4/11/97 STATISTICS 583, Problem Set 1 Solutions Wellner

1. A If X,,---,X, areiid. N(6,0,), to find optimal tests ¢ we can reduce
(by sufficiency) to consideration of X ~ N(#,02/n). My favorite family of

tests (in fact the most powerful tests) of H versus K are the tests

0.(X) = 1{)? > ¢} . For these tests
R(07¢6) = E0¢C(X) = PO(X > c)
= PAE — 0y > aefo)

and

Since these tests are MP for testing H versus K , there are no points with risks
below the curve given by {(R(0,¢,),R(1,¢,)): ¢ € R}; this is the lower bound-
ary of the risk body. Note that the tests ¢;,,.(X) = a have risks
R(0, ¢ipnore) = «, R(1,¢ipor) = 1 — . Thus the line
{(a,1 —a):a €[0,1]} is in the risk body. Furthermore, note that the tests
0 (X) = 1—-06,(X) = 1{X <c¢} are MP for testing H:6=0 versus
K':0=6, <0, and by the Karlin - Rubin theorem these tests minimize the
power function at points 6 = 6, in the class of all tests with fixed power function

(say at « ) at € =#6,. Since
Powery (8) = E40, = 1 —R(0,6,),
this says that the tests ¢, maximize R(1,¢,) over tests ¢ with R(0,¢) = «.

Hence there are no points in the risk body with risks above the curve given by
{(1-R(0,¢,),1 —R(1,¢,)): c € R}.

B. As n grows or o, — 0 the risk body expands out toward the boundary of
the square [0,1]%; see the attached plots.

C. As 60, — 6,=0, the risk body contracts toward the diagonal Iline

(,1 — «) -- since the testing problem becomes harder. See the plots on page

2. When X and Y are independent geometric random variables, the joint den-
sity (with respect to the product of counting measure on the non-negative inte-

gers) can be rewritten as
Py (X =2,Y=y) = (1-0,)(1—0y)exp(zlogh, + ylogb,)
= (1-6,)(1—6;)exp(z[log b, —logb,] + (z + y)logt,)
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= (1-6,)(1—6,)exp(U8 + T¢)
where U(z,y) = =, 0=1og(0,/6,), T(z,y) = =z +y,and £ = logh,.
(a) Testing H:6, <6, versus K : 6, > 6, in this family is equivalent to testing
H:6<0,¢=anything versus K :6 >0, ¢ = anything .
On the boundary Op ={(6,,60,): 6, =6,}, T =X +Y is sufficient and com-
plete. Hence by Theorem 2.4.2 the UMPU test of H versus K is given by
1 it X > ¢T)
HX.Y) = {4(T) it X = «T)
0 it X < ¢T)
where ¢ and v are determined by
(1) Foy-ol6(X,Y)|T =t} = a = .2.
Now by direct calculation

P X=z)Y =t—
P(X:$|T:t) = 91762( v $)

P@hez(T — t )

B 676, B (6,/6,)"
- t fat—g! - 4 '

> 0 > (6:/6)

1
= T r € {0, -t} when 6, =86, .
Hence (1) becomes:
t+1 t+1

Thus we choose
c(t) = inf{k:t -k < .2t+1)}, () = .2(t+1) — (t —c(2)) .
(b) Testing H:60, =6, versus K : 6, =6, in this family is equivalent to testing
H:0=0,¢=anything versus K:6=0,¢ = anything.
Hence by Theorem 2.4.2 the UMPU test of H versus K 1is given by

1 if X > ¢o(T) or X < ¢(T)
HX.Y) = %) if X =¢(T), 1=1,2
0 if e(T) < X < ¢y(T)
where ¢; and ~,; are determined by
(2) Ey _{o(X,Y)|T=t} = a = .2,
and
(3) By, - of X (X, V)| T =1} = aBy _o(X|T=1).
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Since (X |T =1t) ~ Discrete Uniform on {0,---,t}, (2) and (3) become
ci(t) + 1 —co(t) + n(t) +0d) = .20t +1),

and, abbreviating ¢;(t) = ¢;, 1(t) = 75,

(cr=1)er = eylep+1) + HE+1) + 2607 + 2697, = at(i+1).
(¢) For functions of the form g¢(6,,60,) = alogh, + blogh, — ¢ for fixed num-
bers a.,b,c with at least one of a,b different from 0 we can derive UMPU
tests of H :¢g(0,,6,) = 0 versus K :¢(6,,6,) not =0. This can be seen as fol-

lows: ¢(6,,60,) = 0 is equivalent to log(919;/a) = ¢/a if anot=0. Then

note that the exponential term of the joint density of X ,Y can be written as
exp(z log6, + ylogh,)
= exp(slog($16") + (y — (b/a)z)loghy)
= exp(d + T¢).

3. If X,,---,X, areiid. N(p,1) and Y,,---,Y areiid. N(n,1l), then the

joint density is

pun(@oy) = (2m) "/ exp(—

{Z(wi —p) + Z(yj —n)*})

= clmmh(z y)exp(pnd o + 0 v;)

1 i=

N | =

m n

= c(mmh(z. y)exp((u—n) Y = + n(>_ +Z?/j))

1 =1
= c(pn)h(z,y) exp(8U + (T)
where U = 21 X,, T = 21 X,»—I—Zle, 0=p—mn, £= n. Now testing
H:p<n versus K : > n is equivalent to testing
H:0<0, ¢ =anything versus K :6 >0, £ =anything.
hence it follows from theorem 6.2.4.2 that the UMPU test of H versus K is given
by
1 it U > ¢(T)
JX.Y) = {(T) i U = «T)
0 it U < ¢T)

where ¢(T),v(T) satisty E{¢(X,Y)|T =t} = «. But in this problem it is
quite easy to find the critical points unconditionally by use of Remark 6.2.4.3: let-
ting N = m+n
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V = w(U,T) = \/Nm/n(U/m — T/N)

= /Nm/n{X(1 - ¥) - N?}
— T(X - Y)

is independent of T (the complete and sufficient statistics for ©p ) by Basu’s
theorem, h is increasing in U for fixed T', and V ~ N(0,1). Hence the test

L \/@(X_?) -
(X .Y) N

is UMPU for testing H versus K .

4. T will prove C first; then A and B follow as corollaries:
C. Suppose that X Thas joint density p. Then for any set Borel set
AC{z eR" iz <z,< - <ux,},

P(X,, € A) =/ plar. o) da, - do,
[z(.)GA]

= Z/ p(z,, -z, ds, - dz,
R

rell
= /A Pz, ) dogy - dog,
where we have used the fact that the correspondence between (z,,---,z,) and
(z(y, -+ ,%() is one-to-one and linear with Jacobian =1 on each subset

[R=r], r €Il. This proves that

17@(.)) = Z p(@(.>).

T ell

Similarly,

P(R:T,)_(()EA): / p(wlv"'vwn)dwl'”dwn
L
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since  p(z(yy, *+,%(,)) = 0 implies p(z,q), -+ ,2.) = 0 for each r€R.
This implies that
P(Ti(.))
() ( p(g(.))

B. When p(z) = p(nz) for all = € II, then

plzy) = nlp(zgy),
and
plregy) _ pley) 1
plzy) nlp(z) n!
Hence R isindependent of Xy, and P(R=r) = 1/n! for each r €1I.

A. This follows easily from B since, in this case,

= ][ fe) = [] f(os) = pl72).

PR =r|Xy=z,y) =
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