Statistics 583, Problem Set 1 Solutions
Wellner; 4/8/2015

1. Let Sy = Y1, Q; be the Wilcoxon rank sum statistic derived in class on 30
March.
(a) Assuming that the null hypothesis H : F' = G holds, compute E(Sy) and
Var(Sy).
(b) Show that (Sxy — E(Sn))//Var(Sy) —a N(0,1) by applying the Wald-
Wolfowitz-Noether-H4jek finite sampling central limit theorem. Carefully specify
any hypotheses you need to apply the theorem.
(¢) Now let Uy, = [F,ndG,, denote the Mann-Whitney form of the Wilcoxon
statistic. Use the calculations in (a) and (b) and our derivations in class to
compute E(U,,,) and Var(U,,,) under H : F = G.

Solution: (a) Recall that we may write Sy = > 7, Ry and that for an urn
with balls labelled as ax(1),...,ax(N) we have

(an(Ry), ... an(Rn) < (V4,...,Y,)

where Y7, ...,Y, is a sample without replacement from the urn. In the present
case (an(1),...,an(N)) = (1,...,N), and it follows that

B(Sy) = B ) =Y E) = Elan(Ry) = nay = nN;_ S

Similarly

n

2 o N\ 2 _TL—]_ . (N2—1) _’I’L—l
UN—Var(SN)—Var(ZYZ)—naa (1 N—l) =n—r7y 1 ~ 1)

1

To see that the 3rd equality in the last display holds, note that by symmetry

Var(z Y)) = ZV@T(Yi) + ZCOU(Yi,Yj)
1 i=1 i#j
= no2+n(n—1)Cov(Y1,Ys). (1)

When n = N this yields

N
0= Var(z Y;) = No2 + N(N — 1)Couv(Y1, Yz),
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and hence

Cov(Y1,Y3) = — 4 =23

Substituting this in (1) yields

a o, onn=1) 5, n—1
Var(;Yi)—naa—maa—naa(1—N_1 :

(b) We need to verify the Noether condition. But here

max;<y(an(i) —ay)?  N7Y(N —1)/2)?
SV an(i) —an)? (N -Djiz 0

as N — oo. Thus if 0 < liminf(n/N) < limsup(n/N) < 1 the Wald-Wolfowitz-
Noether-Hajek CLT implies that

Sy —n(N+1)/2
ON

(¢) Now Upp = (mn)' 307, D70 1{X; < Y}, so it follows immediately by
symmetry that E(U,,,) = 1/2. Another derivation follows from the identity
Sy =mnUp,, +n(n+1)/2:

1 :L<n(N+1) n(n+1)) 1m

—d N(O, 1)

E(Upn) =—FE (Sy —n(n+1)/2) 5 5

mn mn

as before. Similarly,

1 1 n(N2—1) m
Var(Up,) = e Var(Sy) = - 3 N1
1 N+1
 mn 12

. (a) What is the locally best rank test of F' = G against G = (e —1)/(e? — 1),
0> 07

(b) What is the locally best rank test of F' = G against G = F/(e’(1 - F)+ F)?
(¢) What can you say about the power of these tests (other than the fact that
they are locally most powerful)?

Solution: By Hoeffding’s formula
1 n
PG(Q = Q) = mEum‘form {Hwé(U(qj))}
n j=1
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where

1 efr — 1
Yo(u) = Goo I (u) = e — 1
for the first alternatives, and
u
=Gpo Fl(u) = —-——
Yolu) o° () (1 —u)+u

in the case of the second type of alternative. In either case the locally most
powerful rank test rejects for those values g of () which make

0 1 ~d
%P@(Q = g)‘Q:O == mEum‘form {]z_; %wQ(U(Qj)”go}

n

n a ,
= Z Eum'form {%¢9(U(QJ)) ‘6:0}

j=1

as large as possible. Hence it remains only to calculate

8(u) = oyl

and Eyniform®(Us)) for the two alternatives in question.
(i) In the first case,
060u

vp(u) = 1

and straightforward calculation yields

e — 1)1+ 0u—0)—0
EEE

0
Dnu = el

By applying L’Hopital’s rule twice, we find that

0 1
%%(U)‘g:o =u- 5 :
Since E(Uy)) = /(N + 1), the locally most powerful rank test of H versus this
alternative K is the Wilcoxon test “reject H if Sy = Z?:l Q; > k..

