Statistics 583, Problem Set 9 Solutions
Wellner; 5/30/2007

1. (a) Verify the variance part of Theorem 6.9, Wasserman, page 129.
(b) Verify the proof of (6.12) - (6.14) in Theorem 6.11, Wasserman, page 129.
Two questions about the proof:
(i) Is the hypothesis “f’ is absolutely continuous” (ie. f'(z) = [ f"(y)dy
for a function f”) used in the proof or should the hypothesis really be that
f is absolutely continuous; i.e. f(x fo x)dx for a function f’ (satisfying
fo f(y)*dy < 00)?
(ii) Is the o(1/n) term on page 142, line -8, correct? Does this have any effect

n (6.12)?

(c) Can you find the limiting distribution of n'/ 3(};(@ — f(x)) under hypotheses
similar to those used in (a corrected version of) Theorem 6.117

Solution: (a) Since

(1—0p.
and Var(p;) = p—j( - pj)7

vlw

it follows that
Var(f, Zpg pgl (2).
(b) First,
R(fuf) = E [(F@) - f@)ids
= / Var(f,(z))dz + / bias? (f,(z))dz,

so it suffices to compute these two contributions to the risk separately. First the



integrated variance term: by the calculation in part (a) above,

/Var(ﬁl(x))dx = /Z%l&(w)dw

- Z th(gcj)2 since p; = hf(x;) for some z; € B,

- = —%Z (/ f2<x>dx+o<h>)

_ 1.1 (/01 F(x)dz + 0(1)) = % +0(n ™).

nh n

To compute the bias term, we first use absolute continuity of f’ to expand f as

F) = F@) + (v~ ) (@) + 3" (@) (y — o)

for some & with |# — x| < |y — x|. Therefore

mo= [ sww= [ (10 w-nre e -2 i

B;

= W)+ @3- e?] o)

= hf(z) +hf'(z) (h(j = 1/2) — z) + O(h?).

Thus

bias,(f(z)) = b) = Efu(z) — f(z) = 2 - f(a)

h
_ % (hf(x) + hf'(z) (h(j — 1/2) — 2) + O(h)) — f(x)
= f(z)(h(j —1/2) — z) + O(h?),



and this yields

/B Pade = [ F@) (G ~1/2) — ) de +O(1")
= F@F [ (G =1/2) =2 de+ Om)
= [+ Ol

for some z; € B; and where we have computed

. 2 1 . j/m h3
/Bj (h(G =1/2) = 2)"dw = =3 (h(j = 1/2) — =) G 12
Therefore
/0 b (z)dz = Z /B (a)da
= Y (@ v om)
= LS M) 00
= 05 | rwrde o)

Putting these pieces together yields

- 2 1
R(Fd) = 5+ 07+ 5 [ 7@ + (i),

Thus it seems that the term o(n™') in Wasserman’s (6.12) should be O(n™!). For
a very careful treatment of this problem, see Freedman and Diaconis, “On the

historgram as a density estimator: Lo theory”, Z. Wahrschein. verw. Geb. 57
(1981), 453 - 476.

(c) If we take the bandwidth h = h,, = Cn~'/3 then

P (Fule) = F@) = 0P (fu(w) = Bfale) + 01 (Bfa(r) = f(2))
nt(ful) = EFalw)) + 00 ()
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where, from our calculations in (b),

n'Phy(x) = f'(2)n'? (ha(j —1/2) — 2) + O(h})
{ < f(@)n'?(ha/2) + O(h7) = f'(2)C/2+ O(h7),
> f'(@)n¥(=hn/2) + O(h}) = —f'(2)C/2 + O(h})

Thus it follows that

—f(x)C/2 < liminf n'/3b, () < limsupn'/3b,(z) < f'(z)C/2.

n

On the other hand for the random term n'/3(f,(z) — Ef,(x)) we have

1/3

n(Fule) = BR@) = G~ pi)ls, (@)

= n**C([p; — pj)lp, (z)

