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Model Selection and Regularization
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Lecture 10 (April 26): In this lecture we will continue with the results of Greenshtein
and Ritov (2004).

Greenshtein and Ritov (2004)
See also Greenshtein (2006). Suppose that we observe

Zi ≡ (Y i, X i) = (Y i, X i
1, . . . , X

i
p), i = 1, . . . , n

where Zi are i.i.d. Pn ∈ P . We are interested in this triangular array setting with p = pn = nα

for some α > 1. Furthermore we want to “predict”’ Y by predictors of the form
∑p

j=1 βjXj

where β = (β1, . . . , βp)
′ ∈ Bn ⊂ Rp for each n.

Natural sets Bn to consider are of the form

Bn,k ≡ {β ∈ Rp : #{j : βj 6= 0} = k}, and

Bn,b ≡ {β ∈ Rp : ‖β‖1 ≤ b}

where k = kn →∞ and b = bn →∞.
Suppose that Z = (Y, X) ∼ P on (Rp+1,Bp+1), and define

LP (β) = EP (Y −
p∑

j=1

βjXj)
2.

For Pn ∈ P and Bn ⊂ Rp given, define

β∗(Pn) ≡ β∗n ≡ argminβ∈Bn
LPn(β);

Thus β∗n is a deterministic sequence in Rp determined by Pn and Bn.

Definition 1. Given a set of possible predictors Bn, a sequence of procedures {β̂n} is
persistent (or persistent relative to {Bn} and {Pn}) if, for every sequence Pn ∈ Pn

LPn(β̂n)− LPn(β∗(Pn)) →p 0.

Let γ′ = (−1, β1, . . . , βp)
′ ≡ (β0, . . . , βp)

′ ∈ Rp+1, and let Y ≡ X0. Thus

LP (β) = EP (Y −X ′β)2 = γ′ΣP γ

where

ΣP ≡ (σij) = (EP (XiXj))0≤i,j≤p.
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Let Pn be the empirical measure of Z1, . . . , Zn. Then

LPn(β) = γ′ΣPnγ = γ′(σ̂ij)γ ≡ γ′Σ̂γ.

Define εn
ij by

σ̂ij = σij + εn
ij,

and write

Σ̂ = ΣP + E, so E = (εn
ij).

Condition 1. Suppose that the random variables Yij ≡ XiXj, 0 ≤ i, j ≤ p satisfy
V arP (Yij) ≤ C for all P ∈ Pn and all i, j. Moreover, assume that φij(t) = EP exp(tYij)

exist for t in a neighborhood of 0 and sup|t|≤ε |φ
(3)
ij (t)| ≤ C2 for all P ∈ Pn and all i, j for

some small ε > 0.

Lemma 0. Suppose that ξ1, . . . , ξn are i.i.d. with Eξ1 = 0, Eξ2
1 = 1. Suppose that

ϕ(t) ≡ E exp(tξ1) < ∞ for all 0 ≤ t ≤ t0 with t0 > 0. Then there exists a constant c
depending only on the distribution of ξ1 such that for all x > 0 and all n ≥ 1, Sn = ξ1+· · ·+ξn

satisfies

P (Sn > x) ≤

{
exp

(
−x2

4n

)
, if x < cn,

exp (−cx/4) , if x ≥ cn.

Proof. (Breiman and Freedman, 1983). Let ϕ(t) = E exp(tξ1). Then by Markov’s inequality

P (Sn > x) ≤ exp(−tx)ϕ(t)n for each 0 ≤ t ≤ t0.

Now since ξ1 has E(ξ1) = 0 and V ar(ξ1) = 1,

ϕ(t) = E exp(tξ1) = 1 +
1

2
t2 + o(t2),

Thus ϕ(t) ≤ exp(t2) for 0 ≤ t ≤ t∗ for t∗ ≤ t0 sufficiently small, and we can bound P (Sn > x)
by exp(−tx + nt2) for any 0 ≤ t ≤ t∗. Now choose c ≡ 2t∗. To prove the first inequality,
take t = x/2n; to prove the second inequality take t = c/2 = t0, and note that t0 ≤ x/(2n).
2

Lemma 1. If condition 1 holds, then

inf
P∈Pn

PrPn

(
−
√

A log n

n
≤ εn

ij ≤
√

A log n

n
for all 0 ≤ i, j ≤ n

)
→ 1.
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Proof. First we use Lemma 0 to bound

PrPn

(
|εn

jk| >
√

KCn−1 log n
)

≤ 2 exp(−Kn log n/(4n)) if
√

Kn log n ≤ cn

= 2n−K/4.