(ii) In the second case,

60

Volu) = (e(1—u)+u)?’

Hence 5
%%(U)‘gzo =2u—1 )
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and again the locally most powerful rank test is the Wilcoxon rank sum test.

As for interpretations of these alternatives, first note that the functions vy (u) are
distribution functions on [0,1] with densities ¢p(u). (i) This alternative is the
simplest exponential family density related to the uniform(0, 1) distribution: the

density is of the form py(u) = ¢y(u) = c(0) exp(Ou) 11 (u).
(ii) For this family, note that

(1 —u)
1— S S
Yolu) (1 —u)+u’
and hence the odds ratio is
1— 1—
Yolu) = "= — ¢’ . the odds ratio for Uniform(0,1) .

e (u) U

Thus this family is one with proportional odds ratios.

. Suppose that an urn contains N balls with the numbers z; = —1 —log(1 —i/(N +
1)),i=1,...,N and we sample n < N balls from this urn. Let Y,, =n"'>"1Y,
denote the sample mean of the sampled balls.

(a) Calculate the mean uy = E(Y,,) and variance 03, = Var(Y,,) of Y,, in terms
of Zy = N7' 3V 2z and 02 = N7 32N (2 — Zx)2 Find the limits of Zy and o2
as N — oo.

(b) Use the Wald-Wolfowitz-Noether-Héjek finite-sampling CLT to prove that
(Yn—,U,N)/O'N —d N(O,l) .

(¢c) What classical two-sample rank statistic is Y, equivalent to under the null
hypothesis (of all Xy,...,X,,,Y1,...,Y, equal in distribution with a common
continuous distribution function F', noting the two different uses of the notation
Vi, Y)?

Solution: (a) The mean is

N P )

upon noticing that F~*(t) = —log(1—t) for the standard exponential distribution
F(r)=1—¢e* 2 >0, so that F1(U) =4 Y ~ Exponential(1). Similarly, the

variance is ) .
U?VZVG,T(?”):& (1— n- ) )

n N -1



where

[\

N 1
1
2= 2(2« _ 2N o /0 (—los(1— t) — 1)2dt
= Var(Y)=1.
(b) The Wald-Wolfowitz-Noether-Héjek finite-sampling CLT yields (Y, —pun)/on —a

N(0,1) as long as 0 < liminf(n/N) < limsup(n/N) < 1 if we show that the
Noether condition holds. But the Noether condition is

maxiy<i<n |Zz — ZN|

S (2 — Zn)?

Upon dividing the numerator and denominator by N, we know from part A that
the denominator (divided by N) converges to 1. Hence it suffices to show that

— 0.

NN =

N~' max |z —zZy]* — 0.
1<i<N

Now since z; increases with 7,
max |z; —zZy| < max (Zy — z;) V max (z; — Zy)
1<i<N 1<i<N 1<i<N

S ?V(zN—EN)

where zy = —log(l — N/(N + 1)) = —log(1/(N + 1)) = log(N + 1). Thus we
have

N~ max |z —zn|?

1<i<N
< N7'22 v N7l (log(N + 1) — zy)?
—~0V0=0.

(c) Under the null hypothesis Y, is equivalent to the “log-rank” statistic

TNE%i{_log (“NJ?J}

=1

where R; is therank of Y;, 7 = 1, ..., n in the combined sample, X, ..., X,,,Y1,...,Y,.

. Suppose that X, ..., X, are independent Exponential(1) random variables. Let
Y; = X, fori = 1,...,n, denote the order statistics corresponding to X, ..., X,.
(a) Show that the vector (Y7, . ..,Y},) has the same joint distribution as (W, ..., W,)
where W; =>2"_, Z;/(n — j+1) and Zi,..., Z, are i.i.d. Exponential(1).



