
Statistics 583, Problem Set 4 Solutions

Wellner; 4/28/2016

1. Suppose that Z ∼ N(0, 1) and, for µ ∈ R and σ > 0, that X = µ+ σZ ∼ Pµ,σ =
N(µ, σ2).
(a) Compute the likelihood ratio

dPµ,σ
dP0,σ

(x) =
σ−1φ((x− µ)/σ)

σ−1φ(x/σ)
and Y ≡ log

dPµ,σ
dP0,σ

(X) .

What is the distribution of Y under P0,σ and under Pµ,σ?
(b) Plot the function

l(µ, σ;X) ≡ log
dPµ,σ
dP0,σ

(X)

as a function of µ.
(c) Find the maximum value of the function l(µ;X) in B (as a function of µ) and
the value of µ ≡ µ̂ which achieves the maximum.
(d) What is the distribution of µ̂ under P0,σ and under Pµ,σ? What is the distri-
bution of l(µ̂;X) under P0,σ and under Pµ,σ?

Solution: (a) The likelihood ratio

dPµ,σ
dP0,σ

(x) =
σ−1φ((x− µ)/σ)

σ−1φ(x/σ)
=

exp(−(x− µ)2/(2σ2))

exp(−x2/(2σ2))

= exp

(
µ

σ2
x− 1

2

µ2

σ2

)
.

Hence

Y ≡ log
dPµ,σ
dP0,σ

(X) =
µ

σ

X

σ
− 1

2

µ2

σ2
.

Under P0,σ we find that E(Y ) = 0− µ2

2σ2 and V ar(Y ) = µ2/σ2 ≡ V 2 so that

Y ∼ N(−1

2
V 2, V 2) under P0,σ .

Under Pµ,σ a similar computation gives E(Y ) = µ2/σ2 − µ2/(2σ2) = V 2/2 and
V ar(Y ) = V 2, so

Y ∼ N(
1

2
V 2, V 2) under Pµ,σ .
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(b) and (c). The function

l(µ, σ;X) ≡ log
dPµ,σ
dP0,σ

(X) =
µ

σ

X

σ
− µ2

2σ2
=
X2

2σ2
− 1

2

(X − µ)2

σ2

is quadratic in µ with maximum value X2/(2σ2) which is achieved at µ = µ̂ ≡ X.
(d) Under P0,σ, µ̂ = X ∼ N(0, σ2) and l(µ̂, σ;X) = X2/(2σ2) ∼ χ2

1/2. Under
Pµ,σ, µ̂ = X ∼ N(µ, σ2) and l(µ̂, σ;X) = X2/(2σ2) ∼ χ2

1(δ)/2 with δ = µ2/σ2.

2. Suppose that {Pθ : θ ∈ Θ ⊂ Rd} is a regular parametric model in the sense of
satisfying Cramér’s conditions A0 - A4 of the 581 Chapter 4 notes (page 5) at
θ0 ∈ Θ. Show that the LAN condition holds: with θn = θ0 + tn−1/2 for t ∈ Rd,

log

∏n
i=1 pθn(Xi)∏n
i=1 pθ0(Xi)

= ln(θn)− ln(θ0)→d t
TZ − (1/2)tT I(θ0)t ∼ N1(−(1/2)σ2

0, σ
2
0)

where Z ∼ Nd(0, I(θ0) and σ2
0 = tT I(θ0)t.

Solution: In the notation used in Theorem 4.1.2,

ln(θ)− ln(θ0) =
n∑
i=1

log

(
pθn
pθ0

(Xi)

)
.

Much as in the proof of part (ii) of Theorem 4.1.2, we can expand ln(θ) about θ0

as follows:

ln(θ) = ln(θ0) + l̇n(θ0)T (θ − θ0) +
1

2
(θ − θ0)T l̈n(θ∗n)(θ − θ0)

where |θ∗n − θ0| ≤ |θ − θ0|. Thus with θ = θ0 + tn−1/2,

ln(θn) = ln(θ0) + l̇n(θ0)T (θn − θ0) +
1

2
(θn − θ0)T l̈n(θ∗n)(θn − θ0)

= ln(θ0) + tT
(

1√
n
l̇n(θ0)

)
+

1

2
tT
(

1

n
l̈n(θ∗n)

)
t,

where |θ∗n − θ0| ≤ |θn − θ0| = n−1/2|t| → 0. Thus it follows that

ln(θn)− ln(θ0) = tT
(

1√
n
l̇n(θ0)

)
− 1

2
tT
(
− 1

n
l̈n(θ∗n)

)
t

= tTZn −−
1

2
tT I(θ0)t+ op(1)

since (
− 1

n
l̈n(θ∗n)

)
→p I(θ0)

in the same way as in the proof of Theorem 4.1.2 part (ii).
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3. Suppose that we want to model the survival of twins with a common genetic
defect, but with one of the two twins receiving some treatment. Let X represent
the survival time of the untreated twin and let Y represent the survival time of the
treated twin. One (overly simple) preliminary model might be to assume that X
and Y are independent with Exponential(η) and Exponential(θη) distributions,
respectively:

fν,η(x, y) = ηe−ηxηνe−ηνy1(0,∞)(x)1(0,∞)(y)

Suppose that we observe i.i.d. pairs (Xi, Yi) with density given by fν0,η0 .