Thus

sup
P∈Pn

PrPn(|εn
jk| >

√
KCn−1 log n for some 0 ≤ j, k ≤ p)

≤
∑

0≤j,k≤p

sup
P∈Pn

PrPn(|εn
jk| >

√
KCn−1 log n)

≤ 2(pn + 1)2n−K/4

≤ 8n2αn−K/4 = 8n−(K/4−2α) ≤ p−2
n

if K > 16α. 2

Lemma 2. If condition 1 holds, then

inf
P∈Pn

PrPn

(
LPn(β) ≤ γ′ΣPnγ + |γ|′Ê|γ| for all β ∈ Rp

)
→ 1 (1)

where Ê ≡ J
√

An−1 log n and |γ| = (1, |β1|, . . . , |βp|).
Proof of Lemma 2.

sup
Pn∈Pn

PrPn

(
LPn(β) > γ′ΣPnγ + |γ|′Ê|γ| for some β ∈ Rp

)
= sup

Pn∈Pn

PrPn

(
γ′ΣPnγ − γ′ΣPnγ > |γ|′Ê|γ| for some γ = (−1, β) ∈ Rp+1

)
= sup

Pn∈Pn

PrPn

(
γ′(ΣPn − ΣPn)γ > |γ|′Ê|γ| for some γ = (−1, β) ∈ Rp+1

)
≤ sup

Pn∈Pn

PrPn

(
|γ′(ΣPn − ΣPn)γ| > |γ|′Ê|γ| for some γ = (−1, β) ∈ Rp+1

)
≤ sup

Pn∈Pn

PrPn

(
|γ′|(|σ̂jk − σjk|)|γ| > |γ|′Ê|γ| for some γ = (−1, β) ∈ Rp+1

)
≤ sup

Pn∈Pn

PrPn

(
max

1≤j,k≤p
|σ̂jk − σjk|)| >

√
n−1A log n

)
→ 0

by Lemma 1. 2

Theorem 1. If condition 1 holds, then for any Bn,bn ⊂ Rp with bn = o((n/ log n)1/4), there

exists a persistent sequence of procedures β̂n. In particular,

β̂n ≡ argminβ: ‖β‖1≤bn
LPn(β) (2)

is persistent.
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Proof. As in the proof of Lemma 2,

sup
Pn∈Pn

sup
β∈Bn,bn

PrPn

(
|LPn(β)− LPn(β)| > |γ|′Ê|γ|

)
≤ sup

Pn∈Pn

PrPn

(
|LPn(β)− LPn(β)| > |γ|′Ê|γ| for some γ

)
≤ sup

Pn∈Pn

PrPn

(
|γ′(ΣPn − ΣPn)γ| > |γ|′Ê|γ| for some γ

)
→ 0.

Since
|γ|′Ê|γ| =

√
An−1 log n|γ|′11′|γ| =

√
An−1 log n‖γ‖2

1,

this implies that

inf
Pn∈Pn

inf
β∈Bn,bn

PrPn

(
|LPn(β)− LPn(β)| ≤ |γ|′Ê|γ|

)
= inf

Pn∈Pn

inf
β∈Bn,bn

PrPn

(
|LPn(β)− LPn(β)| ≤

√
An−1 log n‖γ‖2

1

)
→ 1.

But for sequences of vectors of order bn = o((n/ log n)1/4), the sequence |γ|′Ê|γ| =√
An−1 log n‖γ‖2

1 converges to 0. The result follows immediately from the definition of
persistence.

Before we show that β̂n given in (2) is persistent, we need an inequality.

Lemma 3. (Nemirovski’s inequality). Suppose that V1, . . . , Vn are independent random
vectors in Rm, m ≥ 3, with E(Vi) = 0 and E‖Vi‖2

2 = EV ′
i Vi < ∞ for i = 1, . . . , n. Then for

every r ∈ [2,∞],

E
∥∥∥ n∑

i=1

Vi

∥∥∥2

r
≤ C min{r, log(m)}

n∑
i=1

E‖Vi‖2
r

where ‖ · ‖r is the `r-norm, ‖x‖ = {
∑m

i=1 |xi|r}1/r for x ∈ Rm, and C is an absolute constant.

Now we continue with the proof of Theorem 1. It remains to show that β̂n given by
(2), namely the (constrained version of the) lasso estimator with bn = o((n/ log n)1/4), is
persistent.

Consider the matrix ΣPn − ΣP as a (p + 1)2−dimensional vector, and write

ΣPn − ΣP =
n∑

i=1

Vi =
n∑

i=1

1

n

(
X i

0X
i
0 − E(X i

0X
i
0), X

i
0X

i
1 − E(X i

0X
i
1), . . . ,

)
.

