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1. Azuma's Inequality

Inequality 1. (Azuma (1967)). Suppose that f 2 L

1

(P ) and f �Ef =

P

n

i=1

d

i

where fd

i

;A

i

g

n

i=1

is a martingale di�eren
e sequen
e:

E(d

i

jA

i�1

) = 0; i = 1; : : : ; n:

[Question: What is A

0

?℄

Assume that kd

i

k

1

<1, and set a

2

=

P

n

i=1

kd

i

k

2

1

. Then, for every t > 0,

Pr(f �Ef > t) � exp

�

�

t

2

2a

2

�

;

P r(�(f �Ef) > t) � exp

�

�

t

2

2a

2

�

;

and

Pr(jf �Ef j > t) � 2 exp

�

�

t

2

2a

2

�

:

Proof. Note that if Y is a random variable su
h that jY j � 1 a.s. and E(Y ) = 0, then for any real

number r,

E exp(rY ) � exp(r

2

=2) :

This is proved as follows: for any jxj � 1,

exp(rx) � 
osh(r) + x sinh(r)

� exp(r

2

=2) + x sinh(r) ;

(note that e

r

= 
osh(r) + sinh(r) and e

�r

= 
osh(r) � sinh(r) so equality holds from the �rst to

fourth lines at the endpoints x = �1) so

E(exp(rY )) � exp(r

2

=2) :

It follows that

E(exp(rd

i

)jA

i�1

) � exp(r

2

kd

i

k

2

1

=2) :

Hen
e we �nd, by iterating this inequality,

E exp(r(f �Ef)) = E exp(r

n

X

i=1

d

i

)

= E

(

exp(r

n�1

X

i=1

d

i

)E (exp(rd

n

)jA

n�1

)

)

� E

(

exp(r

n�1

X

i=1

d

i

) exp

�

r

2

kd

n

k

2

1

=2

�

)

: : :

� exp(r

2

a

2

=2) :

2



Thus Markov's inequality yields

Pr(f �Ef > t) � exp(�rt+ r

2

a

2

=2) for all r > 0

= exp(�t

2

=2a

2

)

by 
hoosing r = t=a

2

. 2

This form of Azuma's inequality is ideally suited for situations in whi
h �


i

� d

i

� 


i

almost

surely; that is, the martingale di�eren
es take values in symmetri
 intervals of length 2


i

about 0.

A slightly di�erent formulation is as follows:

Theorem. (Hoe�ding (1963), Azuma (1967)). Let X

1

; : : : ;X

n

be a sequen
e of random ve
tors.

Let A

i

� �fX

1

; : : : ;X

i

g, i = 1; : : : ; n. Suppose that fV

i

;A

i

g

1�i�n

is a martingale - di�eren
e

sequen
e, and that there exist random variables Z

1

; Z

2

; : : : and non-negative 
onstants 


1

; 


2

; : : :

su
h that for every i = 1; : : : ; n, Z

i

is a fun
tion of X

1

; : : : ;X

i�1

and

Z

i

� V

i

� Z

i

+ 


i

almost surely. Then, for every � > 0 and n,

P (

n

X

i=1

V

i

� �) � exp

 

�2�

2

=

n

X

i=1




2

i

!

and

P (�

n

X

i=1

V

i

� �) � exp

 

�2�

2

=

n

X

i=1




2

i

!

:

The proof of the theorem is based on the following lemma:

Lemma. Assume that the random variables V and Z satisfy E(V jZ) = 0 a.s. and for some

fun
tion f and 
onstant 
 > 0,

f(Z) � V � f(Z) + 
 :

Then, for every r > 0,

E

�

e

rV

jZ

�

� exp(r

2




2

=8) :

Proof. Re
opy the proof of the lemma used to prove Hoe�ding's inequality, and 
ompute


onditionally. 2

Proof of the Theorem: For any r > 0 we have

P (

n

X

i=1

V

i

� �) � E exp

 

r

n

X

i=1

V

i

!

= e

�r�

E

(

exp

 

r

n�1

X

i=1

V

i

!

