Statistics 583, Problem Set 2 Solutions
Wellner; 4/22/2015

1. Let F,, and F' be distribution functions on the real line. Show that:
(a) If F,(x) — F(x) for all z and F' is continuous, then ||F, — F|/o — 0.
(b) If F,,(z) —» F(z) and F,{z} — F{z} for every z, then ||F,, — F||s — 0.
(c) Give an example of a sequence of distribution functions {F},} such that
F, —4 F but ||F, — Fl||s # 0.

Solution: (a) If F,(z) — F(x) for all z and F is continuous, then for each
integer M there exist x; € R, =1,..., M +1, such that F(z;) — F(x;_1) = 1/M,
for j=1,..., M 4+ 1 where g = —o0 and x,;41 = 00. Then we have

|En — Folle = sup|Fu(z) — F(z)] = max sup |Fu(z) — F(x)]

z€R 1<J<M+1a: _1<z<x;
< 1g?§a1\§+1<F"<$j) — F(x;1) V (F(z) = Fo(z; — 1))
< max (Fu(e;) = Flag) +1/M)V (Flzj = Fa(wj) +1/M)
< max |Fo(zj) — F(z;)| +1/M
1<5<
< €/24+¢€/2=c¢

by choosing M so that 1/M < e/2 and choosing n so large that |F),(z;) —F(z;)] <
e/2forj=1,...,M.

(b) Let Cr = {x € R : F is continuous at x}. Then for x € C% = {z € R :
F is discontinuous at x},

F.(z+) = F,(z) — F(z), and (1)
Fo(z=) = Fa(z) — Fo{a} = Fa(z) — (Fu(z) — Fa(z—))
— F(z) = (F(z) — F(z—)) = F(z—) (2)

since both F,(x) — F(z) and F,{z} — F{z} for every . Now we proceed
much as in (a), but with a bit more attention to left and right limits. For a large
integer M and j € {0,..., M} let ; = inf{x : F(z) > j/M} = F~'(j/M). Note
that we might have zy = —oo and zj; = +o0. Also note that (1) and (2) both
hold with # = o0 since we have the convergence F,(Zo) — F (%) < 1/(2M)
for o = F~*(1/(2M)) and similarly for y = F~*(1 — 1/(2M)). Then for



=0,1,...,M —1and z € [z}, z;+1) we have, using the monotonicity of F,, and

Fu(z) — F(z)

Fu(zj1—) — F(xy)
Fu(wjp—) — Fzj—) + (F(j—) — F(z;))
Fo(wjp—) — Fzjm—) +1/M (3)

IN

if we can show that
F(zj41—) — F(z;) <1/M. (4)
Similarly,

Fo(r) = F(z) > Fu(v;) — F(rj1—)
Fo(x;) — F(x;) — (F(7j401—) — F(xy))
> Fu(z) — F(z;) = 1/M (5)

if (4) holds. But F(z;) = F(F~'(j/M)) > j/Mforj=1,...,M,and F(z;11—) <
(j +1)/M since xj4q > z if and only if F(z) < (j + 1)/M implies the claimed
inequality by letting = 7 z;41. (See Shorack and Wellner (1986), (23) and (24)
on page 5.) These two inequalities imply that (4) holds, and hence that both (3)
and (5) hold. Now we can argue along the same lines as in (a), with xy = —oo
and x4 = 00,

F, — Fylle = suplF,(z)— F(x)|= max su F,(x)— F(x
1B Fille = SWpIF(e) = F@)I = max  swp [Fy(x) = F(2)
< max (Fu(zjn—) = F(zja—) + 1/M) Vv (F(z;) — Fo(z;) + 1/M)
0<j<M-1
< max (Fu(zj—) — Fz;-)) v max (F(x) — Fu(zj) + 1/M
— 1/M <e

if we choose M so large that 1/M < e.

(c) Let Fy(x) = 1pi/n,00)(®) and let Fi(x) = 1jgo0)(x). Then F,(z) — F(x) for all
x#0,s0 F, =4 F,but ||F, — Flleo = |[Fn(0) — F(0)] =|0—-1| =1 for all n > 1.