Suppose that

max
0≤j,k≤p

|X i
jX

i
k − E(X i

jX
i
k)| ≡ F (Zi)
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satisfies

EPnF (Zi)
2 ≤ M < ∞.

Then, by Nemirovski’s inequality with r = ∞,{
E
∥∥∥ n∑

i=1

Vi

∥∥∥
∞

}2

≤ E
∥∥∥ n∑

i=1

Vi

∥∥∥2

∞
≤ C log((pn + 1)2)

n∑
i=1

E‖Vi‖2
∞

≤ C ′ log(4n2α)
1

n2

n∑
i=1

EF (Zi)
2

≤ C ′M
(2α) log n + log 4

n
, (3)

and hence

E‖ΣPn − ΣPn‖∞ = E
∥∥∥ n∑

i=1

Vi

∥∥∥
∞
≤
√

C ′′ log n

n
. (4)

Remark. Alternatively, this last inequality follows almost immediately from Theorem
2.14.2, van der Vaart and Wellner (1996), page 240:

E‖Gn‖∗F . J[ ](1,F , L2(P ))‖F‖P,2

where Gn ≡
√

n(Pn − P ) and

J[ ](δ,F , L2(P )) ≡
∫ δ

0

√
log(1 + log N[ ](ε,F , L2(P )))dε.

In this application F = {fj,k(z) = xjxk, 0 ≤ j, k ≤ p} is a finite list of functions of cardinality
#(F) = (pn + 1)2, and hence N[ ](ε,F , L2(P )) ≤ (pn + 1)2 by simply choosing ε− brackets
[ljk, ujk] given by ujk(z) = fjk(z) + ε/2, ljk(z) = fjk(z)− ε/2. Thus the bound becomes

EPn‖Gn‖F .
√

1 + log[(pn + 1)2]‖F‖Pn,2 .
√

log n,

or, equivalently
E‖ΣPn − ΣPn‖∞ = E‖Pn − P‖F .

√
n−1 log n,

in agreement with the bound given by Nemirovski’s inequality.

Now note that

|LPn(β)− LPn(β)| = γ′(ΣPn − ΣPn)γ ≤ ‖ΣPn − ΣPn‖∞‖γ‖2
1,

so for Bn,bn = {β ∈ Rp : ‖β‖ ≤ bn} with bn = o((n/ log n)1/4), by Markov’s inequality
followed by (4)

Pr

(
sup

β∈Bn,kn

|LPn(β)− LPn(β)| > ε

)
≤ Pr(‖ΣPn − ΣPn‖∞b2

n > ε)

≤ ε−1b2
nE‖ΣPn − ΣPn‖∞

= ε−1b2
n

√
C ′′ log n

n
= o(1). (5)
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Define β̂n by
β̂n ≡ argminβ∈Bn,bn

LPn(β).

Then, since

LPn(β̂n)− LPn(β∗n) ≥ 0,

LPn(β̂n)− LPn(β∗n) ≤ 0,

it follows that

0 ≤ LPn(β̂n)− LPn(β∗n)

= LPn(β̂n)− LPn(β̂n) + LPn(β̂n)− LPn(β∗n)

+ LPn(β∗n)− LPn(β∗n)

≤ 2 sup
β∈Bn,bn

|LPn(β)− LPn(β)|

→p 0

by (5).

Condition 2. Let Bn,kn be the set of all vectors β ∈ Rp with kn = o((n/ log n)1/2) non-zero
entries. Suppose there is a constant C < ∞ such that β∗n ≡ argminβ∈Bn,kn

LPn(β) satisfies
‖β∗n‖2 ≤ C for all Pn ∈ Pn.

Lemma 4. If EPnY 2 ≤ M < ∞ for all Pn ∈ Pn, condition 2 holds if the minimal eigenvalue
λ1 ≡ λ1,n of CovPn(X) satisfies λ1,n ≥ δ > 0.

Theorem 2. Suppose conditions 1 and 2 hold. There exists a persistent sequence of
procedures with respect {Bn,kn} with kn = o((n/ log n)1/2).

Proof. Consider the same procedures as defined in Theorem 1. By condition 2 we can
restrict attention to β ∈ Rp with ‖β‖2 ≤ C < ∞. But for β ∈ Rp with ‖β‖2 ≤ C and fewer
than kn non-zero entries,

‖β‖1 =

p∑
j=1

|βj| =
p∑

j=1

|βj|1{βj 6= 0}

≤

√√√√ p∑
j=1

|βj|2

√√√√ p∑
1

1{βj 6= 0} by Cauchy-Schwarz

≤ C
√

kn ≡ bn.

Thus the results holds by virtue of Theorem 1 since under condition 2 Bn,kn ⊂ Bn,bn with
bn = o((n/ log n)1/4). 2
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