E(e

rV

n

jA

n�1

)

)

3



� e

�r�

E

(

exp

 

r

n�1

X

i=1

V

i

!

exp(r

2




2

n

=8)

)

� : : : � e

�r�

exp(r

2

n

X

i=1




2

i

=8)

= exp

 

�2�

2

=

n

X

1




2

i

!

by 
hoosing r = 4�=

P

n

1




2

i

. 2

This leads naturally to the following theorem of M
Diarmid (1989) in whi
h the hypotheses are

formulated in a very 
onvenient form for our parti
ular appli
ations:

Theorem. (M
Diarmid (1989)). Let X

1

; : : : ;X

n

be independent random ve
tors with values in A,

and assume that g : A

n

! R satis�es

sup

x

1

;:::;x

n

2A;x

0

i

2A

jg(x

1

; : : : ; x

n

)� g(x

1

; : : : ; x

i�1

; x

0

i

; x

i+1

; : : : ; x

n

)j � 


i

(1.1)

for i = 1; : : : ; n. Then for all � > 0,

Pr(g(X

1

; : : : ;X

n

)�Eg(X

1

; : : : ;X

n

) � �) � exp

 

�2�

2

=

n

X

1




2

i

!

;

and

Pr(�(g(X

1

; : : : ;X

n

)�Eg(X

1

; : : : ;X

n

)) � �) � exp

 

�2�

2

=

n

X

1




2

i

!

:

Proof. Let V � g(X

1

; : : : ;X

n

)�Eg(X

1

; : : : ;X

n

), and set

V

i

�

�

E

A

i

�E

A

i�1

�

(V ); i = 1; : : : ; n ;

so that V =

P

n

1

V

i

. (Here E

A

0

� E.) Clearly fV

i

;A

i

g is a martingale di�eren
e sequen
e. Note

that

V

k

= Efg(X

1

; : : : ;X

n

)jA

k

g �Efg(X

1

; : : : ;X

n

)jA

k�1

g

� H

k

(X

1

; : : : ;X

k

)�

Z

H

k

(X

1

; : : : ;X

k�1

; u)dF

k

(u)

where F

k

is the distribution of X

k

. Let

W

k

� sup

u

�

H

k

(X

1

; : : : ;X

k�1

; u)�

Z

H

k

(X

1

; : : : ;X

k�1

; u

0

)dF

k

(u

0

)

�

and

Z

k

� inf

v

�

H

k

(X

1

; : : : ;X

k�1

; v)�

Z

H

k

(X

1

; : : : ;X

k�1

; v

0

)dF

k

(v

0

)

�

:
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Thus Z

k

� V

k

�W

k

almost surely, and

W

k

� Z

k

� sup

u

sup

v

(H

k

(X

1

; : : : ; u)�H

k

(X

1

; : : : ; v)) � 


k

for k = 1; : : : ; n by the hypothesis (1.1). Hen
e the 
laimed bounds hold by the Hoe�ding - Azuma

theorem. 2

Now the goal is to use the Hoe�ding-Azuma-M
Diarmid inequalities to prove the following two

lemmas due to Kolt
hinskii (1999). The basi
 idea is 
losely related to the methods of Yurinskii

(1974), (1976). Suppose that X

1

; : : : ;X

n

are i.i.d. P on (X ;A). Let P

n

� n

�1

P

n

i=1

Æ

X

i

, and for

any 
lass of fun
tions F from X to R, set

�

n

(F) � kP

n

� Pk

F

:

If r

1

; : : : ; r

n

are i.i.d. Radema
her random variables with P (r

i

= �1) = 1=2, then we de�ne

P

s

n

� n

�1

n

X

i=1

r

i

Æ

X

i

; and R

n

(F) � kP

s

n

k

F

:

Lemma 2.2. For any 
ountable 
lass of fun
tions F with f : X ! [0; 1℄ for ea
h f 2 F , we have

Pr(�

n

(F) � E�

n

(F) + �) � exp(�2n�

2

) ;

P r(E�

n

(F) � �

n

(F) + �) � exp(�2n�

2

) ;

P r(j�

n

(F)�E�

n

(F)j � �) � 2 exp(�2n�

2

) :

Lemma 2.3. For any 
ountable 
lass of fun
tions F with f : X ! [0; 1℄ for ea
h f 2 F , we have

Pr(R

n

(F) � ER

n

(F) + �) � exp(�n�

2

=2) ;

P r(ER

n

(F) � R

n

(F) + �) � exp(�n�

2

=2) ;

P r(jR

n

(F) �ER

n

(F)j � �) � 2 exp(�n�

2

=2) :

