Statistics 583, Final Exam Solutions
Wellner; 6/10/2015

1. (36 points) Define any three of the following terms.

(a) A Frechet - differentiable functional 7' : F — R (with respect to some metric
between distribution functions) and the corresponding influence function.

(b) The Lévy metric dy, between distribution functions. Is it compatible to the
empirical distribution function?

(c) A linear smoother 7, of a regression function r.

(d) The locally-linear estimator 7,, of a regression function r on [a,b] C R.

(e) A “rule-of-thumb” band-width h,, based on a normality assumption and the
assumption of a twice differentiable density function f.

(f) The Nadaraya-Watson estimator of a regression function r.

Solution: See course notes and textbooks.

2. (36 points). State three of the following results or theorems:

(a) A limit theorem for the the bootstrap empirical process v/m(F:, —F,) when
m AN — o0.

(b) A limit theorem for the general bootstrap empirical process
G = /n(P} — P,) indexed by a class of functions F : X — R (with
conditions specified in terms of the behavior of the empirical process
G, = ﬁ(Pn - P))

(c) Hoeffding’s exponential inequality for a sum of independent bounded random
variables, with a; < X; < b, fori=1,....,n

(d) Assouad’s (Lower Bound) Lemma.

(e) A limit theorem for a general “resampling without replacement” bootstrap
for T'(F).

(f) A theorem concerning the nonparametric bootstrap of a differentiable func-

tional.

Solution: See course notes and textbooks.



3. Suppose that Xi,..., X, are i.i.d. with density f on R; you may assume that f
is uniformly continuous and bounded.
(a) If k is a fixed probability density on R which is symmetric about 0 and satisfies
[ 2*k(2)dz = 1, [k*(z)dz < 0o, and h > 0, define the kernel density estimator

fn based on k and h at a given x € R.

(b) Calculate Ef(f,(x)) and use it to give an expression for bias,(f,(z)). Use
your expression to explain how the bias changes as h increases.

(c) Calculate Var(f,(x)). If h = h, — 0 and nh,, — oo, show that

nh,Vars(fo(z)) — f(x)/k’2(z)dz as n — oo.

(d) Assuming that f” exists and is continuous at , how would you choose h = hy,
in order to minimize E;(f,(z) — f(z))*? How would you choose h = h, if you
wanted your estimator to satisfy v/nh,(f,(x) — f(x)) —a N(0, f(z) [ k*(z)dz)?

Solution: (a) Let F,, denote the empirical d.f. of the X;’s. Then

£ :/%k (x;y) 0., (1) :$2k<x X)

(b) Since f, is the sum of n identically distributed terms,

Bie) = Bk (S50) =3 [h(5Y) sy

= /k(z)f(x — hz)dz by the change of variables z = (z — y)/h.

Thus bias;(fn(z)) = Effo(z) = [k(2){f(x — hz) — f(x)}dz. From this
expression it is clear that the blas increases as h increases. By a standard Taylor
expansion of f(z — hz) about x we have

Flo —h2) = F@) + F(@)(~ha) + 5 f"(a)(~h2)?
where |z* — | < h|z| = 0 if h = h, — 0. Then

n B - f@} = n? /f(Z){f’(w)(—hnZ)+1f”($*)(hn2)2}dz
= /f” 2)dz — f”(:v)/ 22k(2)dz.

By a Taylor expansion as in class, if [(f”(z))*dz < oo, it follows that

/|biasf(fn(x))|2dx < Bl (/ z2k(z)dz)2/<f"(g;))2dx - (1/3).
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(c) Using the fact that fn is the sum of n independent and identically distributed
terms

Var(fufe) = n- Varsh ( —th)

and hence if h,, — 0,

nh,Vars(fo(x)) = /k:2(z)f(x — hp2)dz — hy, {/ k(z)f(z — hnz)dz}z
S f(a) / K2 (2)d>.

