Statistics 583, Midterm Exam Solutions
Wellner; 5/4/2016

1. (30 points) Define each of the following terms.
(a) The bracketing number Njj(e, F, L1 (P)) of a class of real-valued functions F
with respect to Li(P) on a general sample space (2, A, P).
(b) A P—Glivenko-Cantelli class of functions F on a general sample space (X, .A).
(c) Give a sufficient condition for a class of functions F to satisfy the P—Glivenko
-Cantelli property described in (b).

Solution: (a) Given € > 0 the bracketing number Njj(e, F, L1(P)) is the min-
imal number of e—brackets needed to cover F. Here a bracket is [l,u] = {f €
F: lz) < f(z) < u(x) forall =z € X} where [ and u are two real-valued
(measurable) functions on (X, .A) such that [ < u and it is of size € if P(u—1) =
Jy(w—=1)dP <e.

(b) F— is a P—Glivenko - Cantelli class of functions if

B, — Pll5 = (sup Po(f) - P<f>|) e 0
feF

as n — oo where IP,, is the empirical measure of X,..., X, iid. P on (X, A).
(c) A sufficient condition for F to be a P—Glivenko-Cantelli class of functions is
Npy(e, F, Li(P)) < oo for every € > 0.

2. (30 points) Give a complete statement of any three of the following results:

(a) Wald’s consistency theorem for maximum likelihood estimators.

(b) Le Cam’s (two-sided) Glivenko-Cantelli theorem related to Wald’s
consistency theorem.

(¢) The Cramér-Rao bound for the variance under Py, of an unbiased estimator
of v(Py) = q(0) for a regular parametric model under the assumption that
q is differentiable at 6. Relate this bound to the efficient influence function
I, for v(Py) (at 6p).

(d) A result about the joint asymptotic normality of the sample quantiles
(F 1 (t1),...,F () where 0 <ty < -+ <t < 1.

(e) Aninequality relating Hellinger distance H (P, Q) (or Hellinger affinity p(P, Q))
to the total variation distance V' (P, Q) (or the total variation affinity n(P, Q))
and an equality relating p(P™, Q") to p(P, Q).

(f) The Lindeberg-Feller central limit theorem (including context).

Solution: See course notes.



3. (40 points) Let p,, be the maximum likelihood estimator of py € P where P is
some class of densities on (X,.A) with respect to a fixed dominating measure .
(a) State any “basic inequality” giving a bound for H?(p,,po) in terms of

(P, — Py)(9gp,) for some function z — g,(z) for p € P.
(b) Use the bound you state in (a) to give a proof that H?(p,,, po) —a.s. 0 assuming
that some appropriate class of functions is a Fy—Glivenko-Cantelli class.

Solution: (a) If p, is the MLE of py over a class P of densities, then a very
simple basic inequality is

H*(Dn, po) < (Pr — Po)(95,)

gp(x) = ( % - 1) Lipo(@)>0)-

(b) If the class of functions F = {g, : p € P} is P—Glivenko - Cantelli, then it
follows that

where

H (P, po) < sup(Py, — Fo)(9p) —as. 0-
peEP

4. (40 points) Let X ~ N(0,0?) under P and suppose that X ~ N(u,c?) with
> 0 under Q.
(a) Compute (¢/p)(X) and log((¢/p)(X)) and use this to compute K(Q, P) and
K(P,Q). Do your computations yield K(P,Q) > 0 and K(Q, P) > 0?7
(b) Compute p(P,Q) = [ /pqdp where p denotes Lebesgue measure on R. Use
this to compute H*(P, Q) = (1/2) [(\/p — /2)*d.
(c) How does H?(P, Q) relate to K(P,Q) or K(Q, P)? State a simple inequality
relating H%(P, Q) to K(P,Q) or K(Q, P) and verify that it holds in the special
case in (a) and (b).

