Statistics 583, Problem Set 9 Solutions
Wellner; 6/1/2011

1. (a) Verify the variance part of Theorem 6.9, Wasserman, page 129.
(b) Verify the proof of (6.12) - (6.14) in Theorem 6.11, Wasserman, page 129.
A question about the proof: Is the o(1/n) term on page 142, line -8, correct?
Does this have any effect on (6.12)7
(c) Can you find the limiting distribution of n'/ 3(]%(1:) — f(z)) under hypotheses
similar to those used in (a corrected version of) Theorem 6.117

Solution: (a) Since

|

=3

Jj=1

J 1, (x) and Var(p;) = ;,

>

it follows that .
~ p;i(1—p;
Var(fu(w)) = Y =251, ().

(b) First,
R(Fuf) = B [(Fe) -~ fa)Pds
— / Var(f,(z))dz + / bias? (f,(z))dz,

so it suffices to compute these two contributions to the risk separately. First the



integrated variance term: by the calculation in part (a) above,

/Var(]?n(x))dx = /Z%l%(i)dx

1
1 & ~
= o [ @i St [
I 1 &,
=t
7=1
— i_iihgf(m-f since p; = hf(z;) for some z; € B;
J J J J J
nh nhj:l

= — = (/ f2(z)dx + o(h )
= ———(/ fA(z)dx + o(1 )ZEJFO( .

To compute the bias term, we first use absolute continuity of f’ to expand f as

) = F@) + (y — ) f'(2) + (g — 2)? / £ + sy — 2))(1 - 8)ds

Therefore

bj = /f
- /[ (760 + = @)+ =0 [ £t sty = )1 = s )y
— hfa)+ I@)5 - >Zm1)/m +O(1")
= Rf) ) (G~ 1/2) = )+ OF)

\/Olf"(a:+5(y—x))(1 —s)ds| < (/Olf//($+5(y—x))2ds /01(1 —S)st> 1/2
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(assuming that the integral on the right side is finite) and hence

— Thus
bias, (

=)

(z)) =

and this yields

J

for some 7; € B; and

| G-

J

Therefore

/01 V(r)dr = zm:/B

(y— )’ / £ + sy — 2))(1 — 8)ds

/B P(a)da

[ -2 ([ rera) “ay
o) 25
G (/ 1" (v) dv) ho/2.

b(e) = Efu(e) = f(x) = 7 - f(a)

(@) + hf (@) (1~ 1/2) = 2) + O(12)) -

f'() (h(j = 1/2) = z) + O(h*?),

= /f (h(j —1/2) — z)* dz + O(h*)

= P@P [ 00 1/2) ) de+ 00
— pE

where we have computed

) @) dr =~ ((j ~1/2) - 2)

+ O(h*)

j/m

J=1v"i

= Z(f’ —+Oh4>
7j=1
h m

= —Zh )2+ 0(h?)
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Putting these pieces together yields

R 2 1
R(fn, f) = n_lh +0(n )+ %/0 f'(x)*dz + o(h?).

Thus it seems that the term o(n™!) in Wasserman’s (6.12) should be O(n™!), and
the assumption should be that [ f”(v)?dv < co. For a very careful treatment of
this problem, see Freedman and Diaconis, “On the histogram as a density esti-
mator: Ly theory”, Z. Wahrschein. verw. Geb. 57 (1981), 453 - 476.

(c) If we take the bandwidth A = h,, = Cn~'/3, then
n'B(ful@) = f(@) = n*(fulx) = Efu(x) + 0} (Efa(x) = f(2))
n3(fo(z) — Efa(x)) +n'2b, ()
where, from our calculations in (b),

nPou(a) = f)n'? (ha(j = 1/2) — ) + O(hy)
{ < f(@)n'?(ha/2) + O(h7) = f'(2)C/2+ O(h7),
> f'(@)n'?(=ha/2) + O(h7) = —f'(x)C/2+ O(h3)

Thus it follows that

—f'(x)C/2 < liminf n'/?b,(z) < limsup n/?b,(z) < f'(z)C/2.

n

On the other hand for the random term n'/3(f,(z) — Ef,(x)) we have

1/3

' (fa@) = Bfa(@) = 5= = p)1s, (@)

= n*PC(p; — pj)ip,(2)

1 <&
= 52” Y3 (1p,(X) — pj)
=1

1 n
5;)(”,-.

