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Model Selection and Regularization
Jon A. Wellner

Lecture 7 (April 17):  This lecture begins discussion of statistical aspects of Lasso and
related methods, as discussed in the paper by Knight and Fu (2000).

Recall that the Lasso method introduced by Tibshirani (1996) seeks to
1
minimize S(f) = §HY — X3|I? subject to ||B|ls <t

for0 <t <ty =| BLs ||1. This is the “constrained form” of the optimization problem Putting
this in penalized form yields the problem of minimizing
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where A = ), is given. Here x; € R? for each i, so X = (x1,...,%,) is n X p.
Knight and Fu (2000) treat the whole family of “bridge estimators” 3 = 3 defined for
v >0 by

n

j=1

i=1

These estimators were introduced by Frank and Friedman (1993). The lasso estimator of
Tibshirani (1996) corresponds to v = 1, while the classical ridge estimator of Hoerl and
Kennard (1970) corresponds to v = 2.

Regularity conditions:

Al. M, =n"'Y"  xx, = n'X'X — M where M is a (p X p) nonnegative definite matrix.
A2. n ' maxj<ic, Xix; — 0.

A3.Y; =y + X0 + ¢; where ¢; are i.i.d. with Fe; =0, Var(e;) < oo.

Under conditions A1 - A3 with M nonsingular, it is well-known that the Least Squares
Estimator @(10) is consistent and that

V(BY = 3) =4 N(0,02M 1),

Conditions A1 - A3 can be weakened considerably without destroying asymptotic normality;
see e.g. Srivastava (1971). Knight and Fu (2000) work under the assumption that the limit
matrix M is non-singular.



Define criterion functions Z,(¢) by

n

1 P
Zy() = - Z;Oi —Xj0)? + g Z; 9417, ¢ € RP. (1)
1= =

Thus Z,(¢) is minimized at ¢ = Bn(’y) = 3,.
Theorem 1. If M is nonsingular and A, /n — Ag > 0, then
BT(]) —p argmin¢Z(¢)

where
Z(¢) = (¢—B)M(¢—B)+ X Y _ o[-
j=1

Thus if A, = o(n) and Ao = 0, argmin(Z) = 3 and 35" is consistent.
Proof. With Z,, defined as in (1) we need to show that

sSup | Zn(0) — Z(¢) — %] = 0 (2)

for any compact set K C R? and that
B = 0,(1). (3)
Once (2) and (3) have been proved, then
argmin(Z,) —, argmin(2)

follows by the argmin continuous mapping theorem (see e.g. van der Vaart and Wellner
(1996), section 3.2, pages 285 - 289, or Geyer (1996)). For v > 1, Z, is convex; in this
case (2) and (3) follows from the pointwise convergence in probability of Z,(¢) to Z(¢) + o2
by applying standard results (e.g. Andersen and Gill (1982) or Pollard (1991)). (See van
der Vaart and Wellner (1996), page 208 for two key exercises concerning convex/concave
criterion functions.) For v < 1 the criterion function is not convex, but (2) still holds via
direct empirical process arguments. To prove (3), note that

n

Zn(0) > = (Y; — %) = 20
(¢) > n? xio)* = Z,(¢)
for all ¢. Since argmin(Zsz)) = 0,(1), it follows that argmin(Z,) = O,(1). O

Now we can treat asymptotic normality of Br(ﬂ) assuming that A\, = o(n). What will be
needed for asymptotic normality is that \,/\/n — Ag > 0. But here we will see that if
Ao = 0, the limiting distribution is just the same as that of the least squares estimator.



Theorem 2. Suppose that v > 1. If A\, /\/n — A\g > 0 and M is nonsingular, then
V(B — B) —q argmin, (V)
where, with W ~ N(0,0%2M),

— _ o9, ’ P:lujSign(BjNﬂjP_la v >1,
Vi) = 2“W+“M““°{ D {uysign(5)1(6, # 0} + [u,[1{8, = 0}}, 7 =1.

Proof. Define V,,(u) by
Va(u) = n(Z,(B+n""?u) — Z,(5))

= Dl =X/ Vi — @b+ A 318+ w/ VD~ 517

Note that V,, is minimized at \/ﬁ(@(ﬂ) — (). Now the first term in V,(u) converges in
distribution easily:

n ; n 1
Z{(eZ —xXu/vn)? -} = —2% inei —i—u’EZXix;u
=1 =1 =1

—g —2uW + 4 Mu

by A1 - A3. If v > 1, then the second term satisfies
p p
M > {185+ ui/V/nl" = 18,17} — Ao Y ugsign())]8;7,
j=1 j=1
and for y =1
p p
Ao Y {185+ i/l = 1851} — Ao Y {ujsign(5)1{8; # 0} + |u|1{5; = 0}}.
j=1 j=1

Thus V,,(u) —4 V(u) with the finite-dimensional convergence holding trivially. Since V;, is
convex and V' has a unique minimum, it follows from Geyer (1966) (or argmin-continuous
mapping) that

argmin(V,,) = \/ﬁ(ﬁn — ) —q4 argmin(V).

Note that if \g = 0, then argmin(V) = M~'W ~ N(0,02M '), the same as the limiting
distribution of the least squares estimator. O

Corollary. If v =2, and A1 - A3 hold, then

~

Vi(B® = B) —a MTHW = Xo) ~ N(=XoM ' 8,0°M 7).



The corollary suggests that the asymptotic mean square error of the ridge regression
estimator @(12) is larger than that of the ordinary least squares estimator. But of course the
current situation (with M non-singular) is not putting the ridge estimator in its preferred
setting.

