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1. A. Now X .Y have joint density

Pou(zy) = Xe M e o (2) .00 (9)
so that if ¢ >0, g/(X,Y) = (cX,cY) ~ py e(z,y), and hence
g, pu) = (Me,pu/e). Note that
oA, ) = MNu = (Me)/(u/e) = 6(g(A,p)), so that the  hypotheses
H:6<1 and K:6>1 areinvariant. T(X,Y) = X/Y and é6(\,u) = A u
are maximmal invariants on the sample space and parameter space respectively,

and since 2uY ~ y3 and 2AX ~ % are independent,
T(X,Y) —- T ~ 6_1 F272 .

Since this family of distributions has monotone () likelihood ratio, it follows that
the UMP G — invariant test of H versus K rejects H when T < F,,,

(where P(Fyy < Fyy,) = a, or when
1—1_1 = Y/X > F2,2,1—Oz — (1 _Of)/af
B. If g(z,y) = (y,z) Iis also considered, then the transformation induced on

the maximal invariant of A is given by

o(T) = T(9(X,Y)) = T(Y,X) = ; _ Tffl??

Claim: T \/T ' isthe maximal invariant wrt this group.

Proof. T \/T7' is invariant since T°'\/T = T\/T';and T\/T7' is
maximal since T \/T7' = T"\/T "' implies that either T = T  or
T=T7".

The corresponding maximal invariant on the parameter space is

A
§\/6t = ;\/% = v, and the hypotheses H:6=1 and K :6#1 are

clearly invariant. When expressed in terms of v the hypotheses become

H:v =1 versus K :v > 1. It remains to show that the maximal invariant

has monotone likelihood ratio (MLR).
By direct calculation, for ¢ > 1,

(*) 1-F,(t) = P, (T\/T"'>t)= — 1" with 5 =v+-.

Hence T \/T™' has density

n(t* + 1) + 4t

fﬁ(t) = (t2—|—77t—|-1)2

1[1,00)(t) )

so that for n; < n,
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I, 224t + 1, (2 41) + 4t
Jo () = (R BEEDES = g a
" mt+ 17 m(t?+1) + 4
where
— 2 —1
gl(t) — (772 771)( ) Z 0 for t Z 1
(7 + myt + 1)
and
R 2_

(7 4+ myt + 1)
Hence the distribution of T \/T~' has MLR and the UMP G — invariant test
rejects H when M = T\/T™' > (2—-a)/a. Then, when v=1, =2,

and
PWIQ(M > —) = «.

[Proof of (*): Since T ~ 6F,, where P(Fy,, < z) = z/(1+z),
P(T\/T™"' >1t) = P(T>t) + P(T<t™)

t 1
= P(Fy, > 5) + P(Fy, < 5)
B 1 (1/t0)
o1 4t/e 1+ (1/t6)
o 1/6
= +
o+t 1/6 +t
2+ (6 +1/6)t ]
T4 (6F 1 o)+t
2. A. Let G be the permutation group
= {g9:9(z) = (Try, s ZTamy), ™ € 1}
Then, if X ~ Py, for g € G, g(X) ~ Py with
g8 = (A,vom = (Vr1y, ** s Va(ny)) - Thus the hypotheses are invariant under
G . The order statistics are a G — MIL. But of course the X,;’s are not identi-
cally distributed. If X(-) = (X, --,X(,) denotes the order statistics, then
f(l()vAvV) = Z f(ﬂ-l;Avy)
mell
S S T
D(a)" e exp(a A b,) i e e l
= 1 Qe Y e { B lz 9 ep( = Ab *“)}
P(O{)n 67101 exp(aAZbyl) i=1 7[_* el 6 i=1
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with 7 = #n'or. Note that this distribution depends only on the G — MI

HAJX () = log f(X(-);A)
= log{ > exp{ - %Z X exp(—AbW*(Z»))}
o ell i=1
- aAzn:b,. + constant in A
=1
so that

m €1l =1
— ozzn:bj
=1
1 n n
= a2 (2 Xabeo) —ad b

and hence the locally MP invariant test rejects for large values of Z X, .

=1
3. Notethat 0 <Y, < ... < Yy and
(with Y, = 0). Let g¢g(Z) =Y Dbe the map defined by (1.1) so that
g ' (Y) = Z is given in (1.2). Then the Jacobian of g¢~' has entries
N,(N—-1),---,1 on the diagonal, entries —(N —1),---, —2,—1 below the
diagonal, and zero elsewhere. Hence det(J,1) = tr(J,1) = N! and the density
of Y is given by

fr(y) = fale™ (y)) det(J, ) = N!HGXP( — (N =i+ D)y — yi-1))
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= Nlexp( — Z (N —o+ D)y, —yi1))
= Nlexp( — Z (Z ) (yi — yiz1))
= Nlexp( — ZZ (yi — ¥iz1))

= N!GXP(—Zyj) = NUf(y,) - flyw)

on the set 0 <y; <--- <yy < oo where f(z) = exp( — z)ljg)(z) is the stan-
dard exponential density. Hence Y L Vi, where V;,--- Vy are iid exponen-

tial(1).
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