Statistics 583, Problem Set 4 Solutions
Wellner; 4/27/2011

1. Let Uy, = T(F, G,) where T(F,G) = [FdG = P(X < Y) is the Mann-
Whitney functional and F,, and G,, are the empirical df’s of Xy,..., X, ii.d.
with df F, Yy,...,Y, ii.d. with df G where F' and G are continuous.

(a) Show that

mnUpn+nn+1)/2 =W, = ZQJ' = ZRmH'
=1

j=1
(b) Show that EU,,, = P(X <Y) = [ FdG and that

Var(v/mnU,, )
= (n—1)/(1—G)2dF+(m—1)/F2dG— (N—-1) (/FdG) +/FdG
— (= 1)Var[l - G(X)] + (m — DVar[F(Y)] + /FdG (1 - /FdG) |
(c) Show that if Ay = m/N — X € [0,1], then, for independent standard

Brownian bridge processes U and V it follows that

n—1 m—1

Var(x/mn/NUp,,) = N Var(l — G(X)) + Var(F(Y)) + N! /FdG (1 — /FdG)
— (1 =MNVar(l = G(X))+ ANVar(F(Y))

— 1 / / (F(x) A F(y) - F(2)F(y))dG(z)dG(y)
. / / (G(x) A G(y) — G(2)G(y))dF (z)dF(y)

= (1-NVar (/ U(F)dG) + AVar </ V(G)dF)

as discussed in class on April 15. [Hint: the variance and covariance formulas in
Chapter 1, Section 4, might be useful.]

(d) When F = G use the results of A and B to compute EppW,,, and
Varr,ry (W) (This should agree with calculations for the Wilcoxon rank sum
form of the statistic under the null hypothesis via finite sampling calculations.)




Solution: (a) Using empirical distribution function notation, NHy = mF,, +

nG,, so

mnUpn = /mFmd(nGn) = /N]HINd(nGn) —/nGnd(nGn)

= ZNHN(Y;) - ZnGn(Y(J))
j=1 =1

= > R = J
j=1 J=1

= ZRmﬂ —n(n+1)/2.
=1

(b) The expectation is easy:

n

E(Upn) = ! iZP(Xi <Y;)=P(X,<Y)) = /FdG.

mn
j=1 i=1

For the variance, we first calculate

E[mnU,, ,)?

= D> > Elsyxae

i=1 j=1 k=1 I=1

B ZZEl[XiSYj]_FZZP(Xi <Y}, X, <Yj)

i=1 j=1 itk j=1

+ Y DY PX <Y XSV + ) ) P <Y X <Y)

=1 j#l i#k j#l

= mnP(X; <Y))+m(m—1)nP(X, <Y, X, <Y))

+ mn(n—1)P(X; <Y1, X; <Y5)
+ m(m—1)n(n—1)P(X; <Y, Xy <Y3),

Pt <) = [ Fac,

P(X; <Y, X, <Y1)=EP(X; <Y, X <NN) = /Fz(x)dG(a:%

P(X: < Y1, X1 < Y2) = EP(Y, £ Y1, < B0 = [(1- Glaom)dF (),

and

P(X, <Y1, X, <Y) = P(X; < V})° = (/ FdG)?.



It follows by algebra that
Var(mnUy,,,) = E(mnU,.,)* - {EmnU,.,)}

= mn/FdG+m(m— 1)n/F2dG
+ mn(n — 1) /(1 — G(z—))*dF (z)
+ m(m — 1)n(n — 1){/ FdG}? — (mn/FdG)2
— —1) n{/ F?dG — ( /FdG)Q}
—I—mnn—l{/l— ))2dF(z) — (/FdG)?}

- mn/FdG(l —/FdG).

/FdG:P(XgY) - P(X>Y)

By noting that

= 1- /G(x—)dF(x) = /(1 — G(z—))dF(x),
this yields the claimed variance formula (to within a left limit):

Var(vmnU,,,) = (m—1)Var(F(Y))+ (n—1)Var(l — G(X-))

+ /FdG(l—/FdG).

