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. Suppose that T(F) = Varp(X) so that T,, = T(F,,) =n~* > (X; — X)*. Show
that the jackknife estimate of the variance o(F) = Varp(T,) is
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Var = m(w — 113)

where i, =n 1 Y1 (X;—X)F for k = 1,2,.... Hence, assuming that EX* < oo,
the jackknife estimate of variance is consistent for this 7"

nVar —>pu4—u§=u3{2+%—3}=T2(F)(2+72)-
2

Solution: If T, = n~' 377 (X — X)2, then some algebra yields
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Thus we have, with 75 = /3 — 3 (the excess of kurtosis),
3

nVar, = m(ﬁu — fli3) —p fa — i3 = p3{2 + M—;l =3} =T(F)(2+ ).
2

Note that if X ~ N(p,0?), then y5 = 0.



2. (a) Wasserman, problem 3.8.9, page 40: Let Xi,..., X, be n distinct observa-

tions (no ties). Let X7,..., X! denote a bootstrap sample (from the empirical
df. T, of the X;’s), and let X, = n~ '3 X7 Find: E{X,|X),...,X,},
Var(X,|X1,...,X,), and Var(X).

(b) Wasserman, problem 3.8.13, page 41: Let X3,..., X}, be n distinct observa-
tions (no ties). Let X7,..., X* denote a bootstrap sample (from the empirical
d.f. F, of the X;’s). Let G denote the marginal distribution of X. Note that
G(z) = P(X; < z) = E{P(X] < z|Xy,...,X,) = E{F,(x)} = F(z). So it
appears that X} and X; have the same distribution. But in (a) we showed that
Var(X,) # Var(X,). Explain.

Solution: (a) First, as we computed in class,
E(YZ‘XD LX) = n! ZE(Xi*|X1> LX) = -t X, =X,
=1 i=1

Similarly,

Var(X,|Xy,...,X,) = n2 i Var(X;|X1,.... X)) =n2) n ') (X, - X
where S? =n~1 Y 7(X; — X,,)?. Then it follows that

(X)) = B{E(X, X1, X,)} = B{X,} = u(F).
and

Var(X,) = E{Var(X,|X1,.... X))} + Var(E(X,|X1,...,X,))
= E{n'S?} +Var(X,)
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= 12 o*(F) +n"to*(F)
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— nlo}(F) {”_ Ly 1}

n
2n—1_2n—1
n n

= n'o*(F) Var(X,) ~ 2Var(X,).




Another way to organize this calculation is as follows:

Var(X,) = Var(X, — X, + X, — pu+ p)
Var(X, — X,) + Var(X, — p) +2Cov(X, — X, X, — 1)

= E{Var(yz — X)X, X))+ Var{E(Y:L — X)X, .., X))
+ n o (F)
£ 2B{(X - (K — )}

= E{n'S*}4+0+n"to*(F)+0

-1
-z n~ o} (F) +nto?(F),
n

so that the contributions of Var(X, — X,) and Var(X, — u) are approximately
equal. This is important, especially since we want the first of these to estimate
the second! [The marginal behavior of bootstrap estimators is largely irrelevant,
since this accounts for both the deviations T'(F?) — T'(F,,) and T(F,,) — T'(F) via
T(F,) - T(F) = T(F;) — T(F,) + T(F,) — T(F). What is important is that
T(F:) — T(F,) mimics (or estimates) T'(F,,) — T(F)!]

(b) The marginal distribution of the X;’s (separately, or marginally) agrees with

the marginal distribution of the (separate) X;’s, but the joint distribution of the
X?’s is dependent. For example,

GQ(.CEl,.’L'Q) = P()(i‘< S .CEl,X; S .932) = E{P(Xik S xl,Xé" S $2’X1,...,Xn)}

= B{F,(z))F,(22)} = E{n? Z Z H{X; <z }1{X; < 25}

= E{n?D X, <o }{X; <mo} 4+ HX; < 2 }1{X; < 2o}]}
i—1 i+

= n 2 {nF(xy Axy) +nn—1)F(x)F(x2)}

= (1—n"YF(z))F(22) +n 'F(x A xo).

Thus Gy(x1,z2) is a mixture of the independence distribution F'(zq)F(z3) and
the (Fréchet bound) distribution concentrated on the diagonal, F'(zy A 3), with



mixing probabilities (1 —n~1) and n~'. More generally,

G(ﬁ?l, . ,l’n)

P(X; <ay,..., X} <)
E{P(X] <x,..., X} <x,|X3,.... X})}

= B{F.(21) - Fu(za)} = B{]] Fulan)}

= E{n_”Z'“an{Xa’kﬁiﬁk}}

ey eI < s

where now the computation becomes somewhat complicated. In particular, though
X; and X3 are correlated: from our formula (1.4.14) on page 19 of Chapter 1
(with G(z) = H(x) = x, F = Gq, and Fx = Fy = F), it follows that

Contxt,X5) = [ [ {Galon) - F@F(dndy
= [ [ @ =a ) F@F@) + 0 P Ay~ P F)dady
-t " / {F(e Ay) — F(@)Fly)}drdy

712

where the last equality follows from (1.14.16)-(1.14.17) on page 19, chapter 1.
Thus

n—1

Var(X,) = n Hno?(F)+n(n—1)(n"to*(F))} = n to?(F){1 +

}

in agreement with our calculation in (a).

