Statistics 583, Problem Set 7 Solutions
Wellner; 5/16/2007

1. The expression for the jackknife variance estimator for the median, in the display (1)
on page 11 (3rd line from the bottom) in chapter 8 was derived under the assumption
n = 2m and that T(F,) = X, if n =2m — 1, T(F,)) = (X(m) + X(mt1))/2 if n = 2m.
(a) Derive the first equality in (1), page 11, using this definition of the sample median.
(b) Derive versions of the development in (1), page 11, using T(F) = F~(1/2) (strictly).
Does the asymptotic result in (1) still hold? Here is some further explanation of what I
mean by “strictly” here: let T1(F,) = X,, if n = 2m — 1, T1(F,) = (Xm) + Xnt1))/2
if n = 2m. This is one common definition of the median, and this is the definition used
in (a). Let T3(F,) = F,'(1/2). This is my favorite definition of the median. Note that
Ty(F,) = T1(F,) if n = 2m — 1, but Tx(F,) # T1(F,) if n = 2m. (What is the value of
T5(FF,,) in this case?) Ty is the definition of the median to be considered in 2(b)!

Solution: Solution: (a). For n =2m,

T, — X(m+1) %f Ziﬁm
’ X(m) if i>m

and T,. = (X(m) + X(m+1))/2. Hence

—

1
nVar, = (n—1) {m(X(m+1> = 5(Xm + Xonin)))”

1
+ m( Xy — = (Xm) + Xm1)))?
2

Xm+1) = X(m)

= nfn—{EmHl S (1)

(b). When n =2m and T(F) = F~'(1/2), we have T'(F,,) = X(,) and T,,; are exactly as
in A above. Hence (1) continues to hold.
When n = 2m — 1, then T(F,,) = X(m),

T . — X(m) if igm—l
e X(m—l) if 1>m ’



and T,,. = {(m — 1) X ) + mXgn_1y}/(2m — 1). Therefore

nVar, = (n—1) {(m — D{Xm — 5 [(m — 1) Xy + mX (1)}
b Xy = g [ = )X + X))
=12 41) [ X~ Xep |
N n 2

o 4f2(F‘11(1/2)) (X?)

just as before.
Remark: The only case left out in (a) and (b) is that of an odd sample size, n = 2m — 1
in part (a). In this case,

(Xem) + Xmay)/2  if i<m—1
(X(m—l) + X(m))/Q if 4 >m+1

Thus
1 {(m—1)
1 (m—1)
+ 5 (X1 + Xonen) + 5 (Xn-n) + X<m>)} :

The analysis from this point proceeds not just by algebra, but by careful grouping of
terms and observing which terms are negligible. I will not present a full analysis here,
but will record the result:
— m — 1)m? 9
nVar, = % {n(Xms1) — Xme1) }~ + 0p(1)
1 XZ 2
T AP ) 4

since, with g = 1,
(Xms1) = Xm-1)) —a g (1/2)W
where W =; Y] + Y2 ~ Gamma(2,1) for independent exponential rv’s Y;, Y5, so that

2W ~ x3. Thus for this definition of the sample median, it is true that n\//a\rn = 0,(1) for
the full sequence of nonnegative integers n but it converges in distribution to one limit as
n = 2m — oo and a different limit as n = 2m — 1 — oc.



2. (a) Wasserman, problem 3.8.3, page 39, modified. Show that the claimed expression for
Upoot Ziven in the display for this problem is incorrect and find the correct expression. Here
Upoot = V arg, (T,,) where T, = Yi. [Hint: see Dodd and Korn, The American Statistician
61 (2007), 127 - 131, and especially their appendix B, pages 130-131. Apparently the
formula given by Wasserman in his problem is from Shao and Tu (1995), page 10; as
noted by Dodd and Korn, the expression in Shao and Tu is incorrect.]

(b) Explain how the resulting formulas relate to how you would estimate the variance of
7i via the delta method.

Solution: (a) This is explained quite well in the appendix of the paper by Dodd and
Korn (2007).
(b) The first term of the exact finite sample variance expression

-2 41202 20* 4 — 30?
n n n

n

corresponds exactly to what we would get from the delta method: with g(z) = 2% we
have ¢'(z) = 2x and hence

VX, = 12) —a g (1) Z ~ N(0,4%0?)

where Z ~ N(0,1). Thus the delta-method estimator of Var(YZ) is just 47i52 where
S, is the sample variance. The bootstrap estimator of variance refines this (as shown
by Dodd and Korn) by correctly capturing the n=2? term when pu # 0. When u = 0,
then neither the (first order) delta method nor the (nonparametric) bootstrap tells the
complete story.