. Let Upyp = T(Fpn, Gy,) where T(F,G) = [FdG = P(X < Y) is the Mann-
Whitney functional and F,, and G,, are the empirical df’s of Xy,..., X, ii.d.
with df F, Y7,...,Y,, iid. with df G where F' and G are continuous.

(a) Show that

MnUpp+n(n+1)/2=Wpnn=> Q;=> Ruy;.
j=1

j=1



(b) Show that EU,,, = P(X <Y) = [ FdG and that
Var(vmnUy, )

= (n—1)/(1—G)2dF+(m—1)/F2dG— (N—1) (/FdG)2+/FdG

= (n—1)Var[l — G(X)] + (m — 1)Var[F(Y)] + /FdG (1 - /FdG) .

(c) Show that if Ay = m/N — X € [0,1], then, for independent standard
Brownian bridge processes U and V it follows that

Var(/mn/NU,,,)
n—1 m—1 1
_ N Var(l = G(X)) + "= Var(F(Y)) + N /FdG (1 - /ch;)
— AMVar(l — G( )) + )\Var( (Y))
~ - / / — F(2)F(y))dG(x)dG(y)

S\ / / (G(z) A Gy) — G(@)G(y))dF (z)dF (y)

= (1-\Var ( / U(F)dG) + AVar ( / V(G)dF)

as discussed in class on April 15. [Hint: the variance and covariance formulas in
Chapter 1, Section 4, might be useful.]

(d) When F = G use the results of (a) and (b) to compute Epp)Wi,, and
Var,ry (W) (This should agree with calculations for the Wilcoxon rank sum
form of the statistic under the null hypothesis via finite sampling calculations.)

Solution: (a) Using empirical distribution function notation, NHy = mF,, +
nG,, so

mnUp,, = /mIF d(nG,,) /NHNd (nG,) — /nGnd(nGn)

= ZNHN ZnGn(Y(j))

=1

= Z Rm-i-j - Z]
j=1 Jj=1

= iRerj —n(n+1)/2.

j=1



(b) The expectation is easy:

n

:LZZPX <Y)) P(Xngl):/FdG.
mn

j=1 =1

For the variance, we first calculate

E[anm,n]Z = Z Z Z Z El[XiSYkaSYz]

i=1 j=1 k=1 I=1

B ZZEHXZ'SYJ]_FZZP(& <Y}, X, <Yj)

i=1 j=1 ik j=1
+ ) Y PXiSY, Xi<Y)+) Y P(X <
=1 j#l i#k jA
= mnP(X, <Y)) +m(m— DnP(X; < Vi, Xz < V)
+ mn(n—1)P(X; <Y, X; <Y5)
+ m(m—1)n(n—1)P(X; <Y}, Xy <Y3),

P(X, <) = / FdG,

P(X, <Y1,X, < Vi) = EP(X; < V1, X, < Vi[V}) = /F2<x)dG(x) ,

Yj, Xp < V1)

P(X < Vi, V) = BP(X) £ Vi, X0 < %iX) = [(1- Glam) *aF (o),

and

P(Xl§Y1,X2§Y'2):P(X1§Y1)2:(/FdG)2'



It follows by algebra that
Var(mnUpn,,) = E(mnUn,)?* — {E(mnUpn.,)}°
= mn/FdG+m(m—1)n/F2dG

+mn(n-1) [(1- Gla-)PdP(a)

+ m(m — Dn(n — 1){/ FdG)? — (mn/FdG)2
= m(m— 1)n{/F2dG - (/ FdG)*}

+ mn(n — 1){/(1 — G(z=))*dF(z) - </ FdG)*}

- mn/FdG(l —/FdG).

/FdG:P(XgY) - P(X>Y)

By noting that

= 1- /G(x—)dF(a:) = /(1 — G(z—))dF(x),
this yields the claimed variance formula (to within a left limit):

Var(vmnU,,,) = (m—1)Var(F(Y))+ (n—1)Var(G_(X))

+ /FdG(l—/FdG).



