Statistics 583, Problem Set 7 Solutions
Wellner; 5/18/2016

1. Let T(P) = [ [ h(z,y)dP(x)dP(y) for a fixed function h : X x X — R with
[ J Ih(z,y)|dP(x)dP(y) < oo. The corresponding estimator T'(P,,) is a V —statistic,
and the natural unbiased estimator is

_ %Z D i M X)),

(a) Show that T'(IP,,) is a biased estimator of T'(P) and compute the bias.

(b) Find the influence function of T'(P).

(c) What do you expect for the asymptotic variance of /n(T(P,) — T(P))?

(d) What is the Hajek projection of U,? How does it relate to the influence
function you calculated in (b)?

(e) How does the result in (c¢) compare with the limiting distribution of

Vin(Un, = T(P))?

Hint: see van der Vaart, Asymptotic Statistics, section 12.1, pages 161 - 163.
Solution: (a) Note that

— n—?iih(xi,@ {Zh (X5, X))+ > (X, X)) }

=1 j=1 1#]

Thus we compute

ET(P,) = n? {nEh(Xl,Xl)Jr (n—l JER(X1, X5)}
= n_I/h(m z)dP(x

and it follows that the bias is given by

ET(IP’@—T(P)z%(/hxde // (z,y)dP(x dP()>

(b) To calculate the influence function, let P, = (1 —¢)P + tQ). Then

iT(pt): _ // (@ )dP)AR)|
:// 2 1)d(Q — P)( // (2,y)dP(2)d(Q - P)(y)

dt
— /{/h(x,y)dP(y) —T(P)}d@(:c) +/{/h(x,y)dP(x) —T(P)}dQ(y)

_ / { / Wz, o )AP() + / Wz, 2)dP(a) — 2T(P)}dQ(m).
1

h(z,y)dP(x)dP(y),




Thus the influence function of T'(P) is

Yp(z) = /h(LE, y)dP(y') + / h(x',x)dP(x') — 2T(P)

= hi(x) + he(z) — 2T(P)

where hy(z) = [h(z,y)dP(y) = Eh(z,X;) and ho(z) = [h(z/,2)dP(2") =
Eh(X,, ).
(c) Thus we expect that the asymptotic variance of /n(7,, — T'(P)) will be

Varp(ypp(X1)) = E(hi(X1) + ha(X1))* = (2T(P))*.
(d) Assuming symmetry of the kernel h of U,, (h(z,y) = h(y,z) for all z,y), the
Héjek projection of U,, — 6 where § = T'(P) is given by

Up =Y E{U, — 0] X, };
k=1

see e.g. van der Vaart (1998, pages 161-162. In the present case we compute

B(U, - 01%,) = E((”;) > <h<Xi,Xj>—e\Xk>>

1<i<j<n

_ (Z)_l > E(h(X:, X;) - 01Xy)

1<i<j<n

= 2 (m(x)-0)

where hy(z) = Eh(z, X3) = hy(z)) from from (b).
(e) Thus the Hajek projection yields

(U, — 0) = % 3" (2hi(Xy) — 2T(P)) =4 N(0,4Var(hy(X1)).

exactly the same as the distribution we expect for \/n(T(P,) — T(P)).

. Let T(F) = [(F — Fy)*dF} Find the first and second order Gateaux derivatives
of T(F) at F' = Fy. What limit distribution do you expect for nT'(FF,,)?

Solution: With F, = (1 — ¢)Fy + tG we have
T(F) = / (1 = )Fy +1G — Fy)2dFy — / 2(G = Fy)*dF,
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and hence

iT(Ft) = /Qt(G — Fy)%dFy, so that iT(Ft)

=0
dt dt ’

t=0

and furthermore

L

a2 = dQT(Fm G — FD) = /2(G - Fo)ngo.

t=0

This suggests the approximation
1 1
T(F,) =~ §d2T(F0;Fn — Ip) = %d2T<F0§ \/E(Fn — Iv))

~ - [tvaE, - Fyyar,

which is clearly correct since, by definition of 7', it holds with equality. Writing
out the sum involved in F,, — Fj and squaring it yields

