=1

satisfies

19(X1, .. Xn) —g(X1, . X1, XD Xty X))
=1>7+ Zillr = 11> Z; + Zi| 7|
J7#i J7#i
<|NNZi = Zi||lF = |Irif (Xs) — rif (X)) || 7
= |Irif (Xi) = rif(XD]lF < 2.



Thus the hypotheses of McDiarmid’s theorem hold with ¢; =2 fori =1,...,n,and ) -, c? = 4n.
Hence it follows that

and this yields
Pr(R,(F) — ER,(F) > €) < exp(—ne®/2).
The proof of the second inequality is the same, and the third statement follows from the first two.

a

To see what Lemma 2.2 means in terms of exponential bounds for A, (F), we have the following
Lemma.

Lemma 2.3. For all ¢t > E[\/nA,(F)],

Pr(vnAn(F) > t) < exp(dtE(VnAn(F))) exp(—2t) .

Proof. By using the first inequality of Lemma 2.2 we find that, for ¢t > E[\/nA,(F)],

Pr(vnA,(F)>t) = Pr (An(]—") — E[A(F)] > (t— E[\/ﬁAn(}-)D/\/ﬁ)
exp (—2(t — E[vnAn(F)))?)
exp (4E[vnA,(F)]) exp(—2t?).

O
Note that this is completely consistent with the bounds resulting from Kiefer (1961), Alexander
(1983), and Talagrand (1994): for any Donsker class F, and in particular for VC'—classes F, we
can bound E[y/nA,(F)] in terms of covering numbers and the envelope of the class F; see e.g. Van
der Vaart and Wellner (1996), Theorems 2.14.1 and 2.14.2, pages 239 and 240. Thus if we assume
that
BlVaa.(F) < K

for a constant K independent of n, the bound of Lemma 2.3 can be further bounded by
exp(4Kt) exp(—2t%),

and the term exp(4Kt) is larger than the polynomial functions of ¢ appearing in the bounds of
Talagrand (1994).
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