1 n
= Z n~ 3 (1p,(X:) — pj)
=1

1 n
e Zan

Now {X,;: i=1,...,n} satisfy E(X,;) =0,

o2, =Var(X,) = n’2/3pj(1 —pj) = n’2/3f(a:j)h — n’2/3(f(x;)h)2
— C(@nt = C (e,

so that
> 0w = Cf(x;) = O(ha) = Cf(x)
i=1
assuming that f is continuous at x. Furthermore,
1 n
= > EIXu 1| X > €0} — 0
noi=1

for every € > 0 since
| Xni| <072 < eCf(2)/2

for all n sufficiently large if f(x) > 0. Thus we conclude from the Lindeberg-Feller
CLT that

S nT V(g (X;) — p)

On

—d N(Oa ]-)7



and hence that
> 0 (1p, (X)) = pj) —a N(0,Cf(x)),
i=1

'3 (fu@) = Efu(@)) = éN(O, Cf(z)) = N(O, f(x)/C).

Therefore although we cannot conclude that n'/ 3(]?”(:1:) — f(x)) —a, it does follow
that

nB(fa(@) = f(z)) = nB(fu(x) — Efa(2)) + 03, (2)

where the random term converges in distribution to N(0, f(x)/C') and the bias
term is bounded between — f’(z)C'/2 and f'(z)C/2.

If we choose the bandwidth to be just slightly smaller than order n=/3, say h,, =
C(nlogn)~'/3 then the bias term is small relative to v/nh, = \/nn=1/3(logn)~1/3 =
n/3(logn)~Y6 (since v/nh,b,(z) = O(n*?(logn)~/5n=13(logn)~/3) = O((logn)~*/?)),
and the random term still satisfies

Vil (Fu(@) = Efu(@)) —a N(0,Cf(2)),

so we can conclude that

Vb (fa(@) = f(x)) —a N(O, f(2)/C)

with this choice of the bandwidth.

An interesting comparison is to investigate the behavior of a kernel estimator
with a “boxcar kernel”, K(z) = 27'1;_; y)(x) in this same situation with just one
continuous derivative f’: then with h, = Cn~'/3 I find that

n'2(falz) = f(@)) —a N(Cf'(x)/lf(x)/KQ(Z)dZ/C)-

Note that as C' increases the asymptotic bias grows, but the asymptotic variance
decreases.

. (a) Consider the kernel density estimator defined in (6.26), Wasserman, page 132.
Show that if the density f and the kernel k satisfy the hypotheses of Wasserman’s

theorem 6.28, page 133, and h = h,, satisfies the hypotheses of Theorem 6.27,
then for fixed x € R,

Vo) = Ef() —a 8 (0. (0) [ #(a)as).
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(b) Under what restriction on h,, does it follow (from (a) together with further
analysis of the bias) that

halfale) = 562) —=a N (0.560) [ )2

(¢) If h, = cn™'/® and the hypotheses of (a) hold, find the limiting distribution

of Vnhy(fulx) = f(x)).

(d) Under the same assumptions as in (c), find the limiting distribution of

Vil () fa(z) = /F(2)).
(e) Suppose that x,y € R with z < y. Find the joint limiting distribution of
(vVnh,(fo(x) — f(2)), vVnh,(fu(y) — f(y)) under the assumptions in (b) and (c).

Solution: (a) First write
Vnha(fa@) = Bfa(x))
N (% > k(e ~ X/h) ~ B - X1>/hn>)

-y J;Taf«x — X)/ha) — BE((z — X,)/hy))

where the X,, ;’s are independent and identically distributed for each n, but with
a distribution depending on n. Thus we will use the Lindeberg-Feller CLT. By
easy calculations, F(X,;) =0, and

o= Var(%o) = o [ (K@ =/~ [ o) swa,

SO

n

. (k((x—y)/hn)— / k((x—v)/hn>f<v>dv)2f<y>dy
_ / k()2 (x — 2ho)dz — By ( / k() f(x — zhn)dz>2
. / h(2)2d



by the dominated convergence theorem (if, for example, f is bounded). It remains
only to verify the Lindeberg condition:

1 n
— > B{X0ilP1{| X0 > €0} — 0

noi=1

as n — oo for every e > 0. But

S = g () e o)

_ ;hnk <“”;n ) _ \/T"Tn/k(z)f(x—zhn)dz

1
55
=
=
_|_
S
=

Thus

I, 9
| Xnil® < 205 + — (@) +0o(1))7}, and

{1 Xnil > eon} C{[Yni| = (1/2)e0m} U{/hn/n(f(z) +0(1)) > (1/2)e0,}
= {[Youi| = (1/2)€0n}

for n sufficiently large since the second event on the right is empty for large n.
It follows that

B\ X, i1 Xi] > €0}
< 2BV, 1{ Yol > eon/2} +2—(f(x) o(1))*EX{[Yoi| = (1/2)e0}

282 (f(x) + 0(1))?
((1/2)e0n)?
= (24 0(1))E|Y,iP1{|Yoi| > €0, /23,

< 2E]Yn’i|21{|Yn,i| > €0,/2} + E|Ym|21{\Ym| > (1/2)eo, }}

and hence it suffices to show that

> EY, 1|Vl > e} =0 forall e>0.

i=1



But
ZE|Yn,i|21{\Yn,iy > ¢}
ZE SIS (0 X h) > e/}

- _/ x — )/ ha) Lk ((x — y)/hy) > ev/nh,} f(y)
_ /k:2(z)f(x—zh J1{k(z) > e/} dz

— 0

by the dominated convergence theorem if || f|l < 0. Thus by the Lindeberg—
Feller CLT it follows that Y | X, /0, — N(0,1). Since 02 — f(z) [ k*(2)

the conclusion follows.

(b) Note that the bias is

Efu(x) - f(z) = / K(2)f(z — zha)dz — f(z) = / E(){f (@ — zhy) — f(x)}dz
S LA EE

where |2 —x| < |[x—2zh, —z| = |z|h,. Thusif f’(z) is bounded and v/nh,h2 — 0,
the bias term is negligible and

nh(fu(x) = f(2)) = V/nho(fa(@) = Efu()) + Vnho(Efa(z) = f(2))
—a N(O, f(x) /kQ(z)dz) +0= N(O,f(:z:)/k2(z)dz).

Note that v/nh,h? = (nh?)Y/? — 0 if and only if nh> — 0; ie. if h, =
o(n='/%). Thus h, = cn~'/* yields negligible bias when f” exists (and is suf-
ficiently bounded).

(c) When h,, = cn~'/%, then the first display in (b) yields

Vb Efue) = f(2)) = Ve 5 / h(2) [ (22)dz

512

R EACY / Zk(2)dz = Be, [, k,x)



Thus it follows that

\Y nhn(fn(x) - f(x)) = nhn(f ( ) Efn + vV n Efn ))
4 NO.J() [ +B<c, 1K)

= N(B(c, f, k,a:),f(x)/kQ(z)dz).

(d) Under the assumptions in (c), it follows from the delta-method with g(v) =
v'/? that for any = such that f(z) > 0 we have

Vil 1) = VTD) =4 3@ (B ), S0 [ 2000 )

_ oy (Blelke) ‘1/k2( )dz | .
2/ f(x)
Note that the variance now depends only on the kernel and not on f.