(a) One crude approach to estimation in this problem is to reduce the data to
W = X/Y , the maximal invariant for the group of scale changes g(x, y) = (cx, cy)
with c > 0. Find the distribution of W , and compute the Cramér-Rao lower
bound for unbiased estimates of ν based on W .
(b) Find the information bound for estimation of ν based on observation of
(X, Y ) pairs when η is known and unknown.
(c) Compare the bounds you computed in (a) and (b) and discuss the pros and
cons of reducing to estimation based on the W .

Solution: (a) We compute

P (W ≤ w) = P (X/Y ≤ w) = EE (1{Y ≥ X/w}|X)

= E{exp(−νηX/w)} =

∫ ∞
0

exp(−νηx/w)η exp(−ηx)dx

= η

∫ ∞
0

exp(−(1 + ν/w)ηx)dx

=
η

η(1 + ν/w)
=

w

w + ν
= 1− ν

w + ν
.

Thus W has density fW (w, ν) = ν/(ν + w)2 on w ≥ 0, with log fW (w, ν) =
log ν − 2 log(ν + w). It follows that the score for ν based on observation of W is
l̇ν(w) = ν−1 − 2/(ν +w). Thus l̈νν(w) = −ν−2 + 2/(ν +w)2 and the information
for ν based on W is

IW (ν) = −Eν l̈ν,ν(W ) = ν−2 − 2

∫ ∞
0

ν

(ν + w)4
dw = ν−2(1− 2/3) = (1/3)ν−2.

(b) Based on observation of the (X, Y ) pairs we have log fν,η(x, y) = 2 log η +
log ν − η(x+ νy), and hence the scores for ν and η are given by

l̇ν(x, y) =
1

ν
− ηy =

1

ν
(1− νηy),

l̇η(x, y) =
2

η
− (x+ νy) =

1

η
(2− (ηx+ νηy)).
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This yields

l̈νν(x, y) = −ν−2, l̈ν,η(x, y) = −y, l̈ηη(x, y) = −2η−2.

and hence the information matrix for (ν, η) is given by I(ν, η) = Eν,η l̈(X, Y )

I(ν, η) = Eν,η l̈(X, Y ) =

(
ν−2 −(νη)−1

−(νη)−1 2η−2

)
.

Thus the information for ν when η is known is ν−2, and the information for
estimation of ν when η is unknown is I11·2 = ν−2− (νη)−2(η2/2) = 1/(2ν2). Thus
the information bound for ν when η is known is I−1

11 = ν2 (or ν2/n), while the
information bound for ν when η is unknown is I−1

11·2 = 2ν2 (or 2ν2/n).
(c) From (b) we see that not knowing η increases the information bound by a
factor of 2. Reduction to the Wi = Xi/Yi results in a model with no nuisance
parameter η, but with an information bound greater than the information bound
when η is known by a factor of 3 and greater than the information bound when
η is unknown by a factor of 3/2.

4. This is a continuation of the preceding problem. A more realistic model involves
assuming that the common parameter η for the two twins varies across sets of
twins. There are several different ways of modeling this: one approach involves
supposing that each pair of twins observed (Xi, Yi) has its own fixed parameter ηi,
i = 1, . . . , n. In this model we observe (Xi, Yi) with density fν,ηi for i = 1, . . . , n;
i.e.

fν,ηi(xi, yi) = ηie
−ηixiηiνe

−ηiνyi1(0,∞)(xi)1(0,∞)(yi) . (1)

This is sometimes called a “functional model” (or model with incidental nuisance
parameters).

Another approach is to assume that η ≡ Z has a distribution, and that our
observations are from the mixture distribution. Assuming (for simplicity) that
Z = η ∼ Gamma(a, b) with density ga,b(η), it follows that the (marginal) distri-
bution of (X, Y ) is

pν,a,b(x, y) =

∫ ∞
0

fν,z(x, y)ga,b(z)dz

=
ν

b2

(
b

b+ x+ νy

)a+2
Γ(a+ 2)

Γ(a)
. (2)

This is sometimes called a “structural model” (or mixture model).
(a) Find the information for ν in the functional model.
(b) Find the information for ν in the structural model.
(c) Compare the information bounds you computed in (a) and (b). When is
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the information for ν in the functional model larger than the information for ν
in the structural model?
(d) Find the MLEs of ν in the functional model (call it ν̂fn) and in the structural
model (call it ν̂sn). Are they both consistent estimators of ν?