(d) Since the squared bias is of the order hl and the variance is of the order
1/(nh,), the h,, = O(n~%/%) gives the optimal order of the bandwidth. If we want
the bias to satisfy

Viha(Ef(fu(@)) = f(x)) = V/nhaO(h3)/nhi; — 0,

then we would choose h,, to satisfy nh = o(1), or h,, = o(n™/?); e.g. if h,, =n°
with 1/5 < § < 1/2. This is called under smoothing.

. (40 points) The sample skewness /égm for data X,..., X, is defined by

n (X —_Yn)?’ |
{n=130 (X — X,)2)3/2

In the following assume that Xi,...,X,, are i.i.d. F with empirical distribution
function F,,.

(a) Write Bn,g explicitly as a functional T'(F,,).

(b) If Ep|X|* < oo and 0% = Varg(X;) > 0 do we have T(F,) —, T(F) for
some T'(F') described in terms of moments or central moments of F'7

(c) If F = N(p,0?) for some u and o2, what is T(F)?

(d) If E|X|® < oo, outline a proof of \/n(T(F,) — T(F)) =4 N(0,V3) .

(No need to calculate VZ explicitly.)

(e) Propose a resampling based estimator of the distribution

53,71 =

H,(z,F) = PF(\/E(B?)n — B3(F)) <)
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not based on an explicit formula for V2. How would you justify use of your
proposed estimator?

Solution: (a) Since (a—b)® = a®—3a?b+3ab? —b*, the numerator can be written

as
n

n 'S (X - X, = X% - 3X - X2+ 2X°

i=1

and the denominator can be written as {X2 — X_}*2, it follows that
B = g(X, X2 X3) = T(F,)
where (X, X2, X3) = [(y,y? y*)dF,(y) and where
g(@,y,2) = (2 = 3wy + 22%) /(y — 2*)*.

(b) If Ep|X|?® < oo, then

(77 ﬁ?

>

) = / (0, 7% ) () —bas / (09, ") AF(y) = Er(X, X2 X%).

Since g is continuous at points (z,y, z) with y > 22, it follows by the continuous
mapping theorem that

BS,n:g(Yvﬁaﬁ) —a.s. g(EF(X)aEF(X2)7EF(X3)
= Ep(X —up)’/(op) = B5(F) = T(F).
where pur = Er(X) and 0% = Varg(X).
(c) When X ~ N(u,0?) then pur = u, 0% = 0* and
T(F) = g(Ep(X), EpX?, EpX®) = Er(X — up)’/(0}) = EZ° =0

where Z ~ N(0,1). Moreover, the same is true for any F' symmetric about some
p with Ep|Z]? < oco.

(d) When Er|X|® < oo, then, upon noting that we can, without loss, suppose
that ur = 0 and 0% = 1, it follows from the multivariate CLT that

_X 1 B3 Yo + 3
vl X2—1 | =4 Z~N; |0, Bs Yt+2  ps/o’— By
X3 =P Yo t+3 ps/o’ — B pe/o° — B3

where v, = EX*/0% — 3 is the (excess of) kurtosis. Now the delta-method can
be applied: since Vg(0, 1, 83) = (=3, —303/2,1) we conclude that

Vi(Bsp — B3(F)) =4 Vg(0,1, 33)7Z ~ Ny (0, V(F))
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for some VZ(F). [When F = N(0,1), 83 =0, %(F) =0, us = 0, and ug = 15.
The covariance matrix becomes

3
0
15

S N O

1
Ynyonp =10
3

so V2(N(0,1)) = (=3,0,1)%(=3,0, )T =15—-2-94+9=6.]

Although this was not required, it is instructive to compute the influence function
of 83(F) and compare with the above results. Thus we let F, = (1 — €)F + G
and compute

%BS(E) . = %/(m — w(F)?*dF.(x)/o(F.)? y
1 5 3 us(F) d 9
=3 (z — pr) d(G—F)—§(U%)5/2£U(FE) .