(c) Dividing both sides in the last display by N yields

Var(x/mn/NUy,,) _ 1Va7’(1 - G(X))+ m]; 1Var(F(Y)) + N7t /FdG (1 — /FdG>
- (1=XNVar(l - G(X)) + /\VaT(F(Y))
- - [ [(Fw (2) F ()G ()G (y)
[ [ew (2)G () AF (x)dF (y)

by using (1.4.16) (1 4. 17) of Chapter 1, page 19
with X ~ F and h =G
and then with Y ~ G and h=F

— (1= MVar ( / U(F)dG) © AVar ( / V(G)dF)
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since

E( / U(F(@)d(}@)): EU(F / 0-dG(z) =0, and

# (oo >E/U o frwcn)

/ / E{U(F ¥))}dG(x)dG(y)
://{Fx AN F(y) — F(z) - Fy)}dG(z)dG(y)

and similarly for Var ([ V(G(z))dF(z)). Here the interchanges of integration in
(1) and (1) are justified by Fubml s theorem since

B [UP@)G@E < B [U(F@) 6@ = [ BUE@)dc
_ / F(2)(1 = F(2))dG(x) by Tonelli’s theorem
< (1/4) / dG(z) < 1/4.
(d) When F = G continuous we find that
E(Up) = / FdF =1/2,

and, since now Var[F(Y)] = Var[G(X)] = 1/12,

1 1 1
Var(vmnU,,,) = (m— I)E +(n—1)— 3 + )
1 1
= (N =2 .
( )12 4 =W+1)33 12

Hence from part (a) it follows that
E(Z Q) =nn+1)/24+mnEUy,) =n(N +1)/2
j=1

and

1
Var( ZQ] = mnVar(vmnU, ) = mn(N + 1)12



both of which agree with finite sampling calculations (drawing a sample of size n
balls from an urn without replacement where the numbers on the N balls in the
urn are {1,2,...,N}).

. (See also van der Vaart (1998), page 303, problem 3.) For distribution functions
F on R* and ty > 0, consider the functional T'(F) = A(ty) = JO —=dF, the
cumulative hazard function corresponding to F' at t.

(a) Find the influence function of T'(F).

(b) What does this mean about asymptotic normality of the natural estimator
T(F,) of T(F)?

(c) Can you prove asymptotic normality of T'(F,,) directly?

Solution: (a) To find the influence function of T'(F), let Fy = (1 — t)F + td,.
The distribution function corresponding to G' = 0, is 1(_aoyj(®), ¥ € R, so the
left limit is G_(y) = 1jz<y), and the corresponding ”at risk” function 1 —-G_(y) =
liz>y] = lyo0) (). We need to compute

T(Fy) —T(F d

d [ 1
——— B A U
dt{/o T (F) e

woog o (5, — F)
:/0 1_F_d(6x—F)+/0 e

o) [ 1y [0 1 g [0
_ tow(@) dF arF — [ L% g
—F@ ), 1™ 7) 1-F . I=F)

- 1[0,t0]<x> _ o Liz>y]
- [ )

Lo 1= F-(y))?
 Joae) [ Tl g
L=F.(x) Jo 1-F(y)
:{ 1—F120(x) _lfoz;};}:)zdF ?f x <t
“Jo G=F)? if x>t.

The next to last formula for the influence function of A(#y) is natural from a mar-
tingale perspective. When F' is continuous F_ = F', and the influence function
computed above reduces to:

1 F(to) ]
[z<to] — 1——F(to) [z>to]

Lp<ty) — F(t0)
1—F(t)

IC(x; TV F) =



Note that Eptp(X) =0 and (in the case of a continuous d.f. F)

EF¢12w(X) = 1 f(]io()to) .

(b) Gateaux differentiability as established in (a) gives useful information about
the form of the linear term, but does not yield a proof of asymptotic normality.
To prove asymptotic normality we can proceed in several ways:

(i) Establish some stronger form of differentiability such as Fréchet differentia-
bility or Hadamard differentiability with respect to some metric d, compatible
with the empirical distribution function (or empirical measure).

