Statistics 583, Final Exam Solutions
Wellner; 6/8/98

1. (32 points) Define any four of the following terms. In each case, provide an
appropriate context for your definition.
(a) An unbiased test ¢.

b) A uniformly most powerful unbiased (UMPU) test ¢.

¢) A Similar On the Boundary (SOB) test ¢.

) A maximal invariant with respect to a group G.

e) An invariant test ¢ with respect to a group G.

f) A continuous functional T'(F') with respect to the Kolmogorov metric dx on

distribution functions.

(g) A Fréchet differentiable functional T'(F') with respect to a metric d.

Solution: See notes, chapters 6-9.

2. (32 points) State any four of the following results:
(a) Varadarajan’s theorem concerning weak convergence of the empirical mea-
sure P,,.
(b) An example of a functional T'(F') which is not weakly continuous.
(¢) The Wald-Wolfowitz-Noether-Hajek finite sampling central limit theorem.
(d) Hoeffding’s formula for the distribution of ranks (under the alternative).
(e) A Central Limit Theorem for a functional T'(F') which is Fréchet - differen-
tiable with respect to a metric which is compatible with the empirical distribution
function (or empirical measure).
(f) Any large sample theorem for Efron’s nonparametric bootstrap.

Solution: See notes, chapters 6-9.

3. (48 points) Suppose that X ~ Binomial(m,p;) and Y ~ Binomial(n,p;) are
independent. Show how to find the UMP unbiased test of size a € (0,1) of
H : py > py versus K : p; < py. Describe how you would carry out the test,
give a name for a key parameter in the relevant conditional distribution, name
the conditional distribution obtained under the null hypothesis, and describe this
distribution in terms of an urn model.

Solution: First write

Bppp(X =2, Y =y) = (ZL) (Z) 0W'e eXp(xlog(%) + ylog(%))
= (") (2)arasesn ]y (1on(2) o)) + o+ 1o 2}

= c(pr,p2)h(z,y) exp (OU (2,y) + ET(2,y))
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where

6 = log (pz/Qz) = log(odds ratio) = log(p) £= 1og(]£),
P/ il

Ulz,y)=y, T(wy)=x+y.

Then the conditional distribution of U(X,Y) =Y given T(X,Y) = X + Y does
not depend on £, and is given by

PP(Y:y‘X—I—Y:t):Ct(p)( " )(”)py, y=0,....1,

t—y)\y

()0

which is a one-dimensional exponential family with monotone likelihood ratio.

where

Moreover, the hypotheses H and K are equivalent to testing H : § < 0 versus
K:0>0(ortoH:p<1versus K :p>1). When p = 1, the family P, becomes
the well-known Hypergeometric(n, N, t) family. Hence the UMP unbiased test of
H versus K is of the form

1 if UX,Y) > cfT)
HX.Y) = { HT) it UX,Y) = eo(T) }
0 if UX,Y)<colT)

T) if Y =eu(T)

Lif YV >el(T)
0 if Y <eo(T)

where ¢,(t) is chosen so that

Pi(Y > Ca(t)\XJrY = )+P (Y = ca(t)‘X—l-Y =1) = Zt: (tTy) (Z) N (t calt )( t) ‘

y=ca (t)+1 (m+n) (m-l-n)

The hypergeometric distribution which arises here is the distribution of the num-
ber of red balls in drawing n balls without replacement from an urn containing

N = m + n balls, n of which are red balls and m of which are black balls.

. (50 points) Suppose that Xi,..., X, arei.i.d. ' € F., the set of all continuous
d.f’son R, and that Yi,...,Y, are i.i.d. GG where, for some § € R,

1—-G(x) 691 — F(x)
G(z) Pz

for all . Consider testing H : § =0 versus K : 0 > 0.
(a) Under what group of transformations ¢ is this testing problem invariant?
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(b) What is the maximal invariant T'(X,Y’) for the group G7

(c) What is the G—maximal invariant on the parameter space?

(d) What does Hoeffding’s formula say about the distribution of the maximal
invariant under the alternative K7

(e) Use (d) to find the locally most powerful rank test of H versus K. What is
the name of this test statistic?

Solution: (This was part of problem 2, problem set #4.)