+terms involving 7 w(Ey)

e=0

5 s ()

d
+ terms involving %M(Fe)

e=0

Here the latter type of term coming from the numerator is

)

2 _
= 37k xd(G—F):—3/‘” PEaa,

Op o

o5 [ 3= e (= ik

and the latter type of term coming from the denominator is

Ep(X — pr)® _
e / 2e — pp)dF(z) - /md(G _F)=o0.

Putting this all together yields

o /(;UFMFWGF)3<’§§§32-/(x0F“F)2d<GF>
—3 [ 224G ().

OF




Thus, taking G = §, we find that the influence function for estimation of f5(F')
Is

Vr(z) = {(:I:;FMF>3_53(F)} _ gﬁ?’(F){(x;FMF)Z—l}—3x;FMF-

(e) The (ideal) bootstrap estimator of H,(z, F') is

H, (2, Fn) = P, (Vn(T(F}) = T(F)) < )

where T is the explicit formula for f5(F') from (a) and F! denote the empirical
distribution function of a bootstrap sample from F,. Since Bgm =T(F,) is a
Hadamard differentiable function of F,, our theory of the bootstrap for differen-
tiable functionals implies that

sup |Hy(x,F,,) — Hy(z, F)| =, 0

since \/n(T(F,) — T(F)) —4 N(0,V2), and /n(T(F%) — T(F,)) —q4 N(0,V3) in
probability.

Do either problem 5 or problem 6

. (36 points). Let T'= T(F) be a (real-valued) function defined on a large class
of distribution functions F which is large enough to contain all the empirical
distribution functions. Suppose that Xi,..., X, is a random sample from F,
and let T,, = T(F,) where F, is the empirical distribution of the X;’s. Set
E, = Ep(T,) = Er(T(F,)), and suppose that we can write

F F
B, =7(r) + @) @f)
n n
so that the bias of T,, = T'(F,,) is
F F
bins, (1) = Bp(T,) — 7(F) = 400 D) .

(a) Describe the jack-knife estimator T, of T(F) and show that it has smaller
bias than 7T,,.

(b) What is the ideal bootstrap estimator of bias,(F')? Describe the corre-
sponding bias corrected estimator T;boot of T(F) via the bootstrap. Show that

the resulting estimator has smaller bias when T'(F) = Varg(X1) and T(F,) =
n! Z?:l (X — Xn)

Solution: (a) For i € {1,...,n}, let F, _; denote the empirical distribution
function of all the data with ¢ left out: F, ;(z) = (n —1)7! Z#i’ H{X; <z}
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Let T,; = T(F, i), and T,,. = n~*> 7 T,;. Then Ty, =nT, = (n—1)T,,,
i =1,...,n are the pseudo-values. and T, = n~t 37" Ty, =0T, — (n—1)T,;
this is the jack-knife estimator of 7T'(F)

Now with T,, = T(F,,)

we have

—x

Ep(TY) = nBE(T,) - (n—1)E,_,

Thus the jack-knife estimator 7, has bias of order O(n~2) whereas T, = T(F,,)
has bias of order O(n™!).
(b) The bias is bias, (F') = Er(T,)—T(F). Hence the ideal bootstrap estimator of
the bias is bias, = Ep, T(F:)—T(F,) where F* denotes the empirical distribution
function of X7,..., X iid. from F, . When T(F) = Varp(X) = Ep(X?) —
(Er(X))?, and hence

T(F,)=n"'Y (X;-X,)=X>-X =5%

i=1

where (X,X2) = [(x,2%)dF,(z), we know that T'(F,) is a biased estimator:
EpS% = "2o%. Thus (n/(n — 1))S% is an unbiased estimator, and the bias is
just bias, (F) = —(1/n)c%. Since this is true for a general F we also have

— n

bias, = Ep,(S%)—T(F,)=

18} — 5% = —(1/m)S%

This is clearly a consistent estimator of the bias, but it is, itself biased:

n—1
Ep{—(1/n)sk} = -"—=o%.
Note that the bias corrected estimator is just
T(F,) — bias, = S% + —S% = _ - 52,
n n

7
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which has bias
(n—l—l)‘n—102 5 {nQ_l—l}a%——l 9

n n CFToFT n2 2 F

Thus it appears that the jack-knife does somewhat better than the bootstrap in
this case in that the bias of the jack-knife estimator is 0. [It turns out that there
is an improvement to the bootstrap estimator of bias; see Efron and Tibshirani
(1998), section 10.4, pages 130 ff.]

