STATISTICS 593C: Spring, 2007

Model Selection and Regularization
Jon A. Wellner

Lecture 3 (April 3): This lecture focuses on the papers of Nishii (1984), Shibata
(1984), and heads toward the paper by Shao (1997).

Suppose that
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where 0(z) = 2/, with x € R¥, 3 € R*, and ¢; ~ N(0,0?). Thus in vector form
Y =X3+e¢.
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Let D; be a k x d matrix of 0’s and 1’s such that
XDj = columns ji,...,jq of X.

Then for model m,
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where ((j) = D;D3 = D;(Bj,, ..., 05;,)-

Assumption 1: The true model if my = {1,...,do} and My C M contains my; i.e.
mo € Mo.

Assumption 2: X'X is positive definite and M = lim,,_.(X'X)/n exists and is positive
definite.

Assumption 2 implies that rank(XD;) = dj; i.e. D;X'XD; is positive definite.

Define:

)

(j) = D;(D/X'XD;) ' DiX'Y = MLE of j(j),
H(j) = XD;(D;(D}X'XD;)~" D} X" = II(-|columns ji, ..., jq of X),
(j)=n"'Y'(I — H(j))Y = MLE of o¢? for model j =n"'||Y — H(j)Y|*.
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Then the AIC, C,, FPE, PSS, and GIC criteria (defined by Akaike (1970), (1973); Mallows
(1973); Akaike (1974); Allen (1971, 1974); and Schwarz (?7) and Nishii (1984) respectively),
are defined as follows:

AIC(j) = log5* ( )—l—a@

FPE(j) = <1+ad( 1>8 (4),
PSS(j) =n"'Y(I — H(G))(I — A(G)) (I — H(H))Y,
d(J)

GIC(j) = log2(j) + an—>>
where a is a positive constant (usually a = 2),
A(y) = diag(H (4)u),

and a, satisfies a, — oo, n"ta, — 0. (For BIC, a, = (1/2)logn.) It seems that PSS
corresponds to what is known now as “delete-1 cross - validation”; c.f. Hastie, Friedman,
and Tibshirani (2001), pages 214 - 217.

Assessment criteria:
Criterion 1. Selection probabilities: {pn,(m) = P(m =m), m € M} with P = P,,,.

Criterion 2. Prediction (error) risk:

R = B{IX5 - X3m)|*}
= > B{IX8-XB(@) | 1{i = m}}

meM

Z R,(m
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Note that with 6(z, 3) = 2’3 and a(x, B) = x’g we have

18— 612, /(e 0)2dG,.

while, with G, =n~'>"" | d,,,

n

n [@-02dG, = Y lui( - 6) = X5 - X3

=1

Thus the quantity R, is basically n times the quantity R, (6, @Lm) we discussed in Lecture
2 when the x;’s are regarded as fixed and non-random.



Two key sub-collections of M are defined as follows:

Mi={meMy: mg<Zm},
MQE{?TLEMO: mogm}

Nishii (1984) organizes his paper around the following two conditions for a selection rule:
Condition 1. np,(m) — 0 for m € M.
Condition 2. p,(m) — 0 for m € My \ {mo}.

Theorem 1.
(i) If Condition 1 holds, then R, (m) — 0 for m € M.
(ii) If Condition 2 holds, then R,(m) — 0 for m € My \ {my}.

Corollary. If Conditions 1 and 2 hold, then R, — dyo? and R, (mg) — doo?.

Theorem 2. (AIC, FPE, C,). If assumptions 1 and 2 hold, then:
(i) (a) For every h > 0, n"p,(m) — 0 for m € M,.
(i) (b) For m € My, pp(m) — Pr(QﬁZ) > Ql(a) for all | € Mj) = p,(m) where

Ql = Z/AZZ, 4~ Nk_dO(O,I),

QY = Qi —adf = Q1 — a(dy — dy),
A= L(LLy) 'L,

d * ok
12 _ Qo
M7 Dy = k—do(o Ll)

where M = (MY2)M'/? and M'/? is an upper-triangular matrix of order k.

(i)

R, — o° (do + Z E(Qn1{Qs > Qf, foralll e Mg})) = R(a).

meMa

To treat the PSS criterion, we need the following additional assumption:

Assumption 3: Let an) =H({l,...,k})u,i=1,...,n. Then
ma:z:lgigncgn) — 0.

This assumption implies that
maz<icnc” (m) — 0

where an) (m) = H(m)y fori=1,... n.
Theorem 3. (PSS) If Assumption 3 holds, then

(i) (a) For every h > 0, n"p,(m) — 0 for m € M;.

(i) (b) For m € My, p,(m) — PT(Q%) > Q§2) for all [ € Msy) = pa(m) where is p,(m) is as
defined in Theorem 2.

(ii) R, — R(2).



Finally, here is the result for GIC.
Theorem 4. (GIC) If Assumption 3 holds, then
i) (a) For every h > 0, n"p,(m) — 0 for m € M,.

