STATISTICS 593C: Spring, 2007

Model Selection and Regularization
Jon A. Wellner

Lecture 8 (April 19): In this lecture we will consider the “adaptive lasso” as discussed
in the paper by Zou (2006).

Recall that the Lasso method introduced by Tibshirani (1996) seeks to
1
minimize S(8) = §HY — X3|I? subject to ||B|l <t

forO<t<ty=| BLs ||1. This is the “constrained form” of the optimization problem Putting
this in penalized form yields the problem of minimizing
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where A = ), is given. Here x; € R? for each 7, so X = (x1,...,X,) isn X p.
Knight and Fu (2000) studied the lasso and bridge procedures under the following
hypotheses:

Regularity conditions:

Al. M, =n"'3"  xx; = n ' X'X — M where M is a (p X p) nonnegative definite matrix.
A2. n7 ' maxj<ic, Xix; — 0.

A3.Y; =y + X0 + ¢; where ¢; are i.i.d. with Fe; =0, Var(e;) < oo.

Define criterion functions Z,(¢) by

n )\n p
Zu(@) =72 (Yi—xio) + 2> Iei s EeR” 2)
j=1

=1

Thus Z,,(¢) is minimized at ¢ = Bn(’y) = Bn
Theorem 1. (Knight and Fu) If M is nonsingular and \,/n — A¢ > 0, then

Br(ﬂ) —p argmin¢Z(¢)

where
2(0) = (6= BYM(6 = B)+ X > _ |65

Thus if A\, = o(n) and Ay = 0, argmin(Z) = [ and B is consistent.
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They also proved the following result concerning asymptotic normality of the lasso
estimator B,(ll).

Theorem 2. If \,,/y/n — Ao > 0 and M is nonsingular, then

V(B = B) =4 argmin (V)
where, with W ~ N(0,0%2M),

p

V(u) = =2u'W + ' Mu+ X Z{ujsign(ﬁj)l{ﬁj 40} + |u|1{B; = 0}}.

j=1

On the other hand, for the case of “local alternatives” 3, = B + n~'/?t we have the
following theorem:

Theorem 5. Suppose that the triangular array versions of conditions A1 - A3 hold with
Bn = +t/\/n. Let 45" minimize (1) where A, /n'/? — Xg > 0.
(a)

\/ﬁ(@(ll) — ) —q argmin(V)

where

p

V(w) = =2u'W +u'Mu+ Xy _{ussign(5;)1{5; # 0} + |u; +t;1{5; = 0}.

j=1

Zou’s further study of the lasso:
Let A= {j e {l,....,p}: 05; # 0} = {1,...,po} without loss of generality, and let

A, ={je{l,....p}: BV £0}
Proposition 1. If \,/\/n — Ao, then

limsup P(A, =A) <c<1

n—~oo

where ¢ is a constant depending 3 and o?.
Proposition 2. If \,/n — 0, \,/\/n — oo (e.g. A\, = n*/%, then

SL(BY = ) — argmin(V4)

where

Va(u) = v Mu + Z {u;sign(B;)1{B; # 0} + [u;[1{G; = 0}}.



Note that:
(i) n/A, = o(y/n) (i.e. the rate of convergence is slower than /n).
(ii) The limit is not random.

Zou (2006) gives a necessary condition for model selection consistency of the lasso as
follows:

Theorem 1. (necessary condition for model selection consistency of lasso). Suppose that
P(A,, = A) — 1. Then there is a sign vector s = (s1,...,5y,)’, s; = =1, such that

Mll M12 )

1 .
Moy M7 <1 where M = ( My, Moy (3)

Example 1. Suppose that pg = 2m +1 > 3, p = py + 1 (so there is just one irrelevant
predictor). Let

My =1 —p)I + p1J, J = matrix of all 1’s,

My = pol,
M22 == 1
where
1 14+ (po—1
- <pr < ——, and L+ (po— D)p1 < |pa| < \/M
po—1 Po Po
Then (3) fails and the lasso is model selection inconsistent.
Zou’s Adaptive Lasso:
Consider a weighted version of the lasso problem as follows:
R p
3" = argmin, {HY - Xo|*+ /\ijlqul}
j=1
for a vector w = (wy,...,w,) of weights. Note that increasing a particular weight w; has

the effect of increasing A, but for just the j-th coefficient. If we let w depend on the data
in some data-dependent way that accomplishes this, we are lead to the adaptive lasso. For
v > 0, define an “estimated weight vector” w by

. 1 ~0 ~
w = W = (1/’@(11)’77---,57(3)‘7

where 31(10) is the least squares estimator. Then define

P
[ = argmin,||Y — Xo|? + Mo ij‘@”

J=1

AP ={je{1,....p}: B #0}.
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Theorem 2. Suppose that \,/v/n — 0 and \,n0~1/2 — oco. Then the adaptive lasso
estimates satisfy:

(a) P(AY =A)— 1.

(b) V(B3 Ba) —a N(0.0°Mj").

Remark 0. If A\, = %% and v =77, then \,n0~1/2 = p3/8p0-1/2 0 if v > 1/4.

Remark 1. The least squares estimator need not be \/n—consistent for the adaptive lasso

procedure to work. If there is a sequence {a,} with a, — 0o and a,(BY) — 3) = O,(1), then
properties (a) and (b) in Theorem 2 continue to hold if A\, = o(y/n) and a)\,/+/n — .

Remark 2. Note that the weights w; for j ¢ A converge to oo, while for j € A, w; —,
1/]8,07.
Remark 3. The adaptive lasso solution is continuous. The bridge estimators with 0 < v <!

have oracle properties but are inconsistent.
Now consider the Gaussian means model of lectures 2-4:

Yi=pwi+e, &  iid N(0,1).

Consider estimation of u = (p1,...p,) by estimators fi,. The risk of an estimator fi, is
given by

R(psfin) = B'S (s — o)
i=1
while the “ideal risk” is given by
R(u, pu(ideal) = i min{pF, 1}.
i=1
Donoho and Johnstone (1994) showed that the soft-thresholding estimators fi;(soft),

1
fi;(soft) = argmin, (E(Y; —u)® + )\\u\) , i=1,...,n,
= ([¥i| = A)4signY;,

have risk differing from the ideal risk by at most a factor of 2logn, and that the 2logn
factor is a sharp minimax bound.
Zou (2006) proposes the following penalized version of the naive estimators ji(naive) = Y;:

" . 1 1
/jg ) = argmin, (E(Y; —u)®+ )\|Y;|“Y’u’)

A . :
= (|YZ| - |Y-|W) sign(Y;), i=1,...,n.
i/ +




For the estimator (), Zou proves the following oracle inequality:

Theorem 3. Let A\, = (2logn)+7/2. Then

A 11
L0y < (21 4yt i(ideal)) + —= .
R(p, i) < (2logn +5+4y7") { R(p, ai ea))+2\/7—T Toon



