4/30/97 STATISTICS 583, Problem Set 5 Wellner

Due: Wednesday, May 7, 1997

Reading: Lecture Notes, Chapter 7.
Huber, Robust Statistics, Chapters 1 and 2;
Efron and Tibshirani, Bootstrap, Chapter 21, sections 1-3.

1. Let U,, = TUF,,IG,) where T(F,G) = /FdG = P(X <Y) is the

Mann-Whitney functional and IF,, and IG, are the empirical df’s of
X,,---,X,, iid. withdf F, Y,,---)Y, 11d. with df G.
A. Show that

mnly, + n(n+1)/2 = Wy = 30 Q5 =D Ry

B. Show that EU,, = P(X <Y) = /FdG and that
Var(v/mn U, ) = (n—l)/(l — G dF + (m—l)/FQdG
—(N—lX/FdGY+—/FdG

= (n—1)Var[l — G(X)] + (m—1)Var[F(Y)]

+!/FdGUfi/Fde

C. When F =G use the results of A and B to compute Ey ;W ,. (This

should agree with the calculations you carried out in problem 4.4!)

2. Let F be a distribution function on R? with finite second moments, and let
Y1 (F), v5(F) be the skewness and kurtosis of F':

EF(X - /~LF)3
1 F — 3/9
W = Xy
_ Ep(X — /~LF)4 .
W oy

A. Find a collections of distribution functions F, and F, so that ~; and
v, are weakly continuous on F, and F, respectively.
B. Invent a measure of skewness, ¥,(F) which is weakly continuous on the

set of all distribution functions.
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_9.

For distribution functions F on R and #, >0, consider the functional

T(F) defined by
ty 1
T(F) = A(t)) = —dF .
(F) = at) = [T
Find the influence function of T'(F).

Extra credit bonus problem: Consider point masses P =6, and @ =9,

where z,y € S and (S5,d) is a metric space. Show that as d(z,y) — 0,

dp,(P,Q)/dp,(P,Q) — 1. But for p=(P+@Q)/2,
o, =p+(P—=Q)/n, and d(z,y)=1/n, show that

dpp (1)) dp (o )" — 1 as n— oo,
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