Statistics 583, Problem Set 3 Solutions
Wellner; 4/29/2015

1. (See also van der Vaart (1998), page 303, problem 3.) For distribution functions
F on RT and tg > 0, consider the functional T(F) = A(ty) = Oto —=dF, the
cumulative hazard function corresponding to F' at t,.

(a) Find the influence function of T'(F).

(b) What does this mean about asymptotic normality of the natural estimator
T(F,) of T(F)?

(¢) Can you prove asymptotic normality of T'(F,,) directly?

Solution: (a) To find the influence function of T'(F), let Fy = (1 — t)F + t6,.
The distribution function corresponding to G = 6, is 1(_ay(2), ¥ € R, so the
left limit is G_(y) = 1j<y), and the corresponding ”at risk” function 1 —G_(y) =
liz>y] = Liy00) (). We need to compute

T(Fy) —T(F d
1%% = %T(Ft)hzo =I1C(x;T,F) = ¢p(x)

d [ 1
= — —dF, Y~
dt{/o 1—(F)_ =0
o o (§, — F_)
= d(6, — F +/ L dF
[ mrae-ns [T
Lo () /to 1 /to 1 /to (1 —0q—)
C1-F_(x) ), 1—F_dF+ 0 1—F_dF 0 (1—F_)2dF

C Lpag(®) [ Ly
- [ e

-G = F_ (1))
SR ITCRY G R
L=F.(z) Jo 1-F.(y)
_{ 1Flzo(x)_lfozc§};ﬂ_)zdF ?f x <t
—Jo G=F)? if x>t.

The next to last formula for the influence function of A(#y) is natural from a mar-
tingale perspective. When F' is continuous F_ = F', and the influence function
computed above reduces to:

F(to) ]
1— F(ty) =t
Lip<to) = F(to)

1—F(ty)

IC(x; T F) = <y —



Note that Eptp(X) =0 and (in the case of a continuous d.f. F)

EF¢12w(X) = 1 f(]io()to) .

(b) Gateaux differentiability as established in (a) gives useful information about
the form of the linear term, but does not yield a proof of asymptotic normality.
To prove asymptotic normality we can proceed in several ways:

(i) Establish some stronger form of differentiability such as Fréchet differentia-
bility or Hadamard differentiability with respect to some metric d, compatible
with the empirical distribution function (or empirical measure).

(ii) Recognize some special structure associated with the functional under con-
sideration.

(iii) Proceed directly by showing that the remainder term

R, = VA(T(F,) - T(F)) - T(F; Va(F, - F))
— VA(T(F,) - T(F)) - / (@) d{v/a(F, — F)(z)}

satisfies R,, = 0,(1). We will take route (iii) in (c¢) below. For (i) in the current
case, see van der Vaart (1998), Asymptotic Statistics, example 20.15, page 301
(and his Lemma 20.10, page 298). With regard to (ii) in the present case, note
that for X(,) <ty we have

VarE) -1 = [t (R0 - [0 -Eeonaa)

to 1
_ /0 Ty el

where ML, (t) = /n(F,(t) — fot(l —TF,(s—))dA(s)) is a mean-zero martingale, and
hence the integral in the last display is also a martingale (in o). Then asymptotic
normality (even as a process in ty) follows from martingale CLTs; see e.g. Shorack
& W (1986), chapters 6 and 7 and especially (7.1.4) page 295 and Theorem 7.5.2
page 312.

(¢) To prove asymptotic normality of T'(F,,) (assuming that F' satisfies F'(ty) <



VilrE) -1 = Vil [ - [ i)
to 1
- [ o vaE.e) - Fo)

Vn(Fn(to) — F(to))
11— IEw?z(t()_)
[ )

Vn(Fy,(to) — F(to)
11— Fn(to_)

U(F(t))

1— F(to—)

F(to)

"1 — F(to)

~—

~ N(0 ) if F is continuous

since the last two terms in the third equality can be rewritten as

o \/n(F,(s) — F(s)) dF,(s) dF (s)
R R e )

by arguments similar to those we used to deal with the Mann-Whitney Wilcoxon
statistic. Alternatively, martingale methods also work.

2. Let F be a distribution function on R? with finite second moments, and let p(F)
be the correlation coefficient

Covp(X,Y)
VVarg(X)Varp(Y)

p(F) =

Assume that |p(F)| < 1.