Now {X,;: i=1,...,n} satisfy E(X,;) =0,

o2 =Var(Xy) = nPpi(1—py) =n2Bfah)h —n ?3(f(a])h)?
= Cf(afn ' = C*f(al)*n "3,
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so that
>0 = Cf(@}) = Olhn) = Cf(2)

assuming that f is continuous at x. Furthermore,
1 n
= > EIX 1| X > €0} — 0
noi=1

for every € > 0 since
| Xl <n Y3 < eCf(x)/2

for all n sufficiently large if f(x) > 0. Thus we conclude from the Lindeberg-Feller
CLT that

Sy n 31, (Xi) — py)

On

—d N(07 1)7

and hence that
S0 1, (X)) = ) 4 NO,Cf (),
WP (Fala) — BF(2)) 4 5N(0,CH()) = N0, f(2)/C).

Therefore although we cannot conclude that n'/ 3(ﬁ(w) — f(x)) —a, it does follow
that

n'B(fule) = f(@) = 0 (falx) = Efu(@)) + 0/ by ()

where the random term converges in distribution to N (0, f(x)/C) and the bias
term is bounded between — f'(z)C'/2 and f'(z)C/2.

If we choose the bandwidth to be just slightly smaller than order n=/3, say h,, =
C(nlogn)~/? then the bias term is small relative to v/nh,, = y/nn=1/3(logn)~1/3 =
n'/3(logn)~Y/6 (since v/nhpb,(z) = O(n*/*(logn)~/5n=13(logn)=/3) = O((logn)~'/?)),
and the random term still satisfies

Vil (fa(@) = Efu(x)) —a N(0,Cf(2)),

so we can conclude that

~

nhn(fn(x) = f(2)) =4 N(O, f(2)/C)



with this choice of the bandwidth.

An interesting comparison is to investigate the behavior of a kernel estimator
with a “boxcar kernel”, K(z) = 27'1;_; y)(x) in this same situation with just one
continuous derivative f’: then with h,, = Cn~'/3 I find that

W(F(x) — f(2)) —a N(CF(2)/2, f(2) / K2(2)dz/C).

Note that as C' increases the asymptotic bias grows, but the asymptotic variance
decreases.

. (a) Consider the kernel density estimator defined in (6.26), Wasserman, page 132.
Show that if the density f and the kernel & satisfy the hypotheses of Wasserman’s
theorem 6.28, page 133, and h = h,, satisfies the hypotheses of Theorem 6.27,
then for fixed x € R,

Vahn(dua) = Edua) 0 N (0.5(0) [ #(a)de)

(b) Under what restriction on h,, does it follow (from (a) together with further
analysis of the bias) that

i (fa(2) — £(&)) —a N <o, (@) / k?(@@)?

(¢) If h, = en™'/5 and the hypotheses of (a) hold, find the limiting distribution

of v/l (fulx) = f(2)).

(d) Under the same assumptions as in (c), find the limiting distribution of

Vil (\/ fal@) = /F(@)).
(e) Suppose that z,y € R with 2 < y. Find the joint limiting distribution of
(Vnh,(fo(z) — f(2)), Vnha(fo(y) — f(y)) under the assumptions in (b) and (c).

Solution: (a) First write
Vo (fa(@) = Efu(x))
= /nh, ( ! Zk‘((ZU — Xi)/hn) — hinEk((l" - Xl)/hn))

nh,, 4
K2

_ Z;(’““x — X)/ha) — Bk((z — X,)/hy))



where the X, ;’s are independent and identically distributed for each n, but with
a distribution depending on n. Thus we will use the Lindeberg-Feller CLT. By
easy calculations, F (X, ;) =0, and

n}ln / (k((x —y)/hn) = /k((:c - v)/hn)f(v)dv>2f(y)dy,

‘7121,1‘ =Var(X,,) =

SO

n

o = Zafm
S GRS k((ar—v)/hn>f<v>dv)2f<y>dy
= [t = st = [ 1) zhnmz)g
S ) / k(2)2dz

by the dominated convergence theorem (if, for example, f is bounded). It remains
only to verify the Lindeberg condition:

1 n
— > B{X0ilP1{| X0 > €0} — 0

noi=1

as n — oo for every € > 0. But
1 T — T —0
X = k k:

_ :Lhnk (5”;n ) —\/T"_m/k(z)f(x—zhn)dz

Il

£
=
a¥
—+
Q
—
=

Thus

I, 9
| Xnil® < 2075 + g(f(l“) +o(1))"}, and

{|1Xni| > €on} CH{|Yoi|l = (1/2)e0n,} U {\/ by /n(f > (1/2)eo,}
= {[Yoi| > ( /2)€om}
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for n sufficiently large since the second event on the right is empty for large n.
It follows that

B X, iP1{| X > €0}
< 2B|Y, Y|Vl > €00 /2} + 2

< 2B|Y, | Y|Vl > €0n/2} +
= (24 0o(1)E|Yoi|*1{|Yi| > €0,/2},

and hence it suffices to show that

S EY, LY > e} -0 forall e>0.

i=1

But

ZE|Yn,i|21{\Yn,iy > e}
ZE SIS (0 X0 /h) > e/}

- _/ x — )/ ha)?LHE((x — y)/hy) > ev/nh, } f(y)
_ /k?(z)f(x—zh J{k(z) > e/} dz

— 0

by the dominated convergence theorem if ||f||o < oo. Thus by the Lindeberg-
Feller CLT it follows that > . X, ;/0, — N(0,1). Since 02 — f(z) [ k*(2)

the conclusion follows.

(b) Note that the bias is

Efu(x) - f(z) = / B(2) (2 — zha)dz — f(z) = / E(){f (@ — hy) — f(x)}dz
= /k(z)%f”(z;)fhidz

where |22 —z| < |x—zh,— x| = |2|h,. Thus if f’(z) is bounded and v/nh,h% — 0,
the bias term is negligible and

Vil (fo(@) = f(2)) = Vnha(fulz) = Efu(@)) + V/nha(Efa(z) — f(2))
vy N(O,f(a;)/k2(z)dz) +0= N(o,f(x)/k2<z)dz).
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Note that v/nh,h? = (nh2)Y? — 0 if and only if nh®> — 0; ie. if h, =
o(n='/%). Thus h, = cn~'/* yields negligible bias when f” exists (and is suf-
ficiently bounded).

(c) When h,, = cn™%/%, then the first display in (b) yields

VAha(Bfu(a) = f@) = Vet L [ 2he s

512

> 1) [ Pheds = Ble fha)

Thus it follows that

nho(fu(2) = f(2)) = Vnho(fu(x) = Efa(x)) + Vnho(Efa(z) = f(2))
—d N(O,f(x)/kg(z)dz)+B(c,f, k)

—  N(Be, f,kz), f(z) / K2(2)dz).

(d) Under the assumptions in (c), it follows from the delta-method with g(v) =
v'/? that for any x such that f(z) > 0 we have

Vi) = VT o @8 (Bl s [z

B k
- N M’Zl—l/ﬁ(z)dz ,
2/ f(z)
Note that the variance now depends only on the kernel and not on f.

(¢) To find the joint limiting distribution of (v/nhn(fu(z) — f(2)), Vrhn (fuly) —
f(y)) we will use the Cramér - Wold device: let (a,b) € R% We will first show
that

ar/nh(fu(x) = Efu(2)) + b3v/nha(fuy) — Efu(y))
—a N (O,an(x)/kQ(z)dz+b2f(y)/k2(z)dz) (1)

for each fixed (a,b) € R This implies that

(A=)~ (0 ) fromw) e



and will yield the desired results after analyzing the relevant bias terms. But

ay/ nhn(fn(x) - Efn(x)) + by nhn(fn(y) - Efn(y))

- e () - [ () o
- X; v

where

We compute EX,,; = 0 as in (a), but now

Ufu- = Var(f(m»)
= (nh,)! {a2nVar{k:((:r: — X1)/hn) +0*Var((y — X1)/hn)
+ 2abCov(k((x — X1)/hpn), k((y — X1)/hn))}

so that
— { / (k«x —w)/h) ~ [ k(o - v>/hn>f<v>dv)2f<w>dw

N CORI Ry R v)/hn>f<v>dv)2f<w>dw
+2ab / <I<:((x —w)/hy) — / k((z — ) /hn) f(v)dv)
(K= /) = [ K= o)) o) Fuln
S a2 f(a) / K2(2)dz + 1 f(y) / K2(2)dz + 0
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where the argument for the first two terms is exactly as in (a), and the third
term converges to 0 since

et [ (4t = wiha) = [ k(G = o))
(K= /o) = [ K = )/ o)) Sl

— n / (k((x — w)ha) — B2(f(z) + o(1)))
(((y — w)/ha) — B2(F(y) + 0(1))) f(w)duw
_ /k (z - x) k(=) f(y — 2hn)dz + O(h)

n

= / k(—o0)k(2)dzf(y) = 0

by the dominated convergence theorem if f and k are bounded using (y—=x)/h,, —
oo since y—x > 0 and h, — 0. Since | X, ;| < |a|| X, (2)|+[b]| Xn.i(y)], verification
of the Lindeberg condition proceeds as in (a). Thus by the Lindeberg-Feller CLT,
(1) holds, and this in turn yields (2).