Solution: (a) Here the parameter is γ = (ν, η1, . . . , ηn) ∈ ν ⊂ Rn+1. For (Xi, Yi)
the log of the density is

log pν,η(xi, yi) = 2 log ηi + log ν − ηi(xi + νyi) ,

so the scores are

l̇ν(xi, yi) =
1

ν
− ηiyi l̇ηi(xi, yi) =

2

ηi
− (xi + νyi), l̇ηj(xi, yi) = 0, j 6= i .

Thus we find that the information matrix for γ based on (Xi, Yi) is Ii = (Ii,j,k)
with Ii,1,1 = 1/ν2, Ii,i,i = 2/η2

i , Ii,1,i = Ii,i,1 = 1/(νηi), and Ii,j,k = 0 otherwise
(i.e. j 6= i or k 6= i). By independence of (Xi, Yi) for i = 1, . . . , n, the information
matrix for γ based on observation of all the data is

In(γ) =
n∑
i=1

Ii(γ) =


n/ν2 1/(νη1) · · · · · · 1/(νηn)

1/(νη1) 2/η2
1 0 · · · 0

. 0 . . 0

. 0 . . 0
1/(νηn) 0 · · · · · · 2/η2

n

 .

Thus

I11·2(γ) = I11 − I12I
−1
22 I21

=
n

ν2
− 1

ν2
(

1

η1

, . . . ,
1

ηn
)


η2

1/2 0 . .
0 η2

2/2 0 .
. . . .
0 . . η2

n/2




1
η1

.

.
1
ηn


=

n

ν2
− n

2ν2
=

n

2ν2
.

(b) For the structural model, first note that Γ(a+ 2)/Γ(a) = a(a+ 1). Then we
compute the scores:

l̇ν(x, y) =
1

ν
− (a+ 2)y

b+ x+ νy
,

l̇a(x, y) =
Γ′

Γ
(a+ 2)− Γ′

Γ
(a) + log

(
b

b+ x+ νy

)
=

1

a
+

1

a+ 1
+ log

(
b

b+ x+ νy

)
,

l̇b(x, y) =
a

b
− a+ 2

b+ x+ νy
.
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Furthermore, the second derivatives of the scores are:

l̈νν(x, y) = − 1

ν2
+

(a+ 2)y2

(b+ x+ νy)2
,

l̈aa(x, y) = ψ′(a+ 2)− ψ′(a), where ψ(x) =
Γ′

Γ
(x)

= − 1

a2
− 1

(a+ 1)2
,

l̈bb(x, y) = − a
b2

+
a+ 2

(b+ x+ νy)2
,

l̈νa(x, y) = − y

b+ x+ νy
,

l̈νb(x, y) =
(a+ 2)y

(b+ x+ νy)2
,

l̈ba(x, y) =
1

b
− 1

b+ x+ νy
.

It follows (after some computation; I used Mathematica), that the information
matrix for (ν, a, b) is:

I(ν, a, b) =


a+1
a+3

1
ν2

1
(a+2)ν

−a
(a+3)bν

1
(a+2)ν

a−2 + (a+ 1)−2 −2
(a+2)b

−a
(a+3)bν

−2
(a+2)b

2a
(a+3)b2

 . (3)

Hence the information for ν in the structural model is, with

D ≡ b2det(I22) =

(
2a

a+ 3
(a−2 + (a+ 1)−2)− 4

(a+ 2)2

)
,

I11·2(ν, a, b) = I11 − I12I
−1
22 I21

=
a+ 1

(a+ 3)ν2

−
(

1
(a+2)ν

−a
(a+3)bν

) 1

D

(
2a

(a+3)b2
2

(a+2)b
2

(a+2)b
a−2 + (a+ 1)−2

)(
1

(a+2)ν
−a

(a+3)bν

)
=

a+ 1

(a+ 3)ν2

−
(

1
(a+2)ν

−a
(a+3)bν

) 1

D

(
2a

(a+3)b2
2

(a+2)b
2

(a+2)b
a+2

a2(a+1)2

)(
1

(a+2)ν
−a

(a+3)bν

)

=
1

ν2

{
a+ 1

a+ 3
− 2a

(a+ 3)(a+ 2)2

(
(a+ 2)

2a2(a+ 1)2

a

a+ 3
(a+ 2)2 − 1

)
1

D

}
=

1

2ν2

2 + a

3 + a
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after a bit of algebra (I used Mathematica again). Note that this equals 1/(3ν2)
when a = 0, and it increases to 1/(2ν2) as a→∞.