(a) The problem is invariant under the group of strictly monotone increasing func-
tions from R to R (applied to each coordinate of Z = (Xy,..., X, Y1,...,Y,).
This follows since for any such function f, Pp(f(X) < )= Ppr(X < f~(2)) =
F(f~(2)) = F(l‘) for a continuous d.f. F and similarly P (f(Y) <y) = Pe(Y <

) = G(f(y)) = G(y) for a continuous d.f. G Moreover,

1-G(x) _ 1-G({f(x))
G(x) G(f~1(2))
ol = (/7))
F(f~(x))
691 — F(x)
()

Y

so that the proportional odds hypothesis is preserved under the group G.
(b)  The maximal invariant under the group G is the vector of ranks R =
(Ri,...,Ry) where R, = NHy(%;) fori=1,...,N.
(¢) The G—maximal invariant on the parameter space (F,G) is ¥(u) = G o
F~Yu) = G(F~'(u)). For the proportional odds alternative under present con-
sideration,

1 —G(x) o1 — F(x)

G(z) Pl

implies that

after simple algebra, and hence that

_ ~1(0)) — u
p(u)=GoF (u)_u—l—ee(l—u)'
(d) Hoeffding’s formula says that
1 L
PQ=q) = oy By {H %(U@J))} :
n J=1



(e) The locally most powerful rank test rejects for those values ¢ of () which
make

0 1 ~J
%Pe(g =q)lo=0 = mEU {; %%(U(qj)”é’zo}

n

" 0
= 3 s { it ena

J=1

as large as possible. Hence it remains only to calculate

8) = Sy (w)lomo

and Eyo(Ug;y) for the alternative in question. Here we have

66’

[T —w) +ul?

Yolu) =

Hence 5
(oo = 2~ 1

Since EUgy = ¢/(IN + 1), the locally most powerful rank test of H versus this
alternative K is the Wilcoxon test “reject H if Sy = >7@; > k,”; i.e. the
locally most powerful rank test is the Wilcoxon rank sum test.

. (50 points) Suppose that an urn contains N balls with the numbers zy (1), ..., z5(N)
written on the balls. Suppose that a sample of n balls is drawn from the urn
without replacement; let the numbers on the sampled balls be Y7,...,Y,, and let
Y,=n"! Y Y

(a) What is the mean of Y,,?

(b)  What is the variance of Y,,?

(¢) If R=(Ry,...,Rn)is a random permutation of {1,..., N}, what is the
relationship between nY, and i an ()7

(d) Under some condition on the numbers zy(7), a CLT holds for an appropri-
ately standardized version of Y. State this condition and the theorem.

(e)  Does the condition of the theorem you stated in (c¢) hold if the num-
bers zn(1),...,zn(N) are in fact (Xy,..., X, Y1,...,Y,) where N = m +n
and Xi,...,X,, are ii.d. F with EpX? < oo and Y,...,Y, are i.i.d. G with
EG}/IQ < x?

(f) Briefly describe the relevance of the CLT in (c) for a permutation test of the
difference in means of two populations. Briefly describe the relevance of the CLT
in (c) for two-sample linear rank statistics.
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Solution: (a)

BV.) = L3 E0Y
= LX XAl
= %ZZN(])EEN

o
Il
—

(b)

— n—1\ o2

Var(Y,) = (1 ~ N 1) "
where 02 = N7' N (2n(j) — Zn)*
(c) nY, and >y zn(R;) have exactly the same distribution. (In fact, one
way to generate the sample Y7,..., Y, is to first generate a random permutation
of the first IV integers, and then to identify the sample drawn from the urn as
Yi=zn(R;) fore=1,...,n.
(d) If 0 < lim(n/N) < lim(n/N) < 1, then the Noether condition

maxi<i<nN |ZN(Z) — §N|2

= : 0
D N ENGEE N
holds if and only if B
Y,—Z
N L N(0, 1)
on
where o3 is the variance of Y, as defined in (b).
(e) Yes; in this case
w o <2 (m/N)m_1 Maxi<i<m X7+ (n/N)n_1 maxi<j<n sz N_I{Y?n + ?i}
B (m/N)S% + (n/N)S§ (m/N)S% + (n/N)SY
Ha.S. 0
since BrX? < 0o and EgY? < co imply that
1 2 1 2
— max |X;|* —.5 0, and — max |Y;|* —.5 0,
m 1<i<m n 1<:i<n

while ym —a.s. EFX17 ?n —a.s. EG}/lv 5)2( —a.s. VGTF(X), and 5)2/ —a.s.
Varg(Y).

Because the convergence of the permutation distribution distribution of the two-
sample t—statistic can be reduced to the WWNH finite-sampling CLT in (d),
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it follows that the (conditionally determined, random) upper « critical points
of the permutation ¢t— test for the difference of two population means converge
a.s. (and in probability) to z,, the upper « critical point of the standard normal
distribution when EFrX? < oo and EgY? < oo. This implies that the test is
asymptotically equivalent to the usual two-sample t—test in this case.