. (a) Wasserman, problem 6.9.3, page 143.

(b) Does (6.35) on Wasserman’s page 136 hold? Give a formula that is more
precise.

Solution: (a) First the case of kernel density estimates: here
J(h) = / Folz)?dz —2 / fol@)f(x)dz,  and
~ ~ 2 O~
J(h) = [ folz)’dz — = —i)(X5),

0= [ R =232 o)

~

so to show that E{J(h)} = E{J(h)}, it suffices to show that

g {% Z f(_n(Xi)} —e{ [ R} ®)

Now the right side in the last display is

p{ [Rsaas| = [ @) w0

- // %’“ (m - y) F(y)dyf (z)dz,
11




while the left side is, by conditioning on X;,

E{%iﬁ-mxz-)} - —ZE{E (X0)1X) }

- EZEfl ( )f(m)dx}
=[] (52) s taas
/ / E’C< )ﬂy)dyf(a:)dx

by Fubini’s theorem. Comparing the last two displays yields the claim.
In the case of histogram estimators, it again suffices to show that (3) holds. But

ol [rosmi) = [Eh@pee= [ @

and, on the other hand,

3 {% Z J?(—i)(Xi)} = LK {E{”l > J?(—z‘)(Xi)|X¢}}

and hence we conclude that (again) E{J(h)} = E{J(h)}.
(b) The claimed identity is

— n2hZZk* (X s > +%k( ) +O0(n~?)

where k*(z) = k@ (z) — 2k(x) and k@ (2) = [k(z — y)k(y)dy. To check this,

write
X; z— X,
(A k‘ _]
) ()

f:f(x) - n21h2 sz <x
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so that, with k(2 = [k(z— y)dy,

/fj(x)da: _ nW;;/k(x —hX) k(x_hXj)da:

1 X; + hy — X,
- -0 ZZ/k <—J - )k(y)hdy
(]

by the change of variables (x — X,)/h=vy, =X, + hy

= thZZ/ (y—X X)k()dy

if we assume that k(z) = k(—z2).

Similarly,

%gﬁn(&) = —ZZ (n—1)h (Xi;Xj)

i=1 j#i

- m??‘“(&i&)‘nil“m
_ %sz (%) - %k(@) +0,(n )

Putting these pieces together yields the claimed identity, but with a remainder
term which is O,(n~!) rather than O,(n~?). Thus it seems that the computational
formula should really read as follows:

T () ()

=1 j#i

. Suppose that Xi,..., X, are ii.d. p € P where P is some class of densities
on some subset X C RY. (Thus p(z) > 0 for all z € X and [, p(x)dz = 1.)
Let M denote the set of all functions p on X with p(z) > 0 (Wlthout imposing
Jy p(z)dz = 1). Show that maximizing

L) = Eatows0) - [ ay-1)
- n‘lzzn;logp(Xi)— (/Xp(y)dy—l)
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over M yields the maximum of

ln(p) = Py(log f(-))

over P. More exactly, show that I,(p/c) > l,(p) where ¢ = [ p(x)dx with equal-
ity if and only if ¢ = 1. [This is the rationale for the first display in Wasserman’s
section 6.4, page 137.]

Solution: The first part of this statement seems OK, but in the second display
it should read

ln(p) = Py(logp(-)).
The second part should probably be replaced by: “More exactly, show that for
arbitrary f € M we have [,(f) < I,(f/c) where ¢ = [, f(z)dx with equality if
and only if ¢ = 1.” Here is a proof of this corrected statement: for f € M
L(f) = Pnlogf—/f(x)dx—l—l
P, log(f/c) +logec —c+1
L,(f/c) since log(c)—c+1<0 and/(f(a:)/c)d:c =1
(f/c).

IN

It follows that

~

Lo(fn) = sup L,(f) < suplu(p) = ln(pn)
fem peEP

with equality when fn =p, €EP C M.
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