(b) Use the result of (a) to compute E(Y;), Var(Y;), and Cov(Y;,Y;) for any fixed

1,7.
Solution: (a) Note that 0 <W; < ... < W, and
Zi=Mm—i+HW; =W;y), i=1,....n (2)

(with Wy = 0). Let g(Z) = W be the map defined in (a) of the problem statement
so that g~ '(WW) = Z is given in (2). Then the Jacobian of ¢! has entries
n, (n—1),...,1 on the diagonal, entries —(n—1), ..., —2, —1 below the diagonal,
and zero elsewhere. Hence det(J,-1) = tr(J,-1) = n! and the density of W is given
by

fww) = fz(g~ (w))det(Jy-1)

= nl H exp(—(n —i+ 1)(w; — w;_1))

n

= nl exp(— Z(n — 14+ 1)(11}1' — wi—l))

= nlexp(— Z(Z 1) (w; — wi—1))
= nlexp(— Z Z(wz —w;_1))

= n!exp(—ij) =nlf(wy) - flw,)

on the set 0 < wy; < ... < w, < oo where f(z) = exp(—z)lpo(x) is the
standard exponential density. Hence Y =; Y = X(_) where X;,..., X, are i.i.d.
exponential(1).

(b) It follows immediately from (a) that

BY)=EQ =57 = 2 w71

j=1 j=1

Var(y;) = Var(z L) = Z ( !

_. _. 27
pril j+1 = (n j+1)



and

N Z - e
Cou(Yi,Y;) = COU(Zn—k—i—l Zn—k’—l—l)
1

for any fixed i, j.

. Suppose that, in Example 6.3.17, page 30, 1 — F; = (1—F)%i where A; = exp(6z;)
and zq,...,2zy are given real numbers and # € R. Then the distribution of the
ranks of Xi,..., Xy (independent with respective d.f.’s Fi,..., Fly) is

e
PR=r)=|| =55
1'1:[1 Z;V:z ¢’

(a) Find the locally most powerful rank test of H : § = 0 versus K : 6 > 0.
(Call the statistic Sy and express it explicitly in terms of some scores ay(j),
j=1,..., N, the ranks R, and the z;,’s.)

(b) Compute E(Sy) and Var(Sy) under the null hypothesis 6 = 07 How would
you carry out the test you found in (a)?

(c) Show that when z; = -+ = 2, = 0 and 2,41 = - -+ = 2y = 1, the test reduces
to “reject when Sy = Z?:l an(Qj) > cn,e” with

Z" 1
N1 .

this is a close relative for the test we found in Example 3.20, but the current
6 > 0 corresponds to 8" < 1 in Example 3.20, so the alternative hypothesis now
corresponds to testing G <, F' in the two-sample context.

(d) Let Syi(z) = N1V, zilix;>2) and Syo(z) = N1 SV lix,>2). Show

that the statistic Sy can be rewritten as

_ SNl( ) / SNl l'
=N — : dF =N dP
o ( [ s " Swate) ) TN
where Fy(z) = N1 ZZ 1 Lo (Xi), Py = N1 Ziil O(Xi,2)-

Solution: (a) The locally most powerful rank test reject for large values of

0
%Pe(R

r) ‘9:07



or, equivalently, for large values of

Z {szi — log (Z exp(@zdj)> } ‘920

J=

0
5 log Py(R = [)‘9:0 =

- Nz— i=i
TNl
N N .
~ Nz- 1o~
P2 2 Mg
7j=1 =1
N j ]
= ;a]\;(j)zdj where aN(j)El_;N——i—i-l
N
= > an(ry)z
j=1

since d is the inverse permutation of . Thus the locally most powerful rank test
of H:0 =0 versus K : § > 0 is of the form “reject H if Sy = Zjvzl an(R;)z; >
kn(c)” where ky(«) satisfies Py—o(Sy > kn (@) = a. .