(c) Dividing both sides in the last display by N yields

Var(x/mn/NU,,,) = n- 1Vcw"(l —G_(X)) + m]; 1V(ZT’(F(Y))

it frus (- frac)

— (I =XNVar(G X)) + )\Var(F(Y))

_ (-2 // )F(y))dG(x)dG(y)

[ [ew 2)G(y))AF (2)dF (y)

by using (1.4.16) (1 4. 17) of Chapter 1, page 19
with X ~ Fand h =G
and then with Y ~ G and h=F

— (1= M\Var ( / U(F)dG) L AWVar < / V(G)dF>

E( / U(F(g:))dG(x)) — / EU(F(2))dG(z) = / 0-dG(z) =0, and

E ( / U(F(:c))dG(:c)>2 =E ( / U(F(x))dG (x) / U(F(y))dG<y)>
:E// )U(F())dG(x)dG(y) (6)

since

- [ | BuF@)UEW))aC@GH ™)
=/{FxAFy— (x) - F(y) }dG(2)dG(y) 8)
and sunllarly for Var ([ V(G(x))dF(x)). Here the interchanges of integration in
(6) and (7) are justified by Fublnl s theorem since
Bl [ viF( < B [D(FE@)dGE) = [ BUF@) 6w

= /F(x)(l — F(z))dG(x) by Tonelli’s theorem

< (1/4)/dG(x) < 1/4.
(d) When F' = G continuous we find that

E(Upn) = /FdF =1/2,

6



and, since now Var[F(Y)] = Var[G(X)] = 1/12,

1 1 1
Var(vmnUp,.r) (m )12 + (n )12 +7
1 1 1

Hence from part (a) it follows that

n

E(Z Q;) =n(n+1)/2+mnE(U,,) =n(N +1)/2

J=1

and
- 1
Var(z Q;) = mnVar(v/mnU,,,) = mn(N + 1)5
j=1

both of which agree with finite sampling calculations (drawing a sample of size n
balls from an urn without replacement where the numbers on the N balls in the
urn are {1,2,...,N}).

. Read van der Vaart, Asymptotic Statistics, Chapter 12, pages 161 - 172.

(a) Briefly compare the treatment of the Mann-Whitney statistic in VdV’s ex-
ample 12.7, page 166 to the results obtained in problem 2 above.

(b) Do problems 1 and 3, VAV page 171.

(¢) Do Problem 10, VAV page 172.

Solution: (a) Van der Vaart, example 12.7, shows (or at least states) that the
projection Uy, , of U — 0 = [F,,dG,, — [ FdG is given by

A 1< 1 &
Unn = — FY:)— | FdG | — — G_(X;)— | G_dF | .
g (o frae) 3 (o f o)

i=1

This is easily verified by computing

O = o S B{U - )i} + > B{U - 0)]¥})



where we note that

E{(U-0)|X;} = E{%ii(1[xi<m—/1ﬁd0) |XZ}

i=1 j=1

S DSl fon]

iEi il=i

1 n
- %ZE{l[xigyj]—/FdeXi}
7j=1
1 n
B _%;E{(l_1[X1-5Yj])—(1—/FdG)|Xi}

1 n
= - E{ly.<x1) — | G_dF|X;
mn; {1y, <xi)) / | X}

1
S (G_(Xi)—/G_dF>,
m
and, similarly,

B{U -0V} = E{%i(2+2) (tivery = [ Fac) m}

i=1 \j'#i i'=j
m

1
= _ZE{]-[Xi<Y}]_/FdG|Y}}
mn i1

— %(F(Yj) —/FdG).

This projection argument does not give the exact variance of U,, ,, as computed in
problem 2, but it does give the correct main terms of the approximation, namely

Var(Oy) = Var(F(Y) + ~-Var(G_(X).

and hence

Var(y/mn/NUp,) = %Var(F(Y)) + %Var(G_(X)).