. Consider a V —functional of order r = 2 given by T'(P) = [ [ h(z,y)dP(x)dP(y)
where h is permutation symmetric. Find the jackknife estimate of bias for the
(V —statistic) estimator T'(P,,) of T'(P). Also find the jackknife estimator of T'(P).

Solution: Now we have T'(P,) =n=?3 ", >°" | h(X;, X;) = T,,. Then

Tn,i - T(Pn—lz = Zzh

JF#L ' F
1 n
T 1) {”QTR - Z W(X5, Xp) = > (X5, X3) + h(X;, Xi)} :
J'=1 =1



Thus

_ (nT{ ZZhXZ,X —EZZh(Xj,Xi)JrEZh(Xi,Xi)
i=1 j/'=1 i=1 j=1 i=1
Thus
T,, = nl,—(n—1)T,;
1 n n
= nlh—— {nm - Z hX;, X;0) — Z WX, Xi) + h(X;, XZ-)} :
7'=1 j=1
so that

= nT,— (n—1)T,.

1 2 -1 -

=1
n? 2n R
— (n- T, — —— S h(X,, X,
(n n—1+n—1) " n—lzlz (X, Xi)

n 1 "
n—1 n(n—l); ( )

It follows that the jackknife estimate of bias is given by

—_—

= n—l{ Zth,X }

Note that T,, = V,, and

n 1 =
T — T, — WX, X,
" n—1 n(n —1) Z ( )

= n_1{ZZhX“X ;h(Xi,Xi)}

i=1 j=1

= ) ) = U
i#£]

so that the jack-knife estimator of T'(P) we just found is exactly U,,.

5

n 1 -
bias, = T,—-T'=|(1- T, +—- h(X;, X;

} |



4. Wasserman, problem 3.8.11, page 41: Let X,..., X, beii.d. Uniform(0,6). The
MLE of 6 is 6, = X, = max{X;,..., X,,}.
(a) Find the distribution of 0, and the exact and limiting distribution of n(@—é\n).
(b) Compare the true and limiting distribution of n(6 — 6,,) with the parametric
and nonparametric bootstrap distributions when 6 = 1.
(c) Show that for the parametric bootstrap P(0% = 6,) = 0 but for the nonpara-
metric bootstrap P(0: =6,) =1—(1—1/n)" =1 —e' ~ .632....

Solution: (a) Let Fyp denote the Uniform(0,6) distribution. The distribution
function of 6, is just

Py(0, <) = Py(Xmy<)=PB(X1<w,...,X, <x)
= Py(Xy <x)"=(z/0)", 0<z<86, sothat

=5 (2 e

Thus 5n/9 4 §mn), the largest order statistic of a sample &;,...,§, of iid.
Uniform(0, 1) random variables, so that n(1 — §n/e) < néay —q Y and n(f —

0,) —q 0Y with density 07" exp(—z/0)1j,o0)(z) where Y ~ exponential(1).
(b) The parametric bootstrap estimator of

K, (z, Fy) Pe(n(e—é\n)zf):( _x_/&) , 0<z<nb
— exp(—xz/f) as n — oo

is, since 0, —,.. 0,

K, (x,Fj,) Py (n(0, — 0;) > z) = (1—"’”/9’“‘) L 0<z<nd

—as. exp(—z/0) as n — 0.

The nonparametric bootstrap estimator is given by

Ko(2,F,) = Pe,(n(0, —0;) > 2) = P*(n(X(y — X{,) = @)
= P*(XikSX(TL)—:E/n,...,X;SX(n)—I/n)
= f)*()qF S X(n) - Jf)n = Fn<X(n) - x/n)"

Thus, with © = n(Xn) — X—1)) —a Y we have

~ ~

P, (n(0n — 03) > n(X(n)y — X(n-1))

= Fo(Xpo1)" = ( )n =(1—1/n)" = et

n—1

n



(¢) Furthermore for the parametric bootstrap Pén(ﬁ;; = /H\n) = 0, but for the
nonparametric bootstrap

B, (0, =0,) = FPr, (X =Xw)=Fu(Xw)" — Fu(Xu-1)"

(Y L g mrs—et
() =1-a-1m

n