WTE) = 233 [((1can () = o) - (emn(X) = Fo(w))) dFo(0)

i=1 j=1
_Iyy hry (Xi, X;)
n < -
=1 j=1

where ) . )

hr,(z,y) = §F02(U) + §F02(U) —Fo(z ANy) + 3"
See van der Vaart (1998), Example 12.13, pp 170-171 and Example 20.6, pp
295-296 for more details. Note that

nT(F,) = n/(Fn — Fy)2dF, = / {Vn(F, — Fy)} dF,

Il

/Un(FO)QdFO = 2/01U§(t)dt

where U, (t) = /n(G,(t) —t) and G,, is the empirical d.f. of n i.i.d. Uniform(0, 1)
rv’s, and where we assumed that F{ is continuous in the last step. This is the form
of the Cramér - von Mises statistic for testing H : F' = Fy versus K : F # Fy. It
is well known that

o0

1 1
2 2 d 1 2
/0 U2 (t)dt —>d/0 U (t)dt_zmzj

J=1

where the Z; ~ N(0,1) are i.i.d.; see e.g. Shorack and Wellner, (1986, 2009),
chapter 5, and van der Vaart (1998) Example 12.13.
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3. Let F be a bivariate distribution function and define T'(F) = [ @(F, F3)dF; if
F) and F, are the (one-dimensional) marginal distribution functions of F' and
¢ : [0,1)*> = R is a smooth fixed function.

(a) Find the influence function of T'.

(b) Write out T'(F,,) where F,, is the bivariate empirical distribution function of
(X1, Y1),...,(X,,Y,) iid. as F.

(c) What asymptotic variance do you expect for /n(T(F,) — T(F))?

Solution: Let F; = (1 —t)F + tG for bivariate distribution functions F' and
G. We write F;, Fy, for the first and second marginal distribution functions
of F;, and F}, F5 for the first and second marginal distribution functions of F.
Then T(F,) = [ @(F1 4, Fop)dEs,. Furthermore, with ¢; and ¢, denoting the first
partial derivatives of ¢ with respect to  and y respectively,

iT(Ft) = /QO(F1,t,F2,t)d(G2—F2)

it
+ / o1(Fie, Fou)(Gh — Fy)dFy, + / a(Fras o) (G — Fy)
= / o(Fy, Fy)d(Gy — F)
+ /gol(Fl,Fg)(Gl — R)dF, +/¢2(F1,F2)(G2 — R)dF,
- / H(Fy, Fy)d(Gy — Fy)
+ / o1 (Fi By)(v) é Lpeyd(G1 — Fy)(x)dE(v)

+ [ atr ) / 1yend(Ga — Fy)(x)dFy(v)
= J+II+111.

Now by Fubini’s theorem we can write
1= [ ([ eBto) o) tcudFa(e) ) G~ F) @), and
11 = / ( [etri), Fz<v>>1[ygv]dF2<v>) 4G — F>)(y).



Thus we find that

rerrenn = [{ome), R+ [ @R, oo b aeo) - )

where
wX (l’) =
Yy (y) =

+/ {/%(Fl(v) Fz(v))l[xgy]dﬁ(v)}d(Gl(JC) — Fy(x))

/ [y (y) — By (Y)} dGaly) + / [ (x) — B (X)} dGi(2)

/ 1 (Fr(v), Fa(0)) L dFa(v), 1)
o(Fi(), Fa(y)) + / o (Fi(0), Bo(0) yeydFa(v).  (2)

Thus the influence function is

=Yy (y) + ¥x(z) — Er{ty(Y) + ¢¥x(X)}

¢F(I,y

where ¢y and vy are given by (1) and (2).

(b) Writing out T'(

Fr)

and /n(T(F,) — T(F)) we find that

T(E) = [ Fna(0),Faale) dF,a(0)

and hence

V(T(F,) - T(F))

\/ﬁ{ / P(Fp 1 (), Fpo(v))dF, 5(v) — / so(Fl(v>,Fz(v))sz(v)}
Vit [ @l A(F, 2(v) — Fa(v))
v Vn / {p(Fn1 (v), Faa(v) = (B (v), Fo(v))} dFy(v)
\/—/ (F1(v), F(0))d(Fra(v) — Fa(v))
+ / {p(Fa1 (v), Fa2(v) — 9(F1(v), Fa(v))} d(F2(v) — Fa(v))

V[ (a0, Faal0)) = pR0), Foe)} dFs(0)
A, + B, + C,.