For the semiparametric generalization of the mixture (structural) model given by
(2), we have

pν,a,b(x, y) =

∫ ∞
0

fν,z(x, y)dG(z)

where G is an arbitrary (mixing) distribution on (0,∞). In fact, the information
for ν in this larger model has the same qualitative feature as in the Gamma-
mixture submodel:

I11·2(ν) =
1

3ν2
+

1

12ν2
IpT (scale)

where IpT (scale) is the information for scale in for the density

pT (t) ≡ t

∫ ∞
0

z2 exp(−tz)dG(z) .

It is easily seen that this information is always greater than 1/(3ν2) and always
less than or equal to 1/(2ν2). See Bickel, Klaassen, Ritov, and Wellner (1993),
pages 134 - 135 for this calculation. Section 4.5 of BKRW has much more on
information calculations for semiparametric mixture models.

(d) In the functional model we maximize

ln(ν, η1, . . . , ηn) ≡
n∑
i=1

log fν,η1,...,ηn(Xi, Yi) =
n∑
i=1

{2 log ηi + log ν − ηi(Xi + νYi)}

over all ηi > 0 and ν > 0. Thus we compute

∂

∂ηi
ln(ν, η1, . . . , ηn) =

2

ηi
− (Xi + νYi),

and find that for each fixed ν and i ∈ {1, . . . , n}, the log-likelihood is maximized
with respect to ηi by η̂i(ν) = 2/(Xi+νYi). Thus the profile log-likelihood becomes

lprofilen (ν) ≡ ln(ν, η̂1(ν), . . . , η̂n(ν)) = 2
n∑
i=1

{
log

(
2

Xi + νYi

)
+ log ν − 2

}
.

Here we have

∂

∂ν
lprofilen (ν) = l̇profilen,ν = −2

n∑
i=1

Yi
Xi + νYi

+
n

ν
,
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and hence the maximizer ν̂n of the profile likelihood satisfies

1

ν̂n
=

1

n

n∑
i=1

2Yi
Xi + ν̂nYi

.

Equivalently

1

2
=

1

n

n∑
i=1

ν̂nYi
Xi + ν̂nYi

=
1

n

n∑
i=1

(ν̂n/ν)νηiYi
ηi + (ν̂n/ν)νηiYi

d
=

1

n

n∑
i=1

(ν̂n/ν)Vi
Ui + (ν̂n/ν)Vi

≡ 1

n

n∑
i=1

γ̂nVi
Ui + γ̂nVi

.

where (Ui, Vi) ≡ (ηiXi, ηiνYi) are i.i.d. pairs of independent exponential(1) ran-
dom variables and we have defined γ̂n ≡ ν̂n/ν. Thus we define

Ψn(γ) ≡ Pnψγ(U, V ), and Ψ(γ) ≡ P0ψγ(U, V )

where ψγ(u, v) = γv/(u + γv) − 1/2. Note that ψγ(u, v) ∈ [−1/2, 1/2] and that
it is monotone non-decreasing and continuous from −1/2 to 1/2 as γ increases
from 0 to ∞ for each fixed (u, v), Thus Ψ(γ) is monotone nondecreasing and
continuous. Furthermore Ψ(1) = P0(U/(U + V ) − 1/2) = 0 and Ψn(γ̂n) = 0.
since U/(U + V ) ∼ Uniform(0, 1). Since the class of functions F ≡ {ψγ : γ ≥ 0}
is a class of continuously parametrized functions with parameter set Γ ⊂ Γ}
where Γ is compact, F is a Glivenko-Cantelli class of functions: i.e.

‖Ψn −Ψ‖Γ = sup
γ>0
|Ψn(γ)−Ψ(γ)| = ‖Pn − P0‖F →a.s. 0.

where Ψ(1) = 0 and Ψ̇(γ) = P0(UV/(U+γV )2) > 0 for all γ. It follows that γ̂n =
ν̂n/ν →a.s. 1, and hence ν̂n →a.s. ν. Thus the MLE is apparently consistent in the
functional model despite the increasing number of nuisance parameters η1, . . . , ηn.
Note that the score equation for the profile likelihood corresponds exactly to the
score equation based on the maximal invariantsWi = Xi/Yi in problem 3, and this
suggests that ν̂n in the structural model satisfies

√
n(ν̂n−ν)→d N(0, 1/IW (ν)) =

N(0, 3ν2), which apparently disagrees with our information calculation above in
the functional model! (There is another version of this model in which ν enters
more symmetrically and in which the MLE ν̂n is not consistent, more in agreement
with the Neyman - Scott example.)

The structural model in (2) is a regular parametric model; it is a type of bivariate
Pareto model: see e.g.

https://en.wikipedia.org/wiki/Multivariate_Pareto_distribution .

Hence the MLEs should be consistent and otherwise well-behaved.
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