STATISTICS 593C: Spring, 2007

Model Selection and Regularization
Jon A. Wellner

Lecture 10 (April 26):  In this lecture we will continue with the results of Greenshtein
and Ritov (2004).

Greenshtein and Ritov (2004)
See also Greenshtein (2006). Suppose that we observe

Zi= (Y, X)) = (Y, Xi,...,X!), i=1,...n

where Z; arei.i.d. P, € P. We are interested in this triangular array setting with p = p, = n®
for some @ > 1. Furthermore we want to “predict”” Y by predictors of the form Z§:1 B X;
where 5 = (01,...,05,) € B, C R? for each n.

Natural sets B,, to consider are of the form

Bn,k‘ = {ﬁ € RP: #{j . ﬁ] 7£ 0} = ]{}, and
By ={6eR": [BllL <0}

where k = k,, — oo and b = b,, — 0.
Suppose that Z = (Y, X) ~ P on (RF*! B,,;), and define

Lp(B) = Ep(Y — Zﬁjxj)2~

For P, € P and B,, C RP given, define

B*(P,) = B, = argming.p Lp, (B);

Thus 3; is a deterministic sequence in R” determined by P, and B,,.

Definition 1. Given a set of possible predictors B,, a sequence of procedures {Bn} is
persistent (or persistent relative to {B,} and {P,}) if, for every sequence P, € P,

Lp,(Ba) = L, (B*(Pn)) = 0.
Let v = (=1,61,...,3,) = (Bo, ..., 3,) € RFF! and let Y = X,. Thus
Lp(8) = Ep(Y — X'B)? = v'Spy
where

Yp = (045) = (Ep(XiXj))o<ij<p-



Let P, be the empirical measure of 71, ..., Z,. Then
Ly, (8) = +'Zp, v = 7 (655)7 = 7'E.

Define €;; by

and write

S =%p+E, S0 E = (e}).

Condition 1. Suppose that the random variables Y;; = X;X;, 0 < 4,5 < p satisfy
Varp(Y;;) < C for all P € P, and all i,j. Moreover, assume that ¢;;(t) = Epexp(tY;;)

exist for ¢ in a neighborhood of 0 and supy . |qbz(§»’) (t)] < Cy for all P € P, and all 4,5 for
some small € > 0.

Lemma 0. Suppose that &,...,&, are i.i.d. with E§ = 0, B¢ = 1. Suppose that
o(t) = Fexp(t&) < oo for all 0 < t <ty with £ > 0. Then there exists a constant c
depending only on the distribution of &; such that forallz > Oand alln > 1,5, = &+ - -+&,
satisfies

P(S, > 1) < { exp (-f—i) ) if v < en,

exp (—cx/4), if x > cn.

Proof. (Breiman and Freedman, 1983). Let ¢(t) = Eexp(t&;). Then by Markov’s inequality
P(S, > z) < exp(—tz)p(t)" for each 0 <t <t,.

Now since & has E(&) =0 and Var(&) =1,
1
o(t) = Eexp(t&) =1+ Etz + o(t?),

Thus ¢(t) < exp(t?) for 0 < t < t, for t, <ty sufficiently small, and we can bound P(S,, > z)
by exp(—tx + nt?) for any 0 < ¢t < t,. Now choose ¢ = 2t,. To prove the first inequality,
take t = x/2n; to prove the second inequality take ¢ = ¢/2 = ty, and note that t, < x/(2n).
O

Lemma 1. If condition 1 holds, then

Al Al
inf Prp, (—w/ B <</ Z22E forall 0§i,j§n> o1
PPy, n n




Proof. First we use Lemma 0 to bound

Prp, <|e?,€| >/ KCn™! logn> < 2exp(—Knlogn/(4n)) if \/Knlogn <cn

= o K/,
Thus
sup Prp,(|€f] > v/ KCn~tlogn for some 0 < j k <p)
PePy,
< Z sup Prp, (|| > v/ KCn='logn)
o< ey PEPn
S 2(pn + 1>2n—K/4
if K > 16a. O

Lemma 2. If condition 1 holds, then

inf Pro, (Le,(8) <75,y + hI'Eh| forall §eR) -1 (1)

where E = Jy/An—tlogn and |v| = (1,|6],...,15,]).

Proof of Lemma 2.

sup Prp, (Lpn(ﬁ) > +/'Sp. v+ |7/ Ely| for some 3 e Rp>
PrePn

= sup Prp, (V’Epﬂ —7'Sp,7 > W E| for some v=(-1,0) € R”“)

P.€Pn
= sup Prp, (7 Sp, — 3, )7 > [Y/'E|y| for some = (—1,0) € R”“)
" EPr,
< sup Prp (Iv’ Sp, = Se, 7| > [Y'Ely| for some 5 = (=1, 5) GR”“)
< PilégnPr (M 1655 — o3|y > 7' El7| for some 5 = (-1, ) GRp“)
< sup Prp, ( max |a]k—0j;€|)| > \/m>
B gePn
by Lemma 1. a

Theorem 1. If condition 1 holds, then for any B,,;, C R? with b, = o((n/logn)'/4), there
exists a persistent sequence of procedures (3,. In particular,

Bn = argming, g, <, Lp., (8) 2)

is persistent.