. (36 points). Let X, X,,..., X, be iid. random vectors in R? with F||X|]? =
E(X 1TX ) < 0o. Conditionally on X, ..., X, with empirical measure IP,,, suppose
that X7 ,,..., X}, are iid. P,.

“2n, 1

(a) Show that if d = 1, then for almost every sequence X, Xo, ...,
VX, —X,) =4 N(0,Var(X)) asn — oo.

In what sense does this show that “the bootstrap works”?
(b) Does the result in (a) continue to hold for d > 17 If yes, justify your answer.

Solution: We write

where Z,; = n~'/2(X*, — X,, and proceed to apply the Lindeberg-Feller CLT:
EZp=n"YYEX, -X,)=n"*X,-X,)=0,

] — —
2 =V * an =nt= Xz_Xn 2 that
o ar.(Zn;) =n n;( )°, so tha

ol=n""Y (X;—X,)? —as Op
i=1
It remains to verify the Lindeberg condition: to this end, we let ¢ > 0 and
compute

1 n
o2 Y B2l L zuizeon}
n =1

1

_ —1 V2
- g_g”;” (Xi = X)Ly, X seymoh

1 & —
< ) Z(Xl o X) 1[maX1§i§n | X —Xn|>ev/non]
=1

o5 4

- 1[maxlgi§n |Xi—Y7L|>6\/EUn] %CL.S. O
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since EX? < oo implies

n'max |X; - X2 < a2 max 1X; — p? + | — X,)?

1<i<n
—as 0O

Thus the LIndeberg-Feller CLT implies that for almost every sequence X, X, ...

ﬁ( g ) — Zz(:jl —q N(O, 1)
X n

Since S% —4.. 0% = Varp(X;), this implies the claimed conclusion: /n(X, —
yn) —d N(O, VCLTF(X)).

(b) Yes, it holds analogously in the In the case d > 2. We use the Cramér - Wold
device. Let a € R?. Then

VX, - X,) = Vo™X —dTX,)
where Y, = n ' 32" o X, and Y, = n~' 327, a7 X} This converges in distri-
bution for a.e. sequence X, X,, ... to a’ Ng(0,Xr) by the result in (a) for d = 1.

But by Cramér - Wold, this implies the desired convergence in distribution a.s.
for the vectors /n(X, — X,).

Do either Problem 7 or Problem 8.

. (40 points) Suppose that Xi,..., X, are i.i.d. with density f on R. Let k be a
probability density on R which is symmetric about zero and let A > 0. The local
log-likelihood is, using Wasserman’s notation,

L.(f) = ;k (Xih_ “”) log f(X,) - n/k (“ - x) f(u)du.

If f(u,a) = exp(P;(a,u)) where a = (ag, ..., a,) € RP™ and

1 1
P.(a,u) = a9+ a;(u—x)+ Eaz(u — )4+ Hap(u —x)P,

then maximizing £, (f(u,a)) over a € RP™ to find a = argmax,L,(f(-,a)) yields
a local polynomial smoothing estimator f,(z) = f(z,a) of f.

(a) Show that when p = 0, this 0—th order polynomial smoothing estimator
reduces to the kernel estimator of f based on k£ and the bandwidth h.

(b) When p = 1 find the equations satisfied by by a = (ag,a;) and investigate



the relationship between this new estimator and the standard kernel estimator
obtained when p = 0.