(b) Now with ay(i) = 1—by(i) for 1 <i < N with by (i) =35 (N —j+1)7",

E(Sy) = Nz—) Eby(Rj)z=Nz—)_ (Z N—le(z‘)) 2

j=1 \i=1
= Nz (1-by)
= 0
since
N N 7 1
by = N'N by(i)=N"1 S
N 2 o) Z(ZN—jJrl)
=1 =1 7=1
N 1 N
= Ny —— N 1{j<q
I E LY
N 1 N
= Nt N—-—j+1)=N"! 1=1
;N_jH( j+1) Z::



To calculate Var(Sy), first note that Zjvzl an(R;) = S°N  an(i), so, by symme-
try

0 = Var(ZaN( ) = VCW’(Z@N(RJ‘))

=1 J=1

= ZVa'raN )+ Z Cov(an(Rj),an(Rj))

33'=Li#j’
= NVaT(aN(R-)) + N(N —1)Cov(an(Rj),an(R;))
= No2+ N(N —1)Cov(an(R;),an(R;))

where 02 = N~! Z;.Vzl(aN(j) —ay)?. Thus we find

1
Cov(an(Ry), an(Ry)) = =57 %:
Now we calculate
N
Var(Sy) = Var(z an(Rj)z;)
j=1

= ZZQV(M“ an(R +Z Z zjzypCov(an(Rj, Rjr)
J= 1J’ Lj'#j
N

= Zzg ——N Z Z Z]ZJ/J

J=17j'=15'#j

N 1 N
— O’Z{ZZ?—ﬁ Z Zij/}
j=1

J=10 4
N 2 N
_ 2 2
- v (3] -2
=1
N2 9
= . 3
Aoz ®)
where 02 = 2 3"V (2, —%)%. Theorem 4.1 of Héjek (1961), page 513, says that if
lan (i) — an]| |2i — Zn]
ER T Nz r R TN 70 @
then (Sy — E(Sy))/v/Var(Sy) —4 N(0,1) if and only if
|ai —al?|z; — Z|?
%
Z Z{(@j): V'N|a;—al||z;—Z|>eN20202} NZO'EO'E 0 (5)
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for every € > 0. It is easily verified that {ay (i) : 1 < i < N} satisfies the first part
of (4), and we will assume that the second part of (4) holds for {z; : 1 <i < N}.
We will also assume that (5) holds. Then it follows from our computation of the
mean and variance of Sy that we can carry out our test approximately for large N
by rejecting H if Sy > zo/Var(Sy) = zaNo,0./vV'N — 1 where P(Z > z,) = «
for Z ~ N(0,1).
(¢c) When z; = --- = z, = 0 and 2,41 = --- = zy = 1, the test reduces to
the test “reject when Sy = N{n/N — Z?Zl an(Rpm+;) > knao', or, equivalently
. “reject when Sy = > an(Qy) < kn.o”; this is closely related to the Savage
test of Example 3.20, but with the direction of the test reversed because 6 > 0 in
our current setting corresponds to A > 1, and this corresponds to the parameter
6 of Example 3.20 being less than 1.

(d) To see that Sy can be rewritten as claimed, note that

N
i Zj:i <d; _ i ZJ 120, Xy = X}
i=1 N—i+l i=1 Zj:l X, > Xot

o NTUYY 51{X; > 2}
= N 1 N FN(l’)
0 N Z =1 1{Xj > x}

- N/ Svalx dIFN(x)
SNO

where Sy and Sy are as defined in the problem statement.

. Optional bonus problem 1: In the context of the two sample problem of
testing H : F = G versus K : F <; G, consider an exponential family of
distributions

f(z;0) = c(0) exp(fz)h(x)

and consider the simple null hypothesis Hy : f(z) = g(z) = f(x;0y) versus the
simple alternative Hy : f(x) = f(x;600), g(x) = f(x;601) with 6y < 6;. Use the
Neyman Pearson lemma to find the best test of Hy versus H; based on the ranks.

