STATISTICS 593C: Spring, 2007

Model Selection and Regularization
Jon A. Wellner

Lecture 14 (May 10): In this lecture we will continue discussing the paper by Candes
and Tao (2007) on the Dantzig selector. In Lecture 13, we (almost) completed the proof of
Theorem 2 (Theorem 1.1 of C & T) up to a proof of Lemma 1 (Lemma 3.1 of C & T). The
next goal is to prove Lemma 3.1.

Proof of Lemma 1: Consider X7, as a map from RI7l = R?9 to R" defined in the natural

way by
X, €= Z cjxj.

J€To1

Let V =[x/ : j € Tp] = linear span of x?,j € Ty; C R". Thus V = Range(Xg,) =
R(Xg,) = N(XT, )t Thus V&Vt = R" Since § < 1 we know that Xp,, is a bijection
from R!™l to V with singular values between /1 — § and /1 + ¢:

V31— 5HCH€2(T01) < HXTmCHfz <V 1"‘5”0"(2(%1)- (1)

Let Py = I1(-|V) = Xg, (XF,, Xp, ) ' X7, denote the orthogonal projection operator onto
V. Thus for each w € R™

X7, w= X5 Prw,
and it follows that
V1=0[|Pywls < |IX7,wllz < V1 + 6] Prwl.
Taking w = XA in this set of inequalities yields
V1= 6| PyXhlz < [IX7, XAlls < V1 + 8] PyXhll2,

and, in particular,

| Py Xh|ls < T, XA |- (2)

1
—||X
|

Now enumerate T as ni, ..., n, |1, in decreasing order of magnitude of hre, and thereby
divide 7§ into subsets of size S: set

Ti={m: (j—1)S+1<1<jS}.



Thus T} is as in the statement of the lemma and contains the indices of the S—largest

coeflicients of hre. Now decompose Py Xh as
PyXh = PyXhg, + PyXY hy,
j>2

= PyXhg, + Y PXhy,

Jj=2

= Xhg, + Y PyXh,

Jj=2
since Xhyp,, € V implies Py Xhp,, = Xhg,,. Note that
PyXhr, = Z ox! for some ¢; = ¢(j),
€T

and

|PyXhr,||5 = (PvXhy, PyXhr,)

(P} PyXhr,, Xhr,)
= (PyXhg,,Xhy,)  since Py =Py, P} =Py.

By restricted orthogonality followed by restricted isometry this yields

0
V1—=9¢

1/2
(PoXhry, Xhr) < 0 (3 1?) " llhny o <

Combining (4) and (5) gives
6
V1=19§

and, upon dividing through by || Py Xhr, |2,

| Py Xh,||2 < | Py Xh, ||o[| Az ]2,

0
V1—96

| Py Xh; ]2 < |z |2

| Py Xh, |2~ ||2-

(4)

(5)

(6)

Now we develop an upper bound for >, [|hz; 2. By construction, the magnitude of

each coefficient in 7}, is less than the average of the magnitudes in Tj:

(0] < Mol

- S
Thus
[k
Iy 3 < 2
and hence

[hrylh 1
Z HthH2 S Z \/g = ﬁHhH&(TOC)

Jj=2 j=1

[\



Now we just need to put the pieces together: rearranging the equality in (3) yields

Xhy, = PyXh =Y " PyXhy,. (8)

7>2
Hence

V1 = 0lhzl2 [Xhgy, [l by (1)

<
< P Xhlla+ 1> PvXhgy s by (8)

Jj=2

|X§01Xh||42 +

1 0 1
< — ——||h c
>~ m| m\/g” ||f1(TO)

by (2) and (7).

Dividing through by /1 — ¢ yields the first inequality of the lemma.
To prove the second inequality, note that the k—th largest value of hre satisfies

|7z |l
[hrgloy < =

and therefore

1 1
g 13 < el D 2 S thTgH?-

k>S+1

This inequality easily yields the second inequality of the lemma. O

Proof of Theorem 4. (C & T, Theorem 1.3): Let Tp be the indices corresponding to
the S—largest entries of 3, and write 3 = 8 + h. Let

sup|Z;| = sup |{e, x)).
J<p J<p

On the set {Z* < A\,} (which C & T describe as “e satisfies the restricted orthogonality
condition”), 3 is feasible (with high probability as described before), and hence

1 < |8+ Al = 18] < 18]l

18 |ly = 1Py |l + | hze |l — [ Bre

and hence it follows that

Ihrslls < ([l + 2| Brg - (9)

This is a rewrite of “Fact 1”7 ; the only difference is that now we have a second term on the
right side. We conclude from Lemma 1 and Fact 2 that

1 0
Momy < ——V2520, + ——— (lha|ls + 2I|8z:

0 20

1
VRS gyl ——— 1B |1
1-5 D (1_5)\/§H To Hl (1_6)\/§HﬂTOH1
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Moving the middle term to the left side and rewriting yields

oy < 220Y5 20 5
1=0-0 (1-6-0)VS"
2v2 —1/2
< = (MWVS+ 57285l ) (10)

Now from the second part of Lemma 1,

12l < WPl + 57 PG )
< Nl + 257" (Il I1T + 4118rg1)

by (9) and (a+b)* < 2(a* +b?)

< 3[1Rl7 e, + 85 IBrg
24 _ _
< oy ogp S ST B 87 GnIE by (10
= O (RS 5B
- (1_5_9)2(19 + HﬁT& 1)
where
S_l/QHﬁT(? L S S—1/2 Z Rj—l/s S S—I/QR/ ZE_I/Sdl'
j>S+1 o
2R
= 27’—1S_T with r = (1/s) — (1/2).
Thus we conclude that
O —aT
[R5 < T s ap (AS+R*.57%)

for all S < S, and this yields the inequality claimed in Theorem 4 (C & T Theorem 1.3). O