(a) Give an example of a sequence of bivariate distributions {F),} satisfying
F, —q4 F, but p(F,) — 1 # p(F).

(b) Find a collection F of distribution functions on R? so that p is weakly
continuous on F.

Solution: (a) Without loss of generality we may suppose that F' is a bivariate
distribution function with zero means, Ep(X) = Er(Y) = 0. Let F, = (1 —
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n)F +n"19, ) with (a,,b,) € R?. Note that F,, has marginal distribution
functions F, x = (1—n Y Fx+n"18,,, Fny = (1—n"Y)Fy +n~14,, respectively
where F'y and Fy are the marginal df’s of F'. Thus we compute

Covp, (X,Y) = Ep, (XY) — Ep (X)Ep Y
=1 -n"HEXY)+n tab, — (1 —nHEpX +n ta,) (1 —n HERY +n7'b,)

(1—n""WEp(XY)— EpX - EpY}
+ (1= YEpX - EpY — (1 — n V2 EpX - EpY
— (1=n"YHYErX -n7'b, — (1 =0 YHERY -n'a, — n 2a,b,
=1 —-n"YHCovp(X,Y)+n (1 —n"Ya,b,

—n (1 —=n"YErX b, + ErY -a,} +n (1 —n YEpX - EpY
=(1-n"HCovp(X,Y) +n (1 —n Hayb,

since Ep X = ErY = 0. Similarly,

Varg, (X) = Ep, (X?) — (Er, (X))?
=1 -nYHYErX?*+n'a® — (1 —n HErX +n'a,)?
(1= 0 Y Er(X?) — (BrX)*} + 7 (1 —n ) (BpX)?
+n ' (1 =n"Nal —2n"'(1 —n "EpX - a,
=(1-n"YWarp(X)+n "1 -nNa2 +n (1 -n H{(ErX)* - 2ErX - a,}
=(1—-n"YWarp(X)+n'(1-n""a?,  and
Varp, (Y) = Ep,(Y?) — (Ep, (V) =1 —n HVarp(Y) +n 1 (1 —n b2,

Choosing a,, = b, = n yields

Varg,(X)=n+o(n) = n( +0( )),
Varg,(Y) =n+o(n) =n(l+o(1)).
Thus we find that
Covg, (X,Y) ~ n(1+o(1))

pln) = \/Varpn(X)Vaan(Y) ~ n(l+o(1))

as n — 0o. Thus p is weakly discontinuous at every F.

(b) Consider the following collection of distributions on R?: for some r > 2 and

M < oo
For ={F: EplX]" <M, EglY| < M},

Then p is weakly-continuous on F,. s at any F' with Varg(X) > 0and Varg(Y) >
0. Here is a proof: let {F,} C F, u satisfy F,, —4 F. Then with (X,,Y,) ~ F),
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and (X,Y) ~ F we have (X,,,Y,) =4 (X,Y), and by a Skorokhod construction
there exist (X}, Y7*) =4 (X,,Y,) and (X*,Y*) =4 (X,Y) defined on a common

n’ - n

probability space and satisfying (X}, Y*) —.s (X*,Y*). But because {F, C

n' n

Ferr, X2, Y2 and |X,)Y,| are all uniformly integrable: since r > 2,

1 M
EXilixesy < WE!Xn\ < v

SO

lim limsupEXgl[X%Z,\] < lim =0

A—00  p—soo A—vo0 A2
and similarly for {¥;?}, so the uniform integrability of |X,,Y,,| follows by Cauchy-
Schwarz. The same holds true for the (X}, Y,*) pairs since the uniform integra-
bility only depends on the (marginal) distributions. Thus by Vitali’s theorem it
follows that

EX: = EX? — EX* = EX®

and
EY  =FEY - EY™ = EY*®

for s = 1,2, while Vitali also yields
EX,Y,=FEX}Y - EX'Y*=FEXY .
Therefore
Vaan (Xn) — VCU“F(X), Vaan (Yn) — V(M“F(Y), (1)

and
Covg, (X, Y,) = Covp(X,Y). (2)

Since we have assumed that Varg(X) > 0 and Varg(Y) > 0, (1) and (2) yield

Covg, (X, Yy,) . Covp(X,Y)

- \/Vaan (Xn) - Varg, (Ya) \/VCLTF(X) Varg(Y) = P(F);

IO(Fn)

i.e. pis continuous on F, s at any F' with positive variances.

