
Statistics 583, Problem Set 4

Wellner; 4/20/2016

Reading: Chapter 3, sections 3.4 - 3.5, pages 37 - 46;
Van der Vaart, Chapters 7-8, pages 92 - 123; Chapter 25 (optional)
Chapter 6, sections 1-2, pages 1 - 24.

Due: Wednesday, 4/27/2016
Reminder: Midterm exam, Monday, May 2.

1. Suppose that Z ∼ N(0, 1) and, for µ ∈ R and σ > 0, that X = µ+ σZ ∼ Pµ,σ =
N(µ, σ2).
(a) Compute the likelihood ratio

dPµ,σ
dP0,σ

(x) =
σ−1φ((x− µ)/σ)

σ−1φ(x/σ)
and Y ≡ log

dPµ,σ
dP0,σ

(X) .

What is the distribution of Y under P0,σ and under Pµ,σ?
(b) Plot the function

l(µ, σ;X) ≡ log
dPµ,σ
dP0,σ

(X)

as a function of µ.
(c) Find the maximum value of the function l(µ;X) in B (as a function of µ) and
the value of µ ≡ µ̂ which achieves the maximum.
(d) What is the distribution of µ̂ under P0,σ and under Pµ,σ? What is the distri-
bution of l(µ̂;X) under P0,σ and under Pµ,σ?

2. Suppose that {Pθ : θ ∈ Θ ⊂ Rd} is a regular parametric model in the sense of
satisfying Cramér’s conditions A0 - A4 of the 581 Chapter 4 notes (page 5) at
θ0 ∈ Θ. Show that the LAN condition holds: with θn = θ0 + tn−1/2 for t ∈ Rd,

log

∏n
i=1 pθn(Xi)∏n
i=1 pθ0(Xi)

= ln(θn)− ln(θ0)→d t
TZ − (1/2)tT I(θ0)t ∼ N1(−(1/2)σ2

0, σ
2
0)

where Z ∼ Nd(0, I(θ0) and σ2
0 = tT I(θ0)t.

3. Suppose that we want to model the survival of twins with a common genetic
defect, but with one of the two twins receiving some treatment. Let X represent
the survival time of the untreated twin and let Y represent the survival time of the
treated twin. One (overly simple) preliminary model might be to assume that X
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and Y are independent with Exponential(η) and Exponential(θη) distributions,
respectively:

fθ,η(x, y) = ηe−ηxηθe−ηθy1(0,∞)(x)1(0,∞)(y)

Suppose that we observe i.i.d. pairs (Xi, Yi) with density given by fθ0,η0 .

(a) One crude approach to estimation in this problem is to reduce the data to
W = X/Y , the maximal invariant for the group of scale changes g(x, y) = (cx, cy)
with c > 0. Find the distribution of W , and compute the Cramér-Rao lower
bound for unbiased estimates of θ based on W .
(b) Find the information bound for estimation of θ based on observation of
(X, Y ) pairs when η is known and unknown.
(c) Compare the bounds you computed in (a) and (b) and discuss the pros and
cons of reducing to estimation based on the W .

4. This is a continuation of the preceding problem. A more realistic model involves
assuming that the common parameter η for the two twins varies across sets of
twins. There are several different ways of modeling this: one approach involves
supposing that each pair of twins observed (Xi, Yi) has its own fixed parameter ηi,
i = 1, . . . , n. In this model we observe (Xi, Yi) with density fν,ηi for i = 1, . . . , n;
i.e.

fν,ηi(xi, yi) = ηie
−ηixiηiνe

−ηiνyi1(0,∞)(xi)1(0,∞)(yi) . (1)

This is sometimes called a “functional model” (or model with incidental nuisance
parameters).

Another approach is to assume that η ≡ Z has a distribution, and that our
observations are from the mixture distribution. Assuming (for simplicity) that
Z = η ∼ Gamma(a, b) with density ga,b(η), it follows that the (marginal) distri-
bution of (X, Y ) is

pν,a,b(x, y) =

∫ ∞
0

fν,z(x, y)ga,b(z)dz

=
ν

b2

(
b

b+ x+ νy

)a+2
Γ(a+ 2)

Γ(a)
. (2)

This is sometimes called a “structural model” (or mixture model).
(a) Find the information for ν in the functional model.
(b) Find the information for ν in the structural model.
(c) Compare the information bounds you computed in (a) and (b). When is
the information for ν in the functional model larger than the information for ν
in the structural model?
(d) Find the MLEs of ν in the functional model (call it ν̂fn) and in the structural
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model (call it ν̂sn). Are they both consistent estimators of ν?
Hint: this problem is related to the famous examples of Neyman and Scott
concerning MLE’s in the presence of nuisance parameters; see e.g. Chapter 4,
example 3.7, page 21.

5. (Bonus problem 1:) Suppose that X1, . . . , Xn are i.i.d. with the Weibull distri-
bution Fθ given by

1− Fθ(x) = exp(−(x/α)β), x ≥ 0

where θ = (α, β) ∈ (0,∞)× (0,∞).
(a) Find the inverse (or quantile function) F−1θ (u) corresponding to Fθ in terms
of α, β, and u ∈ (0, 1), and show that

logF−1θ (u) = logα +
1

β
log log

(
1

1− u

)
.

(b) Fix t ∈ (0, 1/2). Use the t−th and (1 − t)−th quantiles of the Xi’s, namely
F−1n (t) and F−1n (1− t), to obtain simple consistent estimators α̂n and β̂n of α and
β. Prove that your estimators are consistent.
(c) Prove that your estimators α̂n and β̂n satisfy

√
n

(
α̂n − α
β̂n − β

)
→d N2(0,Σ)

and identify Σ as a function of α, β, and t.
(d) How would you choose t to minimize the asymptotic variance of β̂n?

6. Optional bonus problem 2: Suppose that X1, . . . , Xn are i.i.d. random vectors
with values in Rk with E(X1) = µ and E(XT

1 X1) < ∞ so that Σ = E(X1 −
µ)(X1 − µ)T is well-defined. Thus

Zn ≡
√
n(Xn − µ)→d Z ∼ Nk(0,Σ) .

Suppose that g : Rk → R is a function, and suppose that ∇g = ġ exists at µ.
Then the delta-method (or g′ theorem) tells us that

√
n(g(Xn)− g(µ))→d ∇g(µ)TZ ∼ N(0,∇g(µ)TΣ∇g(µ)) . (3)

(a) Show that we can strengthen (??) as follows: Suppose that ∇g = ġ is
continuous at µ. Then

√
n(g(Xn)− g(µ)) is asymptotically linear at µ:

√
n(g(Xn)− g(µ)) = ∇g(µ)T

√
n(Xn − µ) + op(1)

=
1√
n

n∑
i=1

ψ(Xi) + op(1)
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where

ψ(x) = ∇g(µ)T (x− µ) (4)

which is called the influence function of g(Xn) as an estimator of g(µ), has mean
Eψ(Xi) = 0 and V ar(ψ(Xi)) = ∇g(µ)TΣ∇g(µ).
(b) Can the result in (a) be used to establish asymptotic linearity of the empirical
or sample quantile F−1n (t) for t ∈ (0, 1) if Q ≡ F−1 is differentiable at t? (c) Find
some other example for which the result of (a) yields asymptotic linearity of some
natural (nonlinear) estimator.
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