(ii) Recognize some special structure associated with the functional under con-
sideration.

(iii) Proceed directly by showing that the remainder term

R, = VA(T(F,) - T(F)) - T(F; Va(F, - F))
— VA(T(F,) - T(F)) - / (@) d{v/a(F, — F)(z)}

satisfies R,, = 0,(1). We will take route (iii) in (c¢) below. For (i) in the current
case, see van der Vaart (1998), Asymptotic Statistics, example 20.15, page 301
(and his Lemma 20.10, page 298). With regard to (ii) in the present case, note
that for X(,) <ty we have

VarE) -1 = [t (R0 - [0 -Eeonaa)

to 1
_ /0 Ty el

where ML, (t) = /n(F,(t) — fot(l —TF,(s—))dA(s)) is a mean-zero martingale, and
hence the integral in the last display is also a martingale (in o). Then asymptotic
normality (even as a process in ty) follows from martingale CLTs; see e.g. Shorack
& W (1986), chapters 6 and 7 and especially (7.1.4) page 295 and Theorem 7.5.2
page 312.

(¢) To prove asymptotic normality of T'(F,,) (assuming that F' satisfies F'(ty) <



VirE) -1 = Vil [ - [ o)}
to 1
- [ R VaE.e - P

+ /Oto vn { = Iﬁ‘i(s_) 1z ;(3_) } dF(s)

’ / T e E e L0
L) —FO) |,
.
~ N(o,lf(—;“()to)) if F is continuous

since the last two terms can be rewritten as

to Vn(F,(s) — F(s)) dF,(s) dF(s)
o 1-TF,(s0) {1 “F () 1= F(S_)} = 0p(1)

by arguments similar to those we used to deal with the Mann-Whitney Wilcoxon
statistic. Alternatively, martingale methods also work.

3. Let F be a distribution function on R? with finite second moments, and let p(F')
be the correlation coefficient

_ Covp(X,Y)
VVarg(X)Varp(Y)

p(F)

Assume that |p(F)| < 1.

(a) Give an example of a sequence of bivariate distributions {F),} satisfying
F, =4 F, but p(F,) — 1 # p(F).

(b) Find a collection F of distribution functions on R? so that p is weakly
continuous on F.

Solution: (a) Without loss of generality we may suppose that F' is a bivariate
distribution function with zero means, Fr(X) = Er(Y) = 0. Let F, = (1 —
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n)F +n"19, ) with (a,,b,) € R?. Note that F,, has marginal distribution
functions F, x = (1—n Y Fx+n"18,,, Fny = (1—n"Y)Fy +n~14,, respectively
where F'y and Fy are the marginal df’s of F'. Thus we compute

Covp, (X,Y) = Ep, (XY) — Ep (X)Ep Y
=1 -n"HEXY)+n tab, — (1 —nHEpX +n ta,) (1 —n HERY +n7'b,)

(1—n""WEp(XY)— EpX - EpY}
+ (1= YEpX - EpY — (1 — n V2 EpX - EpY
— (1=n"YHYErX -n7'b, — (1 =0 YHERY -n'a, — n 2a,b,
=1 —-n"YHCovp(X,Y)+n (1 —n"Ya,b,

—n (1 —=n"YErX b, + ErY -a,} +n (1 —n YEpX - EpY
=(1-n"HCovp(X,Y) +n (1 —n Hayb,

since Ep X = ErY = 0. Similarly,

Varg, (X) = Ep, (X?) — (Er, (X))?
=1 -nYHYErX?*+n'a® — (1 —n HErX +n'a,)?
(1= 0 Y Er(X?) — (BrX)*} + 7 (1 —n ) (BpX)?
+n ' (1 =n"Nal —2n"'(1 —n "EpX - a,
=(1-n"YWarp(X)+n "1 -nNa2 +n (1 -n H{(ErX)* - 2ErX - a,}
=(1—-n"YWarp(X)+n'(1-n""a?,  and
Varp, (Y) = Ep,(Y?) — (Ep, (V) =1 —n HVarp(Y) +n 1 (1 —n b2,

Choosing a,, = b, = n yields

Varg,(X)=n+o(n) = n( +0( )),
Varg,(Y) =n+o(n) =n(l+o(1)).
Thus we find that
Covg, (X,Y) ~ n(1+o(1))

pln) = \/Varpn(X)Vaan(Y) ~ n(l+o(1))

as n — 0o. Thus p is weakly discontinuous at every F.