Proof. As in the proof of Lemma 2,

s sup Pro, (ILe,(8) = Le, (8)] > ' E1)

PnePy, ﬁeBn,bn

< swp Pr, (1Lr,(8) = Le,(9)] > ' Eh] for some )
TLG n

< swp Prp, (I(Sp, = Ze, )31 > Bl for some )
PoePn,

— 0.

Since
Y Ely| = /An—tlogn|y|'1L|y| = v/ An~'log n||v|[1,

this implies that

inf inf Prp, <|Lpn(ﬁ) —Lp, (B)| < |7|/E|7|>

Pn€Pr BEB b,

= Jnf inf Pre, (|Lp,(5) ~ Le, () < VAn Tlognlh]R) — 1

Pn€Py, BEB b,

But for sequences of vectors of order b, = o((n/logn)/4), the sequence |y|'Ely| =
\VAn—tlognl|v||? converges to 0. The result follows immediately from the definition of
persistence.

Before we show that Bn given in (2) is persistent, we need an inequality.

Lemma 3. (Nemirovski’s inequality). Suppose that Vj,...,V,, are independent random
vectors in R™, m > 3, with E(V;) = 0 and E||V;||3 = EV/V; < oo for i = 1,...,n. Then for
every r € [2, 00,

2D
=1

where || - ||, is the £,-norm, ||z| = {d°7", |2;|"}/" for z € R™, and C is an absolute constant.

9 n
< C'min{r,log(m)} Z E|Vi|2
r i—1

Now we continue with the proof of Theorem 1. It remains to show that Bn given by
(2), namely the (constrained version of the) lasso estimator with b, = o((n/logn)'/4), is
persistent.

Consider the matrix Yp, — Xp as a (p + 1)?—dimensional vector, and write

Sr, = Sp = D Vi= D = (XX - BIXjX0), XiXi - BXGX)), ... ).
=1 =1

Suppose that

max |X!X] — B(X!X})| = F(Z,)

0<j,k<p



satisfies
Ep, F(Z;)> < M < cc.
Then, by Nemirovski’s inequality with r = oo

(150}

VAN

<Olog Do + ZE||V||2

< C'log(4n?*)— ZEF

< oM (2ar) logn —|— log4’ 3)
n

and hence

C"logn
—

E|Zp, — Zp, |0 = (4)

Remark. Alternatively, this last inequality follows almost immediately from Theorem
2.14.2, van der Vaart and Wellner (1996), page 240:

ElGalz S Jn(L F, La(P) | F[ p2
where G,, = v/n(P,, — P) and

)
(6, F. Ly(P)) = /0 JIog(1 + log Niy(e, 7. Lo(P)))de.

In this application F = { f; (%) = z;x), 0 < j, k < p} is a finite list of functions of cardinality
#(F) = (pn + 1)?, and hence Njj(e, F, Lo(P)) < (pn + 1)* by simply choosing e— brackets
Uik, ujk] given by ujk(z) = fix(2) +€/2, Lig(z) = fjk(z) — ¢/2. Thus the bound becomes

Ep, |Gullx S V1 +log[(pn + 1)2[|F |2 S V1ogn,
E|¥p, = Xp,||e = E|P, — Pl S v/n~1logn,

in agreement with the bound given by Nemirovski’s inequality.

or, equivalently

Now note that

|Le,(8) = Lp,(B)| = ' (Zp, —2p,)7 < 1%, — Ep, 71,

so for B,,, = {8 € R? : ||B|| < b,} with b, = o((n/logn)/*), by Markov’s inequality
followed by (4)

Pr ( sup |Lp,(8) — Lp,(6)] > e) < Pr(||Zp, — Xp,|lecb? > €)

ﬁeBn,kn
S eilbiEHZPn - ZPnHOO

//1
= '/ % =o(1). (5)



Define Bn by )
B = argminﬂemen Lp, (B).
Then, since

~

Lp,(Bn) — Lp,(5;)

~

Le, (Bn) — Le, (5,)

it follows that

0 < Lp(B,)—Lp ()
= Lp,(Ba) = Le, (Ba) + Le, (Ba) — Le, (8)
+ Lp, (B) — Lp,(B)
< 2 sup |Lp,(B)— Lp,(P)|

ﬁeBn,bn
—p 0

by (5).

Condition 2. Let B, ;, be the set of all vectors 3 € R? with k,, = o((n/logn)'/?) non-zero
entries. Suppose there is a constant C' < oo such that §; = argmingcp , Lp,(3) satisfies
1852 < C for all P, € P,.

Lemma 4. If Ep Y? < M < oo for all P, € P, condition 2 holds if the minimal eigenvalue
A1 = A1, of Covp, (X) satisfies Ay, > 6 > 0.

Theorem 2. Suppose conditions 1 and 2 hold. There exists a persistent sequence of
procedures with respect { B, 1, } with k,, = o((n/logn)'/?).

Proof. Consider the same procedures as defined in Theorem 1. By condition 2 we can
restrict attention to § € RP with ||5]|s < C' < oo. But for 8 € R? with ||5]|s < C and fewer
than k, non-zero entries,

1Bl = D181 =D _18;11{8; # 0}
j=1 j=1

p

P

< Z |15, Z 1{B; # 0} by Cauchy-Schwarz
= \4

< CvVkn=b,.

Thus the results holds by virtue of Theorem 1 since under condition 2 B,,;, C B, ;, with
b, = o((n/logn)/*). O