(¢) To find the joint limiting distribution of (v/nhn(fo(z) — f(2)), VAl (fu(y) —
f(y)) we will use the Cramér - Wold device: let (a,b) € R% We will first show
that
ar/nhy (fu(z) — Efyp(2)) + by/nhn(foly) — Efa(y))
—4 N (O,a f(:p)/ (z)dz+b2f(y)/k2(z)dz> (1)

for each fixed (a,b) € R% This implies that

(Vi sran ) = (U8 4ty ) [eoms) e

and will yield the desired results after analyzing the relevant bias terms. But

a/nhn (folz (n) Efo(2)) + 0v/nho(fuly) — Efu(y))
e (”;fi) Nk (”3;”) st}
+ b{k <y ;nX) - /k (yh_nv> f(v)dv}}

Il
]
sz



where

o= () () o)

We compute EX,,; = 0 as in (a), but now
0% = Var(X,,)

= (nhy) " nVar{k((z — X1)/h,) + b*Var((y — X1)/hn)

+ 2abCov(k((z — X1)/hn), k((y — X1)/hn)) }

. { / (k«x —w)/h) -~ [ k(o - v>/hn>f<v>dv)2f<w>dw

w0 [ (k= wyim) - [ k- v)/hn)f(v)dv)zf(w)dw
+2a0 [ (ko= w)/h) = [ K= o)/ )i
(K= /) = [ K= o)) o) Fluln
= () / K2(2)dz + B f () / k2(2)dz + 0

where the argument for the first two terms is exactly as in (a), and the third
term converges to 0 since

n [ (k«x — /) = [ (G - v)/hn)f(v)dv>
(k«y —w)fha) = [ Kt~ v)/hn)f(v)dv> f(w)duw
= ! [ (Ko = w) /)~ KE(F) + of1)
(((y — w)/h) — R2(F () + 0(1))) f(w)duw
/k: <z - yh_ x) k(2)f(y — 2hn)dz + O(hy)
/ B(—o0)k(2)dzf(y) = 0

—
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by the dominated convergence theorem if f and k are bounded using (y—z)/h,, —
oo since y—x > 0 and h, — 0. Since | X, ;| < |a|| X, (2)|+|b]| Xn.i(y)], verification
of the Lindeberg condition proceeds as in (a). Thus by the Lindeberg-Feller CLT,
(?77?) holds, and this in turn yields (?7?).

. (a) Wasserman, problem 6.9.3, page 143.
(b) Show that (6.35) on page 136 holds.

Solution: (a) First the case of kernel density estimates: here
J(h) = /ﬁl(:r;)de — Q/ﬁ(x)f(x)dx, and
~ —~ 2 O~
Ty = [ Fuwpdn = 230 Fo(Xo),

i=1

-~

so to show that E{J(h)} = E{J(h)}, it suffices to show that

B {% > ﬁn(X@-)} —e{ [ R} ®)

Now the right side in the last display is
{ [y = [ B

=[] (’” - y) F o)y (x)d,

while the left side is, by conditioning on X;,

_ // %k (y - x) F)dyf(z)da
[ (“"" ; y) P )y f(x)d

by Fubini’s theorem. Comparing the last two displays yields the claim.
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In the case of histogram estimators, it again suffices to show that (??) holds. But

p{[fwrenf = [pGesen= [ 5@

and, on the other hand,

E{%Zﬁ—w(&)} = E{E{nlzﬁ—w(xi)l)@}}

and hence we conclude that (again) E{J(h)} = E{J(h)}.
(b) The claimed identity is

o (Xi— X\ 2 »

J(h)_n%;;k ( - )+nhk(0)+0(n )
where k*(z) = k®(z) — 2k(x) and k@ (2) = [k(z — y)k(y)dy. To check this,
write
so that, with £ (z) = [k(z — y)dy,

-~ B r—X; r—X;
/fn(x)dx - WZZ/k( - )k( h]>dx
i

= XX [H (R sy
]

by the change of variables (x —X;)/h=y, v=X;+hy

= n2hZZ/ (y— )k( )dy
) MZZ’? <X X)

if we assume that k(z) = k(—2).
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Similarly,

1 I 1 & 1 Xi—X;
S ()

i=1 j#i

T () e
_ % sz:k (%) - %k(@) +0,(n )

Putting these pieces together yields the claimed identity, but with a remainder
term which is O,(n~!) rather than O,(n~?). Thus it seems that the computational
formula should really read as follows:

- ST () g ()

i=1 j#i
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