Solution: (a) When p = 0, f(u, ) = exp(P,(a, 1)) = exp(ag), and hence
LfCa) = Yk () roe e = [ 1 (55 sl

_ En:k (Xh_x) ao—n/k: (”;‘”) e du

_ aoik (Xh_“”> —ne“o/k (“;“‘) du

— aOZk( ; I) — nhe® = g(ap)

q'(ao) 22k< Zh x) —nhe™ =0

1, (Xi—x 1 ¢ X;
ap _ _— k ? - k _
© T & ( I > nh; (“" h)
assuming that £ is symmetric about 0. Thus the local likelihood density estimator
with p = 0 is the classical kernel estimator.
(b) When p = 1, f(u,a) = exp(P,(a,u)) = exp(ag+ a1 (u—x)), and we find that,
with w;(x) = k((X; — x)/h),

LS a) = Zk(
= ik(Xh_x) (ap + a1 (X, — z)

if

> log f(Xi,a) — (

) ao+ai(u— :L‘)du

Il

Q
—~~

S .
e

N

[

N~—
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Thus the (two) equations satisfied by ag and a; are given by

a n
8_ago = Zwl(:ﬂ) —nhe“o/k;(z) exp(hayz)dz =0, and

ag 2 _ap
ag Zw’ nhe /zk(z) exp(hayz)dz = 0.

Solving the first equation for e® yields

a0 _ Z?:l w; ()
“ - nh [ exp(haiz)k(z)dz’ (1)

where, from the second equation,

Z w;(x — ) = nh? / exp(hay2))zk(z)dz - e

Plugging (1) into the previous display and dividing by Y} w;(x) shows that we
can rewrite the last display as

2 wir)(Xi— ) hf el 2k (2)dz
> iy wi(T) [ erarzk(z)dz

This shows that ha, is the amount of tilting which makes the mean of the tilted
distribution e““k(z)/ [ e k(2')dz" equal to the local mean

2 i wi(w) (X — ) /h)
D iy wilw)
Letting a; — 0 with fixed h gives back the p = 0 estimator as in (a) above.

See Hjort and Jones (1996) for a thorough study of this and generalizations with
p>2.

. (40 points) As noted in Wasserman (2006), one way (among many) of choosing
the bandwidth h in density estimation problems is to minimize an appropriate

estimator of the risk, E;L3(f, fu(-h)) = E{f(fn(x,h) — f(x))zdm}. Noting

that
[tatasn) = s@yias = [ B -2 [ fuwhs@ds+ [ e

+ /f2(:c)d:c

L(n)
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where the last term does not depend on h, we can do this via a “leave-one-out”
cross -validation estimator J (h) of

/f2xhdx—2/fnxh

= /fi(l‘;h)dl‘ - %an,(_i)(Xi,h)
i=1

where fn,(,i) (x;h) is the estimator of f obtained in the same way as fn by re-
moving the :—th observation.

(a) Show that E.J(h) = EJ(h) for kernel estimators f,, of f.

(b) Show that E.J(h) = EJ(h) for histogram estimators f, of f.

defined as follows:

Solution: (From the solution set for problem set # 6) (a) (a) First the case of
kernel density estimates: here

— [ RPde—2 [ F@f@is,  and
L CCER WA
so to show that E{J(h)} = E{J(h)}, it suffices to show that
B {% i}fh(xa} —e{ [ Ry )
Now the right side in the last display s
{ [R@saas} = [ @) w0
=[] (5 fwansaras
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while the left side is, by conditioning on X;,
P {% > fA(_i)(Xi)} - Iy e{pdocox)
_ %ZR:E{ %k <Xh_ x) f(x)da}
= [[ (y - "’”) F(w)dyf ()dz
= // %k’ <x ; y) fy)dyf(x)de

by Fubini’s theorem. Comparing the last two displays yields the claim.
(b) In the case of histogram estimators, it again suffices to show that (2) holds.

But

p{[fwrenf = [pGensen= [ 5@

=

and, on the other hand,

o1 fm) = ols0n i)

~

and hence we conclude that (again) E{J(h)} = E{J(h)}.
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