(b) VAV, problem 1: WithU =G, =3, _; 1 Xi—X;]/(5) and 0 = g = E|X; —X,|
we need to compute U, = Y20, E(U — 0]X;) = (2/n) 321, h1(X;) where

i=1

8



Then, since Eh?(X;, X3) < oo if E(X?) < oo (since
EIXy = Xof* < 2(E(XY) + E(X;)) = 4E(X7)

A~

by the ¢, —inequality), van der Vaart’s Theorem 12.3 yields v/n(U,—0—U,) —, 0,
and hence

VG, —g) = \/—Zhl ) 4 0,(1
sy 2N(0, Var(hi(X))) = N(0,4Var(hy (X))
where )
Var(n(x) = [ ([ =l - 90aF(0)) ar (o)

(b) VAV, problem 10: For § = E(X — E(X))?, note that for real numbers a, b we
have
(a—b)* = a® — 3a®b + 3ab® — b°.

Thus
(X —E(X))*=X*-3X?E(X) +3X(E(X))> — (EX)*. (9)

This suggests taking h(x,vy, 2) = 23— 322y +3xyz —ryz = 23— 32%y+22y2. Then
we find that if X, Y, and Z are all equal in distribution to X and independent

Eh(X,Y,Z) = E(X?) —-3E(X*)E(Y)+2E(X)E(Y)E(Z)
= E(X3) —3E(X*)E(X)+3E(X)E(X)* - (E(X))?
= B(X - E(X))’

where the last equality follows from (9). To find a symmetric kernel that works
we can take

h, (x1,$2,$3 3| Zh xﬂ' xﬂ’( ) m”@))
where the sum is over all 6! permutations of {1, 2, 3}.
(c) Let V,=n"23"" Z?Zl h(X;, X;) and
W= thz,x ZhXZ,X
1<J z;éj

From van der Vaart’s Theorem 12.3 we know that if Eh*(X1, X;) < oo, then
Vn(U, — 0 —U,) —, 0, and hence

Vi(Un = 0) =4 N(0,4Var(hi (X1)))



where hy(z) = Eh(z, X3) — 0. But

V,-U, = ‘QZZhXZ,X (n—l ZhXZ,X)

=1 j=1 i#£]
1 < 1
_ EZh(Xi,Xi)%—{ﬁ— O }ZhXZ,X
i=1 i#£]
_ ih(x. X)) - ! > (X, X))
= n2 : 19 <X TLQ(n—l) - 19 <X g
i=1 17
1 & 1
= 5 Zh(Xi;Xi) - EU"' (10)

Thus
Vi(Vo = Un) =L 50 (X, X) — U,

Now U,, —, 0, so n=*/2U,, —, 0, and

E{n~%? Z h(Xi, Xi)} = n~?ER(Xy, X1) = 0, and

=1

Var (n_3/2 > h(X;, Xl-)) = n"nVar(h(Xy, X;) — 0

=1

since Eh?(X1, X;) < oo by assumption. Thus the first term in (10) converges to
0 by Chebychev’s inequality. It follows that /n(V,, —8) —4 N(0,4Var(hi(X1))).

4. Optional bonus problem: Consider the Mann-Whitney-Wilcoxon functional
T(F,G) as in problem 2.
(a) Show that T'(F,G) is continuous at every pair of distributions (F,G) with
respect to the Kolmogorov distance dg (F, F) = sup,, |F(x) — F(z)| = ||F — F||:
if ||F, — Flloo — 0 and |G, — G||oc — 0, then T'(F,,G,) — T(F, Q).
(b) Use the result of (a) to prove that T'(F,,G,) —.s. T(F,G).
(c) Give an example to show that T'(F,G) is not weakly continuous at pairs of
distribution functions (F,G) with common discontinuity points.
(d) Extend the definition of Gateaux differentiable functions in a natural way
to include T'(F, G), and then calculate the Gateaux derivative of T'(F,G).
(e) Use your calculation in (d) to “guess” the asymptotic variance of T'(F,,, G,,).