Solution: Under H

Po(ng)zl/(]D, q=(q1, - qn)

with 1 < ¢ < ¢ < --- < ¢q, < N. Under H; it follows from Hoeffding’s formula

10



that

1 - f(v(q-)S 91)
P(Q=q) = E ?
@m0 = mhllim,a
1 0(91)>n u
= E exp((6; — 0 Vi
@)0{(4%> Pl(0r =) ) Vi)
0(91))n 1 z
= ——FEy{exp((0, — 0 Vi
() et =003 i)
where V(1) < -+ < V|u) are order statistics of a sample Vi,..., Vy i.id. with

density f(-;6p). Thus by the Neyman -Pearson lemma, the most powerful rank
test of Hy versus H; is of the form

1, if Eexp((61—60) > 51 Vigy)) > F,
o(q) =< 7, if Eexp((0h —00) >4 Vign) = F.
0, if Eexp((6; — b)) Z?:l V(qj)) <k,

where Eyp(Q) = a determines k and .

7. Optional bonus problem 2: Let X, X5,..., Xy be a sample from a dis-
tribution with density fo(z) = Oexp(fz)l{z < 0}, § > 0, and let V{3 <
Vig) < -+ < V() denote the order statistics. Show that Y; = V{;) — V{g), Y5 =
Vioy = Vizy, -+, Yno1 = Viv—1) — Vi), Ya = V() are independent random vari-
ables and that Y; has density j0e/’”1{z < 0} for j = 1,...,N. Use this fact
to determine the rejection region of the test you found in problem 6 explic-
itly when the exponential family f(z;0) = fexp(fz)1{z < 0}; ie. c¢(f) = 6,
h(z) = 1{z < 0} in problem 6. Show that the resulting test is a most powerful
rank test of H: F = G versus K : G = F2.

Solution: Note that —X;,..., — Xy are i.i.d. pg(x) = fe~%*1{x > 0}, and hence
—0X1,...,—0Xy are i.i.d. Exponential(1). It follows that the vector of order
statistics V(1) < -+ < V() of Xy,..., Xy satisfy

O<—‘/(N)<"'<—‘/(1)<OO

and

ISH

Vi —Viy) L (Wh.oo W)
S
(D

11

Il

1=
—| N
N————



by problem 3. Here W7, ..., Wy are the order statistics of standard exponential(1)

random variables, and Z1, ..., Zy are i.i.d. exponential(1). Thus we find that
Va) — Vig) 2 Wy + Wy = =2y,
Zn_
Viz) — Vi3 = Wy + Wy =— ]; 17
Z
OViny — Viny 2 Wy + Wy =
(N-1 (N 2+ Wi = TN
Z
Vi) = —Z; = —
(N) 1 N — 17

are independent. Furthermore,

P(O(Vijy — Vijpny) > @) = P(=Zn_j41/j > x) = P(Zn_j11 < —jx) =1 — exp(jz), z < 0.
forj=1,...,N, so

P(Vijy = Vij41) > ) = P(=Zn—j41/] > 0z) = P(Zn_jp1 < —jbx) = 1 — exp(j0x), x <0,

and hence V(;) — V(;41) has the claimed density for j =1,..., N.

8. Optional bonus problem 3: (Problem 10, page 249, Ferguson, MS) Let © =
{(A,my,...,m): A>0, m=(m,...,m,) is a permutation of {1,...,n}}, and
let the distribution of Xi,..., X, given 8 = (A, m,...,m,) be as independent
random variables with gamma distributions, X; ~ Gamma(a, 87! exp(—Ab,,))
where o« > 0, § > 0, and by,...,b, are known real numbers with » }'b; > 0.
Consider testing the hypothesis H : A = 0 versus the alternative K : A > 0.
(This is a Gamma-regression model with covariates or predictors b; in which
the relationship between the responses X; and the covariates b; have become
scrambled or mixed up: we unfortunately don’t know the right pairing of X;
and b;, but we do know that some permutation of the b;’s is correct. Note that
problem 11 in Ferguson, MS, gives a more realistic version of the problem in
which  is also unknown. This is a version of a “broken sample” or “record
linkage” problem; see e.g. Bai and Hsing, PTRF, 2005.)