It is interesting to note that the hypothesis {F,} C F,. cannot be weakened
to {F,} C Faur (and hence it can also not be weakened to the still larger class
Fa0). Here is a counterexample. Let F be a d.f. on R? with EX =0 = EY and
EX?=1=FEY? and p(F) < 1 where (X,Y) ~ F. Let M > 1 be a big number,
and consider the class

Fom={FonR*: EpX*< M, EpY*< M}.



Let a,, b, > 0; we will specify them in terms of M shortly. Consider the sequence
of d.f’s {F,} C For defined by

1

1 1
Fo(z.y) = (1— =)F(z.9) + —0., LI N
(z,y) = ( M @y%+%(mw+dn(nwm

Then for any bounded and continuous function v : R? — R,

1 1 1
Joars = =1 [wdP+ vfanb) + oovi-an b

— / YdF,

so F,, —4 F. Furthermore, with (X,,,Y,) ~ F,,

EX,=(1-1/n)EX =0,EY, =0,

2
EX? = =(1-1/n)EX?+ %" = (1—1/n) +

s |8
I
<

if a2 =n{M — (1 —1/n)}. Similarly,
b2
EY?=(1—-1/n)+2=M
n
if o2 = n{M — (1 —1/n)}. With these choices of a,, and b,,,

by,

Cov(X,,Y,) =(1—1/n)Cou(X,Y) + o

Cov(X,,Y,)

Var(X,)Var(Y,)
(1-1/n)Cov(X,Y)+ M — (1 —-1/n)
VM2

p(F)+ M —

— i 1s'ép(F)-

p(Fn) =

Thus p(F') is not continuous on Fj py.

. Exercise 3.8.1, Wasserman, page 39. [Hint: the formula given by Wasserman,
page 29, is not correct.] Under what additional hypotheses can we establish

VR(T(F,) —T(F)) — N(0, Ery%(X))? (Here my ¢r equals Wasserman’s Lz.)



Solution: (a) To find the influence function of T(F') = [(z — p)*dF(z)/o(F)?,
let F; = (1 —1t)F +tG. Then we need to compute (d/dt)T(F;)|=o. But, by using
the calculations in examples 7.4.2 and 7.4.3,

d d [(z — p(F)
q Fll=o = o [02(F,) 1=0

[(z = p(F))*d(G — F)(x)
(PP

3 J(z — p(F))’dFy(z) d 4
2 o (F)]5/2 dt

[~ p(R)dE () d
2w wt

_;T(F)% {/(1’ — (F))?dG(z) — 02(F)}

e
_ / (x;(_,;()m)?’ dG(x) — T(F)
o (80 o
oS ()
Hence by taking G = 6, we find the influence function of T(F):
P(Fi6, — F) — (x;(—if)”)g ~1(F) - 21(p) { (“"”;(—’;f)m)Q - 1}

—3 v — u(F)
o(F)
Note that this derivation does not seem to agree with the result stated on page

29 of Wasserman: the third term here does not appear in Wasserman’s claimed
influence function.

)*dFi(z)
]

3/2




(b) Here is a direct calculation to see the result in (a) another way. Write

V(T (F,) — T(F))
1

— V] [ nE P - [ ur)are)

N :B/ (@ = W]~ - )

To understand A,,, write
(z = u(Fn))° (z — p(F) = (u(Fp) — u(F)))> = (a = b)°
a® — 3a®b + 3ab* + b
(z = p(F))* = 3(z — u(F))*(1(F,) — u(F))
+ 3(z — p(F)) (u(Fn) — p(F))? + ((Fp) — p(F))°.

Thus we see that
A = s VA [ )P, 0) - P
=3 [ (@ = W(F) A )R (E) ~ ()
+3 [ (@ = W DAE (DAE,) = W)+ V(E) ~ F)F} + 0,0

MRV (e

802N [ A )~ Pl )
+ 0,(1).

For B,, we can write, with m3(F) = [(x — p(F))*dF (x)

= m3(FW{aaﬁ1‘n>3‘a<;>3}

= _—U(F) ((I( \/_{0 F)3}
3\/5{0_ n 3/2 _0_ 3/2} +0p(1)
mS(F) 3 2
(F>32 o(F)Vn(o*(Fa) — 0*(F)) + 0,(1)

- F\/_/{a:— (F)}dF, ()



Putting the A,, and B,, pieces together we see that we have complete agreement
with the result of the influence function calculation:

VA(T(F,) — T(F)) = v / bp(2)dF, (x) + 0,(1)

where ¥p(z) is as given in (3). It is clear (from the Central Limit Theorem) that
this is asymptotically normal if ErX® < oo.