10



Solution: (a) T(F,G) is continuous at every pair (F,G) with respect to the
Kolmogorov distance: if ||F, — F||oc — 0 and ||G,, — G||oc — 0, then

T@%G@_Twmm:/@Q_FmGwﬁ/FaGW—Q
where
| / (o — G)dGo| < ||Fy — Gl / 0Gyy = | Fy — Gl — 0,

and, using integration by parts (Proposition 1.4.1, chapter 1, page 17) or Fubini,

| / Fd(G, — G)| = | - / (Gula—) — Gle—))dF(2)] < |G — Clloe — 0.

(b) Since ||F,,— F||cc —a.s. 0 and |G, —G||oo —>a.s. 0 by the Glivenko-Cantelli the-
orem, it follows immediately from the continuity proved in (a) that T'(F,, G,) —..
T(F,G).

(c) Here is an example to show that T'(F,G) is not weakly continuous at all
pairs (F,G): Let X, ~ Uniform(0,1/n) = F,, so that X,, —; 0 = X ~ 0y,
and let Y,, ~ Uniform(—1/n,0) = G, so that Y, -4 0 =Y ~ ¢,. Note that
X, > 0 a.s. while ¥;, <0 a.s.. Then T'(F,,G,) = P(X, <Y,) =0 for all n, but
T(F,G)=P(X <Y) = 1. Hence T(F,G) is not weakly continuous at all (F,G).
However, it is weakly continuous at all pairs (F, G) with no common discontinuity
points. Here is the proof: suppose that F,, —4 F and G,, —4 G where F' and G
have no common discontinuity points. Then F,, X G,, =4 F x G on R X R: i.e.
with X,, ~ F,, and Y,, ~ G, independent, (X,,Y,) —4 (X,Y) ~ F x G; here
(X,Y) are independent with df’s F' and G respectively. Since F' and G have no
common discontinuities, the function g(z,y) = 1<, is continuous a.e. F' x G:
note that all the mass points of the distribution ' x G on R? fall off the diagonal,
so P(X =Y) = [{F(z) x—)}dG(x) = 0. Hence by the Helly-Bray theorem
(Prop081t10n 2.3.7, chapter 2 page 13) it follows that

T(F,,G,) = Elx,<v,] = Eg(X,,Y,) = Eg(X,Y) = T(F,G).

(d) One simple definition of the Gateaux derivative would be as follows: let
FF=1-t)F+tF and G, = (1 —t)G +tG, for df’s F, F}, G, G1. Then

T(F,,G,) — T(F .
%T(Ft,Gt)ho = lim ( t’Gt)t (F,G) =T(F.G,F,—F,G,—G). (11)

11



We now caleulate (11): clearly
T(F,G)) — / (F +t(F, — F)}{G + (G, — G))
_ /FdG+t/(F1 —F)dG+t/Fd(G1 e
g /(F1 _ PG - G),

SO

STFGleo = [(F= PG+ [ PG - )

dt
_ /(FI—F)dG—/(Gl—

_ / G_d(F - F) + / Fd(G: - G)

= /(G_ —/G_dF)dF1+/(F—/FdG)dG1

= T(F,G;F, — F,G, - Q).
(e) To “guess” the asymptotic variance of T'(F,,, G, ), write

R

- % {/(G/GdF)d(IFm—F) +/(F—/FdG)d(Gn—G)}
' \/@ourwm — Flle V Gy — Flo)

m

= V1-Ay— Z /GdF+\/_\/_Z /FdG)+o,,(1)

VI = AN(0, Var(G_(X))) + VAN(0, Var(F(Y)))
- N(O( MVar(G_(X)) + AVar(F(Y)))

Fp,G,) —T(F,G))

by using the independence of the X’s and Y’s to get independence of the two
limiting normal distributions in the last line, and assuming that Ay — A. Note
that this asymptotic variance agrees with our finite - sample calculations in part
(a). The = in the first line above would be rigorous if T'(F,G) was Fréchet
differentiable with respect to the supremum metric.
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