(
(i) (b) For m € My \ {mo}, pn(m) — 0.
(11) Rn - d00'2.

All these results in Nishii (1984) are under the assumption that & is fixed with k£ < n and
n — oo with n™'X'X — M and my € M,. On the other hand, Shibata (1981) assumes that
k = k, — oo, and does not impose the assumption that mg € M,. Shibata also assumes,
along with Nishii, that the z;’s are fixed, nonrandom (and hence X is also nonrandom).

Let
Ry(m) = E|[X3 = XB(m)|* = || X3 = XB(m)|| + kn(m)o”

where ((m) is the projection of 3 onto the space spanned by the columns my, . ..My, () of
X.
Assumption 1 (Shibata): For each m € M, rank(X'(m)X(m)) = k,(m) = o(n).

Assumption 2 (Shibata): For 0 <6 <1, .\ 60" — 0 asn — .

Suppose that m € My, is chosen via Akaike’s FPE criterion; i.e.

_ : 2k, ~
m = argmin,,c v, - {1 + ﬂ} 72(m),
’ n

and suppose that m} is the “optimal” or “best” model from the perspective of the risk R,,(m)
over M ,; i.e.
m,, = argmin,,c v, . (m).
Then Shibata (1981) proves the following theorem:
Theorem 1. If A1 and A2 hold, then

X5 - XB@)
Rp(m3,) P

Shibata also proves an interesting lower bound result under weaker hypotheses:
Assumption 3 (Shibata): For each m € My, k(m) < n and rank(X'(m)X(m)) = k,(m).
Assumption 4 (Shibata): Let a,(m) = R,(m)/{k(m)o?} for m € M,,. Then for
0<d<1,

Z {(1 = da,(m)) exp(éozn(7n))}k(m)/2 —0 as 1 — 00.

meMo n:dan(m)<1

Theorem 2. If A3 and A4 (J) hold, then for any m € M,,, depending possibly on the data,

X8 — XB(m)|?
PT( Rl >1—5> — 1.




Proof. From the definition of m; it follows that

P{ min [ X3(0m) — XB|2/Ro(m) <1 - 5}

mEMo’n

< P{ wmin !|X§(m)—Xﬁ!|2/Rn(m)S1—5}

.y P{HXﬂ(m)—;XB”(m)HQJF X5 (m) - X5 §(1—5)Rn(m)/02}
meMo,n “ 7

_ oy oy { IX3tm) = X5 4y — 57, m) /02}

mGMo,n

= Z {(1 - 5Oén(m)) eXp((S@n(m))}k(m)ﬂ

m:k(m)>8Ry (m)/c?

where the last inequality uses Lemma 2.1.

Lemma 2.1. Let x; ~ Chi-square with k—degrees of freedom. Then for any § > 0,

_ &
P(x} <k—20) < (1—6/k)Fexp(5/2) < { ‘SXP( 4k>’ Z>§
) S b

P(xi >k +0) < (1+06/k)"? exp(—6/2) < exp(—6/4).
When do Shibata’s Assumptions 2 and 4 hold? Shibata devotes Sections 3 and 4 of his
paper to giving conditions which imply Assumption 2 in two important cases:

Example 1. (Nested models). Suppose that

Mo ={{1},{1,2},{1,2,3}, ..., {1, ... k. }}y = {m1,...,my, }.

In this case, Assumption 2 can be replaced by one of the following conditions:

Condition 1: There exists a divergent sequence {r,} such that r, < k, and logr, =

o[ X8 = XB(ra) ).

To see that Assumption 2 follows from this condition, note that for any 0 < § < 1, and



using R, (my) > ko?,

S =S exp(— R, (k) log(1/0))
— Znexp(—Rn(k)log(l/(S))—i— Z exp(—R, (k) log(1/4))

k=rnp+1

IN

S exp(— X6 — X5(K)[*log(1/6))

+ exp(—rno®log(1/4))/(1 — exp(a?logd))
ry exp(— X6 — XB(rn)||* log(1/9))
+ exp(—rno*log(1/4))/(1 — exp(a?log6))
= exp(o(1)[|X8 — XB(rn)||*) exp(—1log(1/8) X8 — X3(r,)|1%)
+ exp(—rno*log(1/4))/(1 — exp(a?log6))
= exp(—(log(1/8) — o(1)) X3 — XA(r)[1*)
+ exp(—rno®log(1/4))/(1 — exp(a?®logd))

IN

Condition 2: The sequence {k,} satisfies k,, — oo and || X3 — X3(k)||* — oo for any fixed
k.

Theorem 3. Suppose there exists a sequence {c,} with ¢, — oo such that ¢,'X'X — M
in the sense of the operator norm for maps from ¢, to 5 whose k x k principal submatrices
M (k) have full rank for any £ > 0. If § does not depend on n and has infinitely many
non-zero coordinates, then for any fixed k£ > 0,

C7' < IXB - XB™ (k)| /e, < C

for some 0 < C' < 0o, and m; — oo as n — oo. Condition 2 is satisfied when k,, — oc.