Theorem 3. Suppose that v < 1. If \,,/n?/?2 — Xy > 0, then

V(B — B) =4 argmin, V, (u)

where

p
Vi(u) = =2u'W +u'Mu + A Z lu;|"1{3; = 0}.

j=1

Proof. This goes along the lines of the proof of Theorem 2, but with some complications
arising from the lack of convexity of the objective function. Define

What if v < 1, \,/v/n — X > 0, but \,/n"? — 00? For example, suppose that
An = Ao/ with A\g > 0. Then \,/\/n = Ay, and \,/n?/? = \on'/?77/? — .

Va(u) = n(Z.(B+ nil/Qu) — Zn(B))

n

= D {la—xu/Vn)? =)+ Z{\ﬂj +uy/vn" = 1551}

i=1
as before. Since A\, = O(n"/?) = o(,/n), it follows that

And1B) +wi/v/n|" = 18"} — 0
if B; # 0. Thus

p

An Z{WJ‘ g/l = 181} = X > lu|1{B; # 0}

j=1
where the convergence is uniform over u in compact sets. Thus it follows that
V,=V

on the space of functions topologized by uniform convergence on compact sets. To show that
argmin(V},) —4 argmin(V), it suffices to show that argmin(V},) = O,(1) [see e.g. Kim and
Pollard (1990) or van der Vaart and Wellner (1996), section 3.2]. But we note that

Valw) = D {6 =X/ Vi =€) =0 D fug/ vl
> > (6= xu/ Vit = ) = (o +0) D ful"

- VoW



for all u and n sufficiently large. Since the quadratic terms in AL grow faster than the |u;|”

terms, it follows that argmin(Vn(l)) = O,(1); hence it follows that argmin(V,,) = O,(1). But
argmin(V') is unique with probability 1, the conclusion follows.

Now suppose that

/ .
Yni :ﬂnxm—l—em, 1 = 1,...,71, (4)
where €,1, ..., €., are i.i.d. random variables with mean 0 and variance o?. We assume that
n
nt E X)X, — M, positive definite, (5)
i=1
and
-1 !
n~ " max X, X,; — 0. 6
i<i<n nynt ( )

Suppose that 3, = B+n~"Y2t and define 35" to minimize (1) with Y;, x; replaced by Y, Xp;.

Theorem 4. Suppose that (4) holds with 3, = f+t/+/n and assume that (5) and (6) holds.
Let 35 minimize (1) for some v > 1.

(a) If A\n/v/n— Ao >0, then
\/ﬁ(@(ﬂ) — ) —q argmin(V)

where

p
V() = =20'W ' Mu+ Xy usign(8;)[3 "

j=1
(b) If B =0 and \,/n"? — \g > 0, then
V(B = B,) —q argmin(V)

where

p
V(u) = =2u'W + ' Mu + X\ Z lu; +t;|7.

J=1

On the other hand, for the case v < 1 we have the following theorem:

Theorem 5. Suppose that (4) holds with 3, = f+t/+/n and assume that (5) and (6) holds.
Let 35 minimize (1) for some 7 < 1 where A,/n?/2 — Ao > 0.
(a) For v =1,

V(B = B,) —a argmin(V)

b}



where

Vi(u) = =2u'W +u'Mu+ X\ Z{ujsign(ﬁj)l{ﬁj 240} + |uj + t,;]1{3; = 0}.

J=1

(b) For v <1,

\/ﬁ(@(ﬂ) — Bp) —q argmin(V)

where

p
V(u) = =2u'W +u/Mu+ X Y |u; +t;]11{3; = 0}.

J=1

Theorem 4 suggests that the advantages of using a penalty with v > 1 occur only when all
the regression parameters 3; are small relative to n: here is the corollary for ridge regression
in this case.

Corollary. Suppose that 8, = 0+n""2t, \,/\/n — X\ >0, and v = 2. Then

V(B —t/v/n) —q (M + MD)W = Agt)
~  N(=Xo(M +XI)7't, o*(M 4 XoI)M(M + NoI)™H).

This suggests that we can choose )¢ to make the mean square error of x’ 39 smaller than

the MSE of x’ @(12). If some of the (;’s are non-zero (or “large”), then part (a) of Theorem 4
shows that the bias suggested by Theorem 2 would still persist.

On the other hand, when v < 1, Theorem 5 suggests that “small” parameters may be
estimated exactly as 0 even in the presence of some “large” parameters.
Example: Suppose that 3,; = t;/v/n and let v < 1. Then the limiting distribution of
\/ﬁ(ﬂ%\) —t,/+/n) puts positive probability mass at —t;, and hence the limiting distribution
of \/nfB,; puts positive probability mass at 0.

What if the design matrix is singular?
Define (3, to minimize the objective function

n p

D Yi=xio)P+AY ol (7)
i=1 j=1

The (5 minimizes (7), it also minimizes

n

M) = 1 {Zm —Xjo) ~IL (Vi = x;@@)?} £ lo ®

i=1



where 3© is a LS estimator of 3; i.e. 3© satisfies
> xi(Y: = x40) = 0.
=1

As A — 0, hy in (8) epi-converges to the function

b = { Tl x50 =0

, otherwise.

Hence if argmin(hg) is unique (as it certainly is when v > 1), then
ﬁkﬁﬁozargmin{zwjp : in(Y;—x;ng) :0} as A — 0.
j=1 i=1

When v = 1, this is related to the optimization problem used by Candes and Tao to
define the Dantzig selector:

p
minimize Z |p;| subject to ||X'(Y — X¢)|leo < (1+t71)\/2logp - 0.

=1