When I use the influence function derived here to obtain an estimator of the
Standard Error of the skewness estimator for the nerve data treated in Wasser-
man’s example 3.10, page 29, I get se = .163 rather than Wasserman’s estimate
of .18, a slight reduction. The resulting confidence interval for the population
skewness is 1.76 4 2(.163) = (1.434,2.086).

. (a) Exercise 2.7.9, Wasserman, page 24.

(b) What additional hypotheses are needed to show that /n(T(F,) — T(F)) is
asymptotically normal for this particular functional T'(F)?

Reminder: This exercise gives the same result as we derived last Fall in Stat 581.

Solution: (a) I will take a slightly different tack than Wasserman: write

_ Er(X —px)(Y — )
VVarp(X)Varp(Y)

T(F)

p(F) = g(Tu(F), To(F), T5(F))

where
g(u,v,w) = NG
T(F) = Ep(X — px)(Y — py),
To(F) = Varg, (X),
Tg(F) = VCZ’T’FY (Y)

From example 4.3 we know that
B(Fi G~ F) = [var(@)iGxla),  var(e) = (o= pux)? - o},

Ty(F:G — F) = / bar@)dGy(y),  ar(y) = (v — py)? — 0.



GOE = 5 [adb)| - B )]
= [ [20d(G = ).~ [0 px)dGx@) - ux [ (0 )G (o)
= / Y1,r(2, y)dG(z,y)

where

Urr(r,y) = (2 — px)(y — py) — Ep(X — px)(Y — py).
Since Vg(u, v, w) = (1, —u/(2v), —u/(2w))/+/vw, it follows by the chain rule that

d}l,F('I? y) dG(.T, y)
Ox0Oy

T(F) ¢2,F($)

(PG -F) = /
T(F) ¢3,F(I>

T 2 dOx@) = = 7 dGr(v)
= [ [rtrniciy)
where
= a2 @ oy,

Thus I get a “centered” version of Wasserman’s formula (page 21, line 2).

(b) To show that /n(T(F,) —T(F)) =4 N(0, Er%(X,Y)), it is clear from the
influence calculation in (a) that we will need to assume that E(X*) < oo and
E(Y*) < .
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Here is a neater organization of the the calculation due to Silas Bergen:

e
: / BT
_ </ xg;:;dF@,y)) fy (F,G = F)
s ([ ira )
Sl s
(

_ / { v “;fx)((i_ Hy) T(F)} dG(z,y)

—0-0- éT(F) /{(l’ — ix)’ — 0x}dG(x,y)

1
= = 5o T [{ly = )? - o3 (o,
205

since [(y — py)dF(z,y) = 0= [(x — px)dF(z,y) and using

SFiG - F) = [ty )~ ot )dG(a.y).

B (F:G—F) = [{(o = nx)? - 4 }dG(ay),
as we calculated in class.
. Optional bonus problem 1: Consider the collection Fy of distribution func-
tions F on R with 0 < FrX < oo and ErpX? < co. Let T(F) = o(F)/u(F) for

F € Fy where 0%(F) = Varp(X) and pu(F) = Ep(X). This is the coefficient of
variation of F'. Find the influence function of T'(F).

Solution: Let F; = (1 —t)F +1t6,. From our previous calculations we know that

prid }t 0= Var(z) = (z - pr)? —o%, and

amamﬂ:wumazx—wn
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Thus, by the chain rule,

d _d [o*(F)]?
il Ul = 3 ) o

1[o?(F)])Y? d

T2 u(Ft) at’ <Ft)‘

= % F( ) g%,F(iU)

[0*(F)]'? d
W%“(Ft”t:o

20F1bF
~op 1 0% 1
= M—Fg 2,F($)—Ea¢1f($)
= T() | Gy tar(o) - () vne(o)
F F
= T(F)e(a)

where ¢ p and 1, ¢ are as given above. Thus we expect to have, if EpX 4 < oo,
Vn(T(F,) = T(F)) =4 N(0, T*(F) Epng(X))
where np involves the standardized variable (X — up)/op.

. Optional bonus problem 2: Suppose that F, is the class of distribution

functions F' on R* with mean ur = ErX < oo, and consider the functional
T(F) defined for a fixed zop € RT by

[ (1= F(t))dt

T(F) = ep(z0) = Ep(X — 20|l X > 20) = =5 — F ()

This functional is the mean residual life functional.