Solution: (a) Now ) has density

q(r) = . exp (_(x—u)2) _ exp (— o +M$_<i/2)02)

V2mo? 202 V2ro2? 202 o
r—(1/2)0?
= p(z)-exp (MT) :
Thus
@) _ = (1/2)0? ond 1og 1@ _ pr = (1/2)p
p) p( o2 ) 4w A

Thus we compute

pEQ(X) — (1/2)p* _ p°
o2 202’
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and

K(P,Q) = Eplog (@) _ B, (_M)

q(X) o
_ —HEp(X) +(1/2)p
o2 202"

Thus in this (special!) case we have K(Q, P) = K(P,Q) = u*/(206%) > 0if u # 0.
(b) We have

Q) = [ Jidx—/ ¢_ep( Q)exp< <x4—05>2>dx

_ / \/W ( L@y ))dm
- [ e (—— (o= /27 =40 +2717))
~ exp (_;_)
Alternatively,
p(P.Q) = [Vea@is = [ V@ = Erla/p)(X)
= FEpexp <%) = exp (—4"722) Epexp(rX) with r = p/(20?)

2

e (—%) exp(r20%/2) = exp (—%) exp(i/(80%))

2
()

2 2 2
s 7 1 p 1
H*(P,Q)=1-p(P,Q)=1- <I—<-i-=-K(P

Thus

where we used 1 — e ™ < z to get the first inequality. This verifies the general
inequality K(P,Q) > 2H?*(P, Q) proved in class.

. (40 points) Suppose that X ~ Weibull (o, 8); that is, Py(X > x) = exp(—(x/a)”)
for x > 0.

(a) We showed in class that V = (X/a)? ~ Exponential(1). Show that ¢ = log V/
has the double exponential (or Gumbel or extreme value) distribution function
G(z) =1 — exp(—e®) for x eR.

(b) Show that ¥ =log X = log( )+ B~ te where ¢ = logV is as in (a). Thus, on
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the log scale, log «v is a location parameter and 1/ is a scale parameter.
(¢) The information matrix for 6 that we computed in class is

0= (00" )

where a = —(1—7) and b* = 72/6+(1—~)? and v = .577216... is Euler’s constant.
Compute the Cramér-Rao lower bound for unbiased estimators of ¢(f) = log«a

and ¢(0) = 1/p5. B B
(d) How would you use Y,, = log X and S§ =n'> ", (Y; — Y,)? to estimate
(loga, 1/B)? [Hint: E(logV) = —v and Var(logV) = 7%/6.]

Solution: (a) V = (X/a)? ~ Exponential(1). Thus the survival function 1 — G
of e =logV is given by
1 —-G(y) = P(logV >y) = P(V > ¢e’) = exp(—¢’).

Thus G(y) =1 — exp(—eY) for y € R.
(b) Since V = (X/a)? ~ Exponential(1), we have

e =logV =log{(X/a)’} = B (log X —loga) = Blog X — Bloga.
Thus we find that
Blog X = Bloga+e¢, or logX =loga+ e

Thus we see that for Y = log X, log @ is a location parameter and 37! is a scale
parameter.

(c)  With ¢(f) = loga we have ¢(6) = (1/a,0)" and hence the C-R lower
bound for unbiased estimates of loga is n=1¢(6)T1(0)~14(0) = n~ta 21" where
" = I;' Now

Liz = In — Ioly In = (8%/a®) — (a/a)*(57/0%) = (87/a”)(1 = b°/ (b — a?))

and hence
2 b2

- _ b _
n o2 — 2(&2/52)1)2_@2 _y 262_(12

where b?/(b* — a?) = (72/6 + (1 — v)?)/(7?/6). Similarly, for ¢(9) = 71, ¢(0) =
(0,—B72)T, and hence the information bound for unbiased estimators of ¢(f) =

1/8 is

n'q(0)"1(0)7'q(0) = n~ '

where 1?2 = I,';. Now

Iygq = Isg — ]21[f11[12 == — 57 = ﬁfQ(bZ — a2) =03 "—.



Thus 6 6
n—l/@—4]22 — ,'1—15—452P — n_16_2ﬁ‘

(d) Now if the Weibull model holds, then
Y, =, E(Y)=loga+ B 'E(e) =loga+ 8 'c
where ¢ = —7, and
Sy —, Var(Y) = 7 *Var(e) = p7%d* = 37 *7*/6.
We conclude that 82 = d?/S2 satisfies 3, —, d/(d/8) = B, and then

@E?n—c/gnéloga—i—

= log .

™| o
™| o