. (48 points) Consider the functional T'(F') = [ [ |x —y|dF(x)dF(y) as a measure of
spread or dispersion of the distribution function F. (This functional is sometimes
called “Gini’s mean difference”.)

(a) If Xy,..., X, arei.i.d. random variables with distribution function F', what
is the “principle of substitution” estimator of T'(F')?

(b) Is the estimator you found in (a) an unbiased estimator of T'(F)? (Calculate
the bias explicitly.)

(c) Use the jackknife to suggest an estimator of T'(F') with less bias. Can you
find an unbiased estimator of T'(F')?

(d) Calculate the Gateaux derivative of T'(F'), and use this to find a formula for
the asymptotic variance of /n(T(F,) — T'(F)).

(e) Describe how you would use the bootstrap to estimate nVarg(T(F,)) and

Ho(2, F) = Pe(/il(T(F) = T(F)) < o),
distinguishing clearly in your description between the “ideal bootstrap” and the
Monte-carlo implementation thereof.
Solution: (a) The principle of substitution estimator is just
1 n n
Ba) = [ [ e = yldB, ()dB, (y) = — 337 X = X1,
=1 j5=1

b) The principle of substitution estimator is biased: because the diagonal terms
for which 7 = 1) in the sum are zero we have
J

1 n n
EpT(F,) = EZZEFPQ — X
=1 j5=1
1 n—1
Thus the bias of T,, = T'(F,) is
. n—1 1
bias, (F) = Ep(T,) — T(F) = ( _ 1) T(F) = —~T(F)
n n

c) Here we compute
(c) p

Tn,i = T([Fn_lﬂ) (n ) Z Z |X] — X]‘/| .

=L gl=1,5'#i



Hence the pseudo-values are

1
Ty, = nT,—(n—1)T,; = {— —

n n—1

2 n
}Z Z |XJ—X]"|+52|X2'—X¢|

i= 1];&2]’ 1,7/ 7=1
= (n—l Z Z X, — Xy + = Z|X X;l.
J=1,g#1 ' =1,5'#1 ni—

Thus we find that

—_— 12 N
1 n n n
= 27, — X, — X,/
n*(n —1) ;FZJ:#;':%#
1 n n n
= QT”_nQ(n—l ;;JZ;JX X | Tz #j']
1 n n n
= 27, n2(n —1) ;J;;p( Xl #i][i#5']
n_2 n n
= 2T, n2(n—1)§],§|X X
— 9T, — 2Tn— "7
n—1 n —
J=1j'=1

This estimator of T'(F') is unbiased: Ep(T*) = T(F). In fact T* is the usual
U—statistic form corresponding to the V— statistic T'(F,).

(d) To calculate the Gateaux derivative, we write F, = (1 — ¢)F + (i and then
compute

T(F) = [ [le=yldFa)dFy)
= [ [le—yldF@)dr @)+ [ [la—yld(G = F)e)dr(y)
o[ 1z = yldF@)d(G = F)(y)
+ ¢ [ [le=gld(@ = F)(@)d(G - F)(y).

Hence we find that the Gateaux derivative T(F, G — F) is given by

T(F,G—-F) = iT(F)

e=0



= [ [le =yl = P)@)ap ) + [ [l = yldF @) - F)y)
= 2 [lo = gld(G = F)(@)dF(y).
Taking GG = 6, yields the influence function for T
1C(x; T, F) = Yp(x)

_ (/|:1;—y|dF — [ [l = yldr)ar ))
= 2( [ 1o = uldF(y) - T(F))

This leads to the conclusion that the asymptotic variance of /n(T(F,) — T'(F))
will be

Erop(%) = 4 [ ([ le=yldr) - 7)) dr(e)

_ 4{//|x—y|dF(y)/|x—y’|dF(y’) }
= [ [ [l ylle — R @R )aE(y }
)

(e) The ideal bootstrap estimator of nVarg(T(F,)) is nVarg, (T(F)) where
F* is the empirical distribution function of X7,..., X* i.i.d. with distribution
function F,,. Similarly, the ideal bootstrap estimator of

(2, F) = Pr(Va(T(F,) = T(F)) < ).

is simply

(2, F,) = Pe, (Va(T(E;) - T(F,)) < o).

To implement Monte-Carlo approximations of these, we would draw B bootstrap
samples of size n from F,,,

X, X0, j=1,....8B,
form the corresponding empirical d.f. F;  for each j = 1,..., B, and calculate

the resulting 7% . = T(F;, ). Then

— 1 & y
nVaan(T(]F?;)) = nE Z(Tn,] - Tn)2
7=1
while
— 1 B
Hn(xv ]Fn) = E Z 1[\/_(T:J—Tn)<ac]
71=1



