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Hence, it follows that the estimates of 6
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Problem Set 4 Solutions

+=1,---,1. Note that

n; I

Wellner

YN Xy =X + ) nl X —6)7.

; under the full model are

7=1
I ny

92’)2 = Z (Xz] Xz)2
=1 j=1

= = 91

=1 j=1 =1 j=1

R R I I
g, =6 = g X;/ n; = g n;0;/n
=1 j=1 =1 =1
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s

1
Here n = Z'—1 n;, k=1, r=1—1. Thus the F statistic for testing the

null hypothesis H versus K :6; # 6, for some s # j is

)OI DR RUIEEY

Zizli(){ij — X)) /(n = I)
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~ FI—l,n—I(62)
where

Z;l nil0; — Z;l niei/n]2

2

6t =

g

2. A Here n=I+J, k=4,and r=1. It is easily seen that

. 5 1 _
a, = X, 51:’&X:f§ w; X ;
and

_ A — 1
a, =Y, B, = vY

~|

J
i=1

Under H : 3, = 3, , we find that o:zl = X, 622 = Y, and
I J
5 5 Zi:l wiki + Zj:1 v;¥]
61 = 62 = I_I_J °
Hence the F — statistic for testing H versus K : 3, # (3, is
I A A 2 J ~ . 2
Zi:l (6 + Bru; — &y — 51“;’)2 + Z]‘:1 (dy + Byv; — dy — 52"’;‘)2
7

[Z; (Xi = dr+ Aru) + Z]‘:1 (Y; — Gy + Boyv, 2/ (1 + T = 4)

F =

1 J

[Zizl (X; — G, + Bu)? + ijl (Y, — dy + By9)2/(I + T — 4)
and the test becomes "reject H if F > Fy; 7 4,"

B. In this case n=1+4+J, k=4, and r=2. The estimators are the same
under the "big model" as in part A. Under the hypothesis H we find that

a, = a, = IX +JIV)/(I+J).
and, as in A,

: : Z; wiXi + Z; v;i¥;

51:52: 117

Thus the F — statistic becomes

~

T R . A J . A
- Zi:l (41 4 Sru; — @y = Bru)’ + Z]‘:1 (Gy + Byvj — @y — By,
- T

D (X —di+ Bu) + Z; (Y; — dy + By0,)2)/(I +J — 4)
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[Zi]:1 (X —dy + 51’“,’)2 + 25:1 (Y; — dy + 32’”]‘)2]/(1 +J —4)

and the test becomes "reject H if F > Fy; ; ,,".

Y

3. In my solution I will reverse the roles of F and G from Ferguson ... so that

F <, G . By Hoeftding’s formula,

Pe(Q = 2) = (717; EUniform{H %/)'e(U(qj))}

where
fu 1
Po(u) = GyoF~'(u) = 6‘9_—
e’ —1
for the first alternatives, and
G oF Y(u) = v
77/)9(1/,) GQO (u) [69(1 . u) n u]

in the case of the second alternatives. In either case, the locally most powerful

rank test rejects for those values ¢ of @ which make

%) 1 ~ 0
%Pe(g ZQ)|9:0 = (—]V_ EUniform{ 5§¢9(U(qj))|9:0}
I

i=1

n

0
= Z EUniform{gé ¢l9(U(Qj))|9:0}

7=1
as large as possible. Hence it remains only to calculate

6u) = ool

and By, ¢(Upyy) for the two alternatives in question.

(i) In the first case,

0 69u

el — 17

and straightforward calculation yields
%) g (e = 1)1 4+ 6u — ) — 6
55 l@(u) = ¢ (69 _ 1)2

Plo(u) =

By applying L'Hopital’s rule twice, we find that

0 1
55 'e(u)|u:o = u — 5-
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Since EU;, = 1/(N +1), the locally most powerful rank test of H versus this
alternative K is the Wilcoxon test “reject H if Sy = ZZL Q; > k7.

(ii) In the second case,

69

[ef(1 — u) + u]?

Plo(u) =
Hence

0
5§¢l9(u)|u:0 = 2u — 17
and again the locally most powerful rank test is the Wilcoxon rank sum test.

As for interpretations of these alternatives, first note that the functions
g(u) are distribution functions on [0, 1] with densities ¢/4(u) .
(i) This alternative is the simplest exponential family density related to the
uniform(0, 1) distribution: the density is of the form
polu) = Yh(u) = c(8)exp(fu)lp(u) where c(6) = 8/(e’ —1) is the nor-
malizing factor.
(ii) For this family, note that

L= tho(u) = ee(i(—l;)u—l)- w

and hence the odds ratio is

1 - 1 -
__;/)_e(u_) — ¢ =% — ¢ the odds ratio for Uniform(0,1) .
y(w) w

Thus this family is one with proportional odds ratios.

4. Here the finite population from which we are sampling can be taken to be just

{1,---,N}. Hence we have

N
_ 1 . N +1
R DU
=1

1
g, = N i2 — 2_]2\7
1=1
N +1)(2N +1 N +1)? 1
_ WDV AL (DT L,
6 4 12
and
max; ¢ y|i — (N +1)/2]? 3(N —1) )
G No? NN 11) (F=7) =

Hence by the WWNH CLT it follows that under H : F =G we have, if
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0<limm/N < limm/N < 1,

V(Sy, — (N +1)/2)
n—1 )
\/(1 — YV_—_I)(N —1)/12

One nice way to rewrite the left side is as

ValSyy = (N£1)/2) 8y — n(N +1)/2

n—1  /ma(N+1)/12
\/(1 - - 1/12

[Actually it is possible to relax the hypothesis

(**) —, N(0,1).

that

0<limm/N < limm/N < 1;the convergence in (**) holds as m /\ n — oo

in any way under F = G ]
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