5/8/97 STATISTICS 583, Problem Set 5 Solutions Wellner

1. A. Using empirical distribution function notation, NIHy = mlIF,, + nlG, .
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mnU,,, = /mIFm dnlG, = /NZHNanGn — /nIGn dnlG,
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B. The expectation is easy:
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For the variance, we first calculate
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Y PX, <Y X, <Y) 4+ Y ) P(X; <Y, X, <Y)

1 £ £k A

= mnP(X, <Y)) + m(m—-1)nP(X, <Y, ,X,<Y))
+ mn(n —1)P(X, <Y, X, <Y,)
+ m(m—1)n(n—-1)P(X, <Y, X, <Y,)

2

where
P(X, <Y = /FdG,
P(X, <Y, ,X, <Y, = EP(X, <Y, X, <YV, |V)) /F2
P(X, <Y, ,X,<Y,) = EP(X, <Y, X, <Y, | X)) / VdF(z) ,
and
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P(X, <Y, X,<Y) = P(X, <Y,) = (/FdG)Q-

It follows by algebra that
Var(mnU,,,) = E(mnU,,)" — {E(mnU,,)}"

By noting that

_ mn/FdG + m(m—1)n/F2dG

+ mn(n—1) [ (1= Gla=) aP(a)

+ m(m = Unn = 1){ [ PGy ~ (o [ Facy
— w(m - 1o { [ 746 — ([ Fa6y)

+ mn(n=1){ [ (1= 6= dF(@) - ([ Facy)

- mn/FdG(l—/FdG).

/FdG = P(X<Y)=1-P(X>Y)

=1- /G(w—)dF(:E) = /(1—G($—))dF($),

this yields the claimed variance formula (to within a left limit):

VLLT’(\/HT_LUmm) = (m—-—1)Var(F(Y)) + (n—1)Var(l — G(X—))

+ /FdG(l—/FdG).

C. When F = G continuous we find that

and, since now Var[F(Y)] = Var[G(X)] = 1/12,

/FdF:l/Q,
Var(VmU,,) = (m—1) = + (n—1) = + *
ar mn m,n = m 12 n 12 4
1 1 1
= (N—-2)— + - = (N+1)—.
( )12+4 ( +)12

Hence from part A it follows that

B Q) = nn+1)/2 + mnE(U,,,) = n(N +1)/2
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and

Var(z Q;) = mnVar(y/mnU,,,)

1

both of which agree with the finite sampling calculations of problem 4 of problem
set 4.

2. AIf Fss y is the collection of all distribution functions with
Ep|X[* < M for some 6 >0 and M < oo, then |X|* is uniformly inte-
grable over F for £ =0,1,2,3: for example,

X[’
Er|XPlyxi>xy < Ep{|X]’ N Lx> &y}

346
< EAIXITT) M
- K° - K¢

and hence

lim sup Ep|X|°1 =0,
K*OOFGI;* F| | {X|> K}

and this implies that if we have a sequence of distribution functions

{F,} C Ey5 y with F, —, F ,then
Ep X' — E;X', k=1,2,3.
Hence it also holds for such a sequence {F,} that
Nn(F) — n(F).

For a complete arbitrary sequence {F,} with F, —, F there are no such guar-

antees, and in fact it is not hard to construct a sequence {F,} with

0 = liminf~,(F,) < limsup v,(F,) = oo.
[Take F, =, the standard normal df for n even,
F,=(1-1/n)® 4+ (1/n)é,. for n odd.]
Similarly, if F, .5 p is the collection of all distribution functions with
Ep|X|*™ < M for some 6 >0 and M < oo, then |X|* is uniformly inte-

grable over F, s, for k=0,1,2,3,4, and this implies that if we have a
sequence of distribution functions {F,} C F,;5 y with F, —, F, then

Ep X' — E; X', k=1,2,3.4.
Hence it also holds for such a sequence {F,} that
V(F,) — 1(F).
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B. One way to proceed is to write the standard coefficient of skewness, v, (F),

in terms of F~!:

Er(X — pr) _ [ - [P |
{VLLT’F(X)}/ {/ [F_l(t) . / F_l(s)ds]th}3/2

This suggests defining a "trimmed skewness coefficient" ~,, by

1 l-a

=y AR OE (1—2@)_1/a P () ds e

’YU(F) =

1 l—o l—o

{—— [F-1(t) — (1 —2a)—1/ F-1(s)ds]? dt}**
1—-2a J, N

Then, by the same argument we used in class to prove continuity of the trimmed
mean, ~,(F) is weakly continuous: if F, —,; F, then ~,(F,) — ~v,(F).

Does 7.(F') measure "skewness" of F?7 If F is symmetric about some point
l—o

t,, then the trimmed mean (1 — 20z)_1/ F~'(t)dt = p, and it is easy to

o

see  that v (F) = 0. Moreover,  if F is  asymmetric  with
|F7H1/2 =) — pu,| # [FH1/24+1) — p,] for some t with
a<1/2—t<1/24+t<1—a«, then 7,(F)#0. But if the asymmetry of F
occurs outside [F~'(«),F7'(1—a)] then we can still have F asymmetric and
1¢(F)=0. Thus while 7, is not an ideal measure of skewness, it is weakly

continuous: we have traded ease of interpretability for continuity.
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