(a) For what collection of df’s Fy is T" weakly continuous at Fy? For what
collection of df’s Fy is T' continuous at Fy with respect to the Kolmogorov metric?
(b) Find the influence function of T'(F).

(c) Can you prove asymptotic normality of T'(F,,) directly?

Solution: (a) Let F, ) denote the collection of all distribution functions F' on
R such that Ep|X|" < M for some fixed M < oo and some r > 1. Then I claim
that T'(F") is weakly continuous on F, s at any F' with F/(zg) < 1 and zy € Cp.
To see this, suppose that {F,} C F,  satisfies F,, —4 F where F(z7) < 1 and
xg € Cp. Then clearly 1 — F,(z9) = 1 — F(x9) > 0. Furthermore,

/x:o(l—Fn(a:))da: = /xo /m) dx—/ / (<) L(w0.00) () dTd F,, (y)

- / (4 — 20y dFa(y) = E{(X, — 20)10x, 50
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where X,, ~ F, and X,, =4 X ~ F. Now {X,} is uniformly integrable since
limsup,, F|X,|" < M < oo with r > 1. Thus

/00(1 — F(2)dr = E{(Xn—20)lix,5z0}

xo
— E{(X — xo)l[X>mO]} = / (1 — F(l‘))dl‘
xo
by Vitali’s theorem. Thus

Joo U= Fy(2))de [ (1= F(x))dx
1= Fo(zg) | 1= F(a)

T(F,) = =T(F).

Thus the claimed weak continuity of 7" on F, ps at F with 2y € Cp and F(z() < 1
holds.

Concerning continuity with respect to dp(F,G) = ||F — G|, we also need to
restrict so some subclass F C= F, ). Again, we need F(xy) < 1, but now
zg € Cp is not essential. Note that if dg(F,,F) = ||F, — F|l — 0, then
dp(F,, F') — 0, and hence F,, —4 F'. Thus it follows from the previous argument
that T'(F) is continuous at F' with respect to dx = || - ||oc 00 Fyps for any r > 1
(b) To calculate the influence function of T'(F) = er(xy), let F' be a distribution
function with F(xy) < 1, and let Fy, = (1 —¢)F +tG for 0 < t < 1. We need to
compute

d il =G)(x) = (1= F)(x)}de  [>(1— F(z))dx
aT(Ft)Lf:O = J Ty + J TEYIENE (G — F)(x)
Jry (1 = G(@))da 21— F())da
T Flg " ) (= Flan) (1 — F(20))
Jo U= Fx))dz
(1 — F(x0))? (1—G(xo))
A= Gly)dy 1 — G(xp)
T Ee) Y TGy

Taking G = 0, = 1[z,00), 50 that 1 — G(y) = Ly (y) and 1 — G(xo) = 1jgz)(20) =
1[z>m0], yields

f;z dy - 1[:c>xo] _ €F(930)1[z>x0]

IC(x; T, F) 1= Fzo) 1= Flxo)
(@2 lpsay)  er(20) Lasa)
1 — F(xg) 1 — F(xo)
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(c) Proceeding directly we find that

V(T(F,) — T(F))
(1 —F,(x))dx (1 — F(x))dx
_ \/ﬁ{fmﬂ Fu(e)dr  [(1~ F(x)) }

1 Fy (o) 1 — F(wo)

[ Va(Fo(e) — F(x))da [0 - Fa)de [0 - F(a))d
T 1= Fu(n) +‘/ﬁ{ = Fo(w)  1—Flm) }
oy V(Fa(w) = F@))dz 1 = F(x)

S (1= F(x))dx - (1= F(x0)) — (1 = Fp(x0))
*‘1—mm>*r{ I~ Fu(w) }
S VA@) - F@)de 1 P
1 — F(xg)) 1 —F,(x0)
Vn(Fn(zo) — Fxo)) 1 — F(xo)
T ) T T Gy 1= Fa(zo)
[ cnl iy | V) — F0) + 1)

where

Bru(x) = VI ),

This convergence has been extended to hold uniformly in xy by Yang (1978),
Ann. Statist. 6, 112-116; Hall and Wellner (1979), and Csorgs, Csorgd, and
Horvath (1986, 2009); see also Shorack and W (1986), E P, page 778.
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