(b) Consider the following collection of distributions on R?: for some r > 2 and

M < oo
For ={F: EplX]" <M, EglY| < M},

Then p is weakly-continuous on F,. s at any F' with Varg(X) > 0and Varg(Y) >
0. Here is a proof: let {F,} C F, u satisfy F,, —4 F. Then with (X,,Y,) ~ F),
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and (X,Y) ~ F we have (X,,,Y,) =4 (X,Y), and by a Skorokhod construction
there exist (X}, Y7*) =4 (X,,Y,) and (X*,Y*) =4 (X,Y) defined on a common

n’ - n

probability space and satisfying (X}, Y*) —.s (X*,Y*). But because {F, C

n' n

Ferr, X2, Y2 and |X,)Y,| are all uniformly integrable: since r > 2,

1 M
EXilixesy < WE!Xn\ < v

SO

lim limsupEXgl[X%Z,\] < lim =0

A—00  p—soo A—vo0 A2
and similarly for {¥;?}, so the uniform integrability of |X,,Y,,| follows by Cauchy-
Schwarz. The same holds true for the (X}, Y,*) pairs since the uniform integra-
bility only depends on the (marginal) distributions. Thus by Vitali’s theorem it
follows that

EX: =FEX s > FEX's=FEX*

and
EY;=FEY's - EY*s=FEY*®

for s = 1,2, while Vitali also yields
EX,Y,=FEXY " - EX'Y*=FEXY .
Therefore
Vaan (Xn) — VCU“F(X), Vaan (Yn) — V(M“F(Y), (1)

and
Covg, (X, Y,) = Covp(X,Y). (2)

Since we have assumed that Varg(X) > 0 and Varg(Y) > 0, (1) and (2) yield

Covp, (X, Yy) . Covp(X,Y)

- \/Vaan (Xn) - Varg, (Ya) \/VCLTF(X) Varg(Y) = P(F);

IO(Fn)

i.e. pis continuous on F, s at any F' with positive variances.

It is interesting to note that the hypothesis {F,} C F,. cannot be weakened
to {F,} C Faur (and hence it can also not be weakened to the still larger class
Fa0). Here is a counterexample. Let F be a d.f. on R? with EX =0 = EY and
EX?=1=FEY? and p(F) < 1 where (X,Y) ~ F. Let M > 1 be a big number,
and consider the class

Fom={FonR*: EpX*< M, EpY*< M}.



Let a,, b, > 0; we will specify them in terms of M shortly. Consider the sequence
of d.f’s {F,} C For defined by

1 1 1
Fo(z.y) = (1— =)F(z.9) + —0., LI N
(z,y) = ( M @y%+%(mw+dn(nwm

Then for any bounded and continuous function v : R? — R,

1 1 1
Joars = =1 [wdP+ vfanb) + oovi-an b

— / YdF,

so F,, —4 F. Furthermore, with (X,,,Y,) ~ F,,

EX,=(1-1/n)EX =0,EY, =0,

2
EX? = =(1-1/n)EX?+ %" = (1—1/n) +

s |8
I
<

if a2 =n{M — (1 —1/n)}. Similarly,
b2
EY?=(1—-1/n)+2=M
n
if o2 = n{M — (1 —1/n)}. With these choices of a,, and b,,,

by,

Cov(X,,Y,) =(1—1/n)Cou(X,Y) + o

Cov(X,,Y,
plE) = Var(Xi)Va’r(%fn)
(1-1/n)Cov(X,Y)+ M — (1 —-1/n)
VM?
p(F)+ M —

— i 1s'ép(F)-

Thus p(F') is not continuous on Fj py.
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