By using a Taylor expansion of ¢ we find that
Cn = /Vw( n ) () (Vi(Fan (v) = Fi(v), Vi(Fap(v) = Fo(v)))dFy(v)
= /VQO(FM Fo) () (V(Fn1 (0) = F1(0) V(Frp(v) = Fa(v)))dFy(v)

+ [ (FolE B ~ Vol P ) (0))-

(Vn(Fni(v) = Fi(v)), Vn(Fna(v) — Fa(v)))dFy(v)
= Cn,l + Cn’g

where, [|F; ;. — Fjllo < [|Fpj — Fjlloc —a.s. 0, and, by Fubini’s theorem,

Gt = [{ [TonE P cndrato) | a {VEi o) - Fia)
+ [{ [ woutE meein }d{f 22(0) = Fa(w)}

and where we expect that B,, = 0,(1) and C,, 2 = 0,(1). Combining these pieces
yields

V(T(F,) = T(F))
= [ o(F1(v), F2(v))d{V/n(Fn2(v) — F>(v))}

(V)1 (F1, F)(0)1 <y dFa(v) ¢ d {v/n(Fpa(z) — Fi(2))}

(Vo)s(F. F2><v>1[ygv]dF2<v>} 4 {VA(Enaly) - Fo(y)))

= /{@(Fl(y),Fz(y)) + {/(Vw)z(FbFz)(v)l[ysmdF2(U)}} d{vn(Fna(y) — Fa(y))}
+ /{/(V¢)1<F17F2)(U)1[rﬁv}dF2(U)} d{Vn(Fn, () = Fi(x))}
+ 0,(1).

This yields the same influence function as in (a) (with slightly different notation
for the derivatives of ) and yields a proof of asymptotic normality of \/n(7T, —
T(H)) if we show that B, = 0,(1) and C,, 2 = 0,(1).

Remark: It is also interesting to note that 7,, = T'(F,,) is essentially a type of
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bivariate rank statistic: since nlF,, 2(Y;)) =i fori =1,...,n, and Y(;) = F, 5(i/n)
1) = [ olFus(0). Faalo)dEoalo)

_ % D e(Faa (V) (Vo)
:%Zﬂmﬂﬁwwwm

1 n
= - Z @(n_an,i)7 Z/n)
i
where R, ; = nF,,1(F, ', (i/n)) = #of X)s < the i-th largest Y;.

. (a) Given n distinct data items, show that the probability that a given data item
does not appear in a bootstrap sample is e, = (1 —1/n)"

(b) Show that e, — ¢! ~ .368 as n — co.

(c) Hence show that the probability that each of B bootstrap samples contains
an item i is (1 — e,)?. Evaluate this quantity for n = 10,20, 50,100 and B =
10, 20, 50, 100.

(d) Let N, = 2?21 Liag;—0) where M = (M, ..., M,) ~ Mult,(n,1/n). Show
that E(n"'N,) = e, as computed in (a).

Solution: (a) The probability that X; does not appear in a bootstrap sample
Xy, ..., X} from IF,, is just e, = P(M; = 0) where M, ~ Binomial(n, 1/n). Thus
we have e, = P(M; =0) = (7)(1/n)°(1 — 1/n)" = (1 — 1/n)".

(b) Since (14+x/n)™ — e” for any z, it follows immediately that e, — e~! &~ .368.
(c) The probabality that each of B bootstrap samples contains X; is clearly
(1 — e,)B. The following table gives values of this for n = 10,20, 50,100 and
B =10, 20, 50, 100.

| B/n] 10 [ 20 | 50 | 100 |
10 [.0137 0118 0108 0105
20 | .000189 000139 000117 000110

50 4.89 x 107191 2.29 x 10710 | 1.47 x 10710 | 1.27 x 10710
100 | 2.39 x 1071 | 5.26 x 10720 | 2.16 x 1072 | 1.61 x 1020

(d) N,,/n is the proportion of the original sample not appearing in the bootstrap
sample. Since N, = Z?:l 1ia;—0) Where each M is marginally Binomial(n,1/n),
it follows immediately that

E(N,/n)=P(M; =0)=(1—1/n)" = e ".



Furthermore, from occupancy theory for urn models,
Vn(nT'N, — (1= 1/n)") =4 N(0,e” (1 —2e71));

see e.g. Johnson and Kotz (1977), page 317.