3. Wasserman, problem 3.8.11, page 41: suppose that Xi,..., X, are i.i.d. Uniform(0,0).
The MLE 6, of 6 is § = max{X,, ..., X,} = X..
(a) Find the distribution of f,. Compare the true distribution of 8, to the histograms
from the parametric and nonparametric bootstraps.
(b) This is a case where the nonparametric bootstrap does very poorly. Show that for
the parametric bootstrap P* (GA:TL = é\n) = 0, but for the nonparametric bootstrap

PO =0,)=1—(1—-1/n)"—1—¢ '~ .632...

Solution: (a) Let Fy denote the Uniform(0,6) distribution. The distribution of 8, is
just

Pg(en <]}) = Pg(X(n
Py(Xy

w0 =5 (5)" toato)

3

<z)=PX)<z,....X, <x)
)" =(1—z/0)", 0<z<8#, sothat

IN T



Thus gn/ﬁ 2 §(n), the largest order statistic of a sample i, ..., &, of i.i.d. Uniform(0, 1)

random variables, and n(1 — 0, /0) < nény —q Y where Y ~ exponential(1).
(b) The parametric bootstrap estimator of

Koz, F)) =Py, <z)=(1—-2/0)", 0<z<6
is
K, (2, Fy) = P(0F <) = (1—x/0)", 0<z<0,
The nonparametric bootstrap estimator is given by
K, (x,F,) = P (0; <) =P (X}, <)
= P(X]<z,.. ., X! <z)=P(X] <z)"=F,(z)"

Thus

. On page 12, line 4 of Chapter 8 of the lecture notes, it is claimed that if Er|X|" < oo for
some r > 0 (and F' has positive and continuous density f in a neighborhood of F~!(1/2))
then for the median function T'(F) = F~(1/2) we have

1/4

nVarp(T(F,)) — P19

Prove (or disprove) this claim.

Solution: More general versions of this problem are discussed in Section 11.4.7, pages
474 - 480, Shorack and Wellner (1986). Unfortunately this material in SW (1986) is based
to a substantial extent on an unpublished Stanford Ph.D. dissertation of K. M. Anderson
(1982), which is not generally available, and the proofs in SW (1986) are incomplete. In
particular, Theorem 4 and Exercise 2 on pages 475 - 476 are not proved there: see the
last line of Section 11.4.7, page 480. The solution below relies on inequalities derived in
Wellner (1977), Ann. Statist. 5, 481-494.

Suppose that n = 2m, so that T'(FF,,) = X(,,). Since

Var(T(F,)) = BE(X@m — EXm)’
= BE(X@m — F71(1/2))? = (F7'(1/2) = EX(m))?,



it suffices to show that
1/4
fHE-N1/2))
n'2{EXm — F7(1/2)} — 0.
Since we know that /n(Xq,) — F7'(1/2)) —4 N(0,1/(4f*(F~'(1/2))), both of these

will follow if we show that the sequence of random variables {V,} = {n'?| X, —
F~1(1/2)|}n>1 is uniformly square integrable; i.e. if we show that

nE(X(m) - F71(1/2))2 — and

lim sup E|V,|*1jv, 55 — 0 as A\ — 00.

n—oo

This would follow easily from

limsup E|V,|* < co (2)

n—oo

for any s > 2. Now it follows from Wellner (1977) (see also Shorack and Wellner (1986),
page 456) that, with p,, = m/(2n + 1),

1

s/2
El&m) = Prl* < Cs(Pmdun/1)*"? < Cu(m/n?)*? = C; (%) :

where Cs =14 2-10°T'(s + 1). Equivalently,
E{|n"?(&my — pm) "} < Ci(1/2)°2, (3)
Now write @ = F~1 and, with &, ...,&, i.i.d. Uniform(0, 1),
_ d
Vi = V(X — F7(1/2) = Va(QEm) — Q(1/2))
= Q(&)Vn(§m) — 1/2)
= QU
where |£* — 1/2] < |{un) — 1/2| since the derivative @' exists and is continuous in a
neighborhood of 1/2. Let s > 2,0 < M < oo, and € > 0. Then we have
E|Vn|S = E|Vn|81{|vn| < M} + E|Vn|81{|vn| > M}
< M+ BIVA Vel > M} =T+ T,
Now we bound /17, in several steps:

< E{|VLI°{|V.| > M}1{|U,| < M}} + E{|V,.|°I{|V.| > M}1{|U,| > M}}

IN

uilu—1/2|<M/\/n
= [I[,+1V,

<M sup IQ'(U)I> + E{[Val I{[Val > M}I{|U,| > M}}



since on {|U,| < M},

Val <1QENUn| < MIQ'E)[ <M sup — [Q(u)].

w:lu—1/2[<M//n
Now we bound IV}, in two steps: for n so large that ey/n > M,

IV, = B{V,['1{|Vs] > M}I{|U,| > M}}
= B{IVa'H{|Va| > M}H{M < |U,] < ev/n}} + E{|Val"L{|Vo| > M}I{|Un| > ev/n}}

IN

sup \Q’(U)!> E|Unl"H{|Un] > M} + E{|V,["I{|[Va] > M}I{|Un| > ey/n}}

uilu—1/2|<e

IN

sup \Q’(U)!> E|Un|* + E{IVal"H{|Va] > M}{|Un| > ev/n}}

uilu—1/2|<e

uilu—1/2|<e

= V,+VI,.

< sup IQ’(U)I> - Co(1/2) + B{[Val H|Va| > M}L{|U,| > ev/n}}

by using Wellner’s moment bound (3). Thus it remains to bound V'1,,. Since E|X|" < oo,
we have P(|X| > z) < E|X|"/x", so

e {F(=z)+ (1 - F(z)} <a{F(-2) + (1 - F(z—))} < E|X[" = K.
It follows that |z|"F(x) < K and |z|"(1 — F(z)) < K, or equivalently,
Q)| < K {u(l—u)}™",  O<u<l
Since |V,| < /n(|Q(&wmy)| + 1Q(1/2)]), it follows by the C,—inequality that
Val* < 25702 { K7 €y (1 = En)] ™ +1Q(L/2)1°}
and hence

VI, < 27" PKSE {[Epmy (1 — )] ™" H{|€my — 1/2| > €}}
+2771Q(1/2) P P(|€my — 1/2] > €)
= VI, (a)+ VI, ().

Now the second term here, VI,(b), can be handled easily using an exponential bound of
Wellner (1977):

P(Vil€n) = Pl = /Bmin) < 2exp(=A/10)



where p,, =m/(n+1) =m/(2m + 1); see Wellner (1977) and display (7) on page 454 of
SW (1986) — where (7) there should read as in the last display here. This implies that

P(|€m) —1/2] > €) < 2exp(—2ev/n/5).
Thus we find that
VI, (b) < 2°|Q(1/2)|*n*/? exp(—2ey/n/5) — 0 as n — 00.

It remains to handle V'I,(a). The best approach here is to return to the finite sample
calculations and to bound much as in the proof of the pointwise convergence argument
outlined below.

152 E {0y (1 — E)] ™" 1{|€my — 1/2] > €}}
n!

_ 5/2/ —s/r(l . )—s/’r m—1 1 — w)du -
n u Uu Uu u U
. b G it — )

1
_ 5/2/ U 1— s/r(l . )m—l—S/r(l _ u)du . _271(1 + 0(1))\/7_1
Jlu— 1/2\>6 2m

— (s+1)/ (1 n, m—l—s/r(1 _ ,\m—1-s/r(q1 _
n +0(1))/ o (1—u) (1 - w)du
\/27T lu—1/2|>¢

1
(s+1)/2 (1 m—s/r . m—1—s/r(q1 . 9—2m+2s/ron
=n — +0(1))/ (2u) (2(1 —u)) (1 —u)du -2 2
Vim lu—1/2|>¢

= 22S/Tn(5+1)/2\/%_ﬁ(1 + 0(1))/ (4u(l — u))™ 1" (1 — w)du

lu—1/2|>€

where

4u(l —u) =1 —4(u —1/2)* < exp(—4(u — 1/2)?).