Proof of Lemma 2.2. Let Z

i

� Æ

X

i

� P . Then take

V � nkP

n

� Pk

F

= k

n

X

i=1

Z

i

k

F

� n�

n

(F) ;

and with A

i

= �fX

1

; : : : ;X

i

g, i = 1; : : : ; n, de�ne

V

i

�

�

E

A

i

�E

A

i�1

�

(V ) = E(V jA

i

)�E(V jA

i�1

) :
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Note that

V = k

n

X

j=1

Z

j

k

F

� g(X

1

; : : : ;X

n

)

satis�es

jg(X

1

; : : : ;X

n

)� g(X

1

; : : : ;X

i�1

;X

i

;X

i+1

; : : : ;X

n

)j

= jk

X

j 6=i

Z

j

+ Z

i

k

F

� k

X

j 6=i

Z

j

+ Z

0

i

k

F

j

� kZ

i

� Z

0

i

k

F

= kf(X

i

)� Pf � (f(X

0

i

)� Pf)k

F

= kf(X

i

)� f(X

0

i

)k

F

� 1 :

Thus the hypotheses of M
Diarmid's theorem hold with 


i

= 1; : : : ; n, and

P

n

i=1




2

i

= n. Hen
e it

follows that

Pr(V �EV > t) � exp

�

�

2t

2

n

�

and this yields

Pr(�

n

(F) �E�

n

(F) > �) � exp(�2n�

2

) :

The proof of the se
ond inequality is the same, and the third statement follows from the �rst two.

2

Proof of Lemma 2.3. Let Z

i

� r

i

Æ

X

i

. Then take

V � nkP

s

n

k

F

= k

n

X

i=1

Z

i

k

F

� nR

n

(F) ;

and with A

i

= �f

~

X

1

; : : : ;

~

X

i

g,

~

X

i

� (r

i

;X

i

), i = 1; : : : ; n, de�ne

V

i

�

�

E

A

i

�E

A

i�1

�

(V ) = E(V jA

i

)�E(V jA

i�1

) :

Note that

V = k

n

X

i=1

Z

j

k

F

� g(

~

X

1

; : : : ;

~

X

n

)

satis�es

jg(

~

X

1

; : : : ;

~

X

n

)� g(

~

X

1

; : : : ;

~

X

i�1

;

~

X

0

i

;

~

X

i+1

; : : : ;

~

X

n

)j

= jk

X

j 6=i

Z

j

+ Z

i

k

F

� k

X

j 6=i

Z

j

+ Z

0

i

k

F

j

� kZ

i

� Z

0

i

k

F

= kr

i

f(X

i

)� r

0

i

f(X

0

i

)k

F

= kr

i

f(X

i

)� r

0

i

f(X

0

i

)k

F

� 2 :
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Thus the hypotheses of M
Diarmid's theorem hold with 


i

= 2 for i = 1; : : : ; n, and

P

n

i=1




2

i

= 4n.

Hen
e it follows that

Pr(V �EV > t) � exp

�

�

t

2

2n

�

and this yields

Pr(R

n

(F)�ER

n

(F) > �) � exp(�n�

2

=2) :

The proof of the se
ond inequality is the same, and the third statement follows from the �rst two.

2

To see what Lemma 2.2 means in terms of exponential bounds for �

n

(F), we have the following

Lemma.

Lemma 2.3. For all t � E[

p

n�

n

(F)℄,

Pr(

p

n�

n

(F) � t) � exp(4tE(

p

n�

n

(F))) exp(�2t

2

) :

Proof. By using the �rst inequality of Lemma 2.2 we �nd that, for t � E[

p

n�

n

(F)℄,

Pr(

p

n�

n

(F) � t) = Pr

�

�

n

(F)�E[�

n

(F)℄ � (t�E[

p

n�

n

(F)℄)=

p

n

�

� exp

�

�2(t�E[

p

n�

n

(F)℄)

2

�

� exp

�

4tE[

p

n�

n

(F)℄

�

exp(�2t

2

) :

2

Note that this is 
ompletely 
onsistent with the bounds resulting from Kiefer (1961), Alexander

(1983), and Talagrand (1994): for any Donsker 
lass F , and in parti
ular for V C�
lasses F , we


an bound E[

p

n�

n

(F)℄ in terms of 
overing numbers and the envelope of the 
lass F ; see e.g. Van

der Vaart and Wellner (1996), Theorems 2.14.1 and 2.14.2, pages 239 and 240. Thus if we assume

that

E[

p

n�

n

(F)℄ � K

for a 
onstant K independent of n, the bound of Lemma 2.3 
an be further bounded by

exp(4Kt) exp(�2t

2

) ;

and the term exp(4Kt) is larger than the polynomial fun
tions of t appearing in the bounds of

Talagrand (1994).
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