(a) Show that this problem is invariant under the group of permutations of
(X1,...,X,), and that the distribution of the maximal invariant (Y3,...,Y,) =
(X@y, - - X)) (the order statistics) has density

frigla) = T ToploaB 3 b Zexp{ Zyz-eXp(—Abm)}

( ) Bna mell
for y; < --- < gy, and zero elsewhere where )  _;; denotes the sum over all
permutations 7 of {1,...,n}.
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(b) Show that the locally best invariant test of H versus K (i.e. the test which
maximizes the slope of the power function at the null hypothesis) is to reject H
when Y | X; is too large.

Solution: Let GG be the permutation group

G={g: 9(x) = (2rq),...,Ta(m)), ™€ I}

Then, if X ~ Fy, for g = g» € G, g(X) ~ Py with g(0) = (A,mron’) =
(A, (mray, -, Twmy)). Thus the hypotheses are invariant under G. The order
statistics are a G—MI. But of course the X;’s are not identically distributed. The
joint density of the X;’s is given by

a—1 —ocAbﬂ()

fladm = H exp(—B e~ S0
=1
B exp(— AZ] V0T @)™ _p-1 - o Abn
_ (o) e p( 15} ;xle Ol I

If Xy = (X@),..., X)) denotes the order statistics, then by problem 3(c) of
problem set #9, Statistics 582,

fX(.) (g()u A; 7T)
> f'z A
7/ ell
— ( ) Gra exp OéAZb Z H'Ta 1exp{—%zm(ﬁf(i)) eXp(—Abm.)}
7/ €ll i=1 i=1
— ( ) G exp( aAZb Hza 1 Z exp{ zn:x(i) exp(—Abﬂ;)}
m*ell i=1

with 7* = (7/)~! o 7. Note that this distribution depends only on the G—MI A

(and not on 7).
(b) Now

HAIX () = log fx,(X(-);A)

— aA Z b; + constant in A

i=1

13



so that

iA(X(.ﬁA:O) = mhzo

_ Z exp(- -+ ))A:O {% ZX@ exp(—Abn*(i))(—bw*(i))‘AZO}

m*ell

—Oéibj
j=1
1 n n
i=1 =1

T

1 n n
= % ZX(Z-) Zbﬁ*(i) — Ozz bZ
i=1 T* i=1

n

I = ~
= Eb;X(l) —anb = E(X - O‘ﬂ)a

foal]

and hence the locally MP invariant test rejects for large values of " | X;.

For an extension to unknown 3 and to testing Hy : A = 0 versus K : A # 0,
see Ferguson, problem 11, page 249. In this version of the problem > 7 b; = 0 is
assumed.

. Optional bonus problem 4: Suppose that we observe i.i.d. pairs (X1,Y7),..., (X, Y,)
with distribution function H(x,y) = P(X; < z,Y; < y) on R% Consider testing

the null hypothesis Hy : H(x,y) = F(x)G(y) for all z,y where F(z) = H(z,0)

and G(y) = H(oo,y) are the marginal distributions of H (i.e. X; and Y] are
independent) versus the alternative hypothesis H; : X; and Y] are not indepen-

dent. Consider the group of transformations G = {g : (R?)" — (R*)"} = G¢
where

goZ{goiIRQ—>R2

0o(2,9) = (A(2), fol)), fu fo € F}

where F is the class of all continuous and strictly increasing transformations from
R to R.

(a) Show that the problem of testing Hy versus H; is invariant under G.

(b) Let © denote the collection of all distribution functions H on R? with continu-
ous marginal distributions F' and G. Find the induced group G on the parameter
space ©.

(c) Find the maximal invariant v(0) = v(H) for 6 = H € ©.

(d) Consider alternatives Ha defined as follows: for (X, Yy) with distribution

14



function F'- G for some continuous and strictly increasing univariate distributions
F and G, A € R, and Z independent of (X, Yp), let (X,Y) = (Xo, Yo)+A(Z, Z).
Then Hpa is the distribution function of (X,Y).

(e) If F" and G have densities f and g with respect to Lebesgue measure and Z
has distribution function M, find an expression for the density ha of (X,Y) in
terms of f, g, M, and A. [Hint: see Hajek and Siddk (1967), pages 75-77.]
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