Therefore, for n sufficiently large,
n*/2E { [y (1 — >] U |Em) — 1/2] > €t}
4(u—1/2)*(m —1—s/r))du

< 225/7’ (s+1)/

exp(—
\% 277 /u 1/2|>€

_ 225/7’ (s+1)/ / exp ( -1 —S/T))d'z
YV 27T |z|>€
_ 225/7“ (s+1)/ / exp ( -1- S/T))dz
vV 2w |z|>€
1
= /rtln(tD25 P(g, 17| > "=
n onP(on|Z] > €), Tn 8(m —1—s/r)’
< Qu/r2 (s, o(e/ay,) by Mills ratio inequality
€/oy,
—  9s/r+2, (s+1)/202 11 —— exp(—4€*(m — 1 — s/1))
€/ 2T
— 0 as n — 00.

Combining the pieces yields

E[Vo]” < MS+MS< sup IQ’(U)IS>+052_S/2< sup IQ’(U)IS>

wu—1/2|<M/\/n uilu—1/2|<e
+2°1Q(1/2)]"n* P (|€my — 1/2] > )
1 1 n(s+1)/2

Vore8(m—1—s/r)

+ 2878028/ ts exp(—4e*(m — 1 — s/r)),

so that

limsup E|V,[* < M* (1 +]Q'(1/2)]") + C2~*/* ( sup |Q'(U)|S> < 00;

n—0o0 w:lu—1/2|<e

i.e. (2) holds.

Some of the intuition for the proof above has relied on the following development con-
cerning convergence of the densities of v/n(X,) — F~1(1/2)) to N(0,1/(4f*(F~1(1/2)))).
Note that X, /2y = X(n) has density

n!

and hence /n(X(n) — F~(1/2)) has density

/2 n F(F(1/2) + a2 f(FH(1/2) + an™Y2) (1 = F(F1(1/2) + an~ /%)

(m —1D)l(n —m)!



Thus it follows that

E (Vi(Xmy — F7(1/2)))°
/ xQn—l/Q ”! F(FY1/2) + a2y f(FH(1/2) + an~Y/2)

“1l(n—m)!
F( (1/2)—|—xn V2yyn=m qy

( Nor +o(1 ) 2” x2F( Y(1/2) + an V)™ L (F~H(1/2) 4+ an~Y?)
7r
— F(F~ (1/2) +an” V)M dy (4)
by Stirling’s formula:

n! ~ V2rn(n/e)", m! = (n —m)! =V2rm(m/e)™ = \/21(n/2)((n/2)/e)"?,

and hence
n! - n! m V2mn(n/e)1 + o(1))
(m —1)i(n —m)! (ml)? (W«n/m/@”/%lﬂ(l)))g
R R 0
~ eym
— =2Vl + o).

Now note that
F(F7Y1/2) 4+ an™Y?) — F(F~Y(1/2)) = 1/2
and, moreover,
gn(x) = V(F(FH(1/2) + an™'?) = 1/2) — f(F7'(1/2))x = g(x)
for each fixed z. Thus we can rewrite the integrand of the right side of (4) as

M2 F(F7H1/2) + an~ V)T A (F7YH(1/2) + an V) F(F~Y(1/2) 4 an™ %)™
(1= F(F(1/2) +an” )
= PF(FY(1/2) 4 an )" F(F7Y(1/2) + an~?)
Adun () (1 = un(2))}" (5)

where
un(z) = FFY1/2) +2n V%) =1/2 +nV2g,(2)

9



Note that the function r(u) = 4u(l — u) is maximized at v = 1/2 with 7(1/2) = 1 and
r(u) =1—4(u—1/2)%

Hence the term {4u,(z)(1 — u,(x))}"™ can be written as

(1 — A(un(z) — 1/22}" = {1_%}’“:{1_%}71/2

—  exp(—4g°(x)/2) = exp(—2¢*(x))

2 /2 z?
= exp —T = exXp _ﬁ
fAF~1(1/2))

with o2 = (1/4)/f?(F~1(1/2)). Since

F(FH1/2) +an )7 (FH(1/2) +an™?) — F(FTH(1/2))7 1 f(F(1/2))
= 2f(F(1/2)) =1/o,

It follows that we have
E (Va(X(m — F71(1/2)))
1 < -1 —1/2\—1 ¢ -1 ~1/2
= (\/—2_7r+0(1))/ L F(F7Y(1/2) 4 an~ V)7L (F~1(1/2) + an~Y/?)

054%(3:)0(01 (@)Y da (6)
\/2;7 /_ 22 exp(—22/(20%))dz = 02 (1)

if the interchange of limit and integral can be justified. To do this we need to either find
an integrable dominating function and apply the dominated convergence theorem, or use
a uniform integrability argument.
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