Statistics 583, Problem Set 4 Solutions
Wellner; 4/25/2007

1. Suppose that F' is a continuous distribution function on Rt = (0, 00), and that
X; ~ F; where 1 — Fj(z) = (1 — F(z))®®®) 4 = 1,... N for some numbers
Z1,...,2zy and 0 € R.

(a) Find the locally most powerful rank test of H : § <0 versus K : 6 > 0.
(b) Describe how you would cary out your test when N = 5 and z; = 25 = 23 = 0,
24 = 25 = 1.

(c) Describe how you would carry out your test when N = 400, z; = 0 for
i=1,...,150, 2 = 1 for i = 151, .. ., 400.

Solution: (a) From example 6.3.5.2 with A; = exp(fz;) it follows that, with
d=r",

Py(R = 1) = ﬂ exp(0zq,)
i Zjvzz exp(0zq;)

and hence

N N
log Py(R=r) = Z 0z4, — log Z exp(fzy;) .
i=1 j=i



Therefore we compute

0
70 log Py(R = f)’ezo =
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N
&
Q
=
—~
-~
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where

. 1
anli) = 1_ZN—]+1
j=1
7
1

Thus the test of H: 0 <0 versus K :

0 > 01is “reject H if Sy(R) > k,” where
ke is determined so that Py(Sy(R) > ka) = a.

(b) When N =5, m=3,n=2 and z; = 25 = z3 = 0, 24 = z; = 1, then the
test becomes “reject H if Sy(R) > k, where now

5

Sn(r) =Y as(r;) =

1=4

Z as(g;)



where the a;(i) are given by

(a5(1), a5(2), as(3), as(4), as(5)) = (.8, .55,.2166.. .., —.2833 ..., —1.2833 ..

Equivalently, we reject if Sy < 7%& where

and

gN(f) =

by (i)

> b)) =) bn(a)

1=4

N
k=N—i+1

| =

).

Here (bs(1),bs(2),bs(3), bs(4), b5(5)) = (.2,.45,.7833,1.2833,2.2833). The null

distribution of the test statistic S5 has equal mass .10 on each of the (

points corresponding to observing

5
3

) =10

q = (QhQQ) = (172)7 (173)7 (174)7 (175)7 (2’3)7 (2’4)7 (275)7 (3’4)’ (375)7 (4’5)’

namely

Ss(q) = .65,.9833,1.4833,2.4833, 1.233, 1.733, 2.733, 2.066, 3.0666, 3.5666:

ordering these gives the following table:

Table 1:
¢ (O3 [ @3] D) [ [ GA [ 15 [ @5 | G5 | @5
Ss(q) | .65 |.9833 | 1.233 | 1.4833 | 1.733 | 2.066 | 2.4833 | 2.733 | 3.0666 | 3.5666

We reject H if S is “too small” relative to this distribution. Thus if Q=(3,5)
is observed and o = 1/5, then we would reject H.

()

When N = 400, m = 150, n = 250, then it’s quite reasonable to use the

approximate scores by (i) = —log(1 —i/(N +1)) and the test becomes “reject H
if B, =n"">7"_ bn(Q;) < ka” where k, is chosen so that

PO(En < ka) =

approximately.

But here the null distribution of B,, is the same as the distributon of the sample
mean in sampling without replacement from an urn containing balls with the
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numbers by (1),...,by(N) written on the balls. Since by — 1 and nVar(B,) —
A, by problem 4.3(ii) and since the Noether condition holds by problem 4.3(iii),
it follows from the WWHN finite sampling CLT that

Vn(B, —1) —4 N(0,\)

as n — oo. Thus the test becomes “reject H if /n(B, — 1)/v/m/N < —z,"
where P(Z < —z4) = ®(—2,) = a.

. Let Uppn = T(Fp,,Gy) where T(F,G) = [FdG = P(X < Y) is the Mann-
Whitney functional and F,, and G, are the empirical df’s of Xy,..., X, ii.d.
with df F', Y,...,Y, iid. with df G.

(a) Show that

mnUn,, +n(n+1)/2 =W, = ZQj = ZRmﬂ'
j=1

j=1

(b) Show that EU,,, = P(X <Y) = [ FdG and that

Var(vmnU,y,.,)
_ (n—l)/(l—G)QdFJr(m—1)/F2dG— (N—l)(/FdG)2+/FdG

= (n—1)Var[l - G(X)|+ (m —1)Var[F(Y)] + /FdG(l - /FdG) )

() When F' = G use the results of A and B to compute EppW,,, and
Varp,r (W) (This should agree with calculations for the Wilcoxon rank sum
form of the statistic under the null hypothesis via finite sampling calculations.)

Solution: (a) Using empirical distribution function notation, NHy = mF,, +
nG,, so

mnUy,., = /mFmd(nGn) = /N]HINd(nGn) —/nGnd(nGn)
- ZNHN ZnG Y)
= Z Fmrs = ZJ'

- ZRer] n(n+1)/2.



(b) The expectation is easy:

n

ZLZZPX <Y;) P(Xngl):/FdG.
mn

7j=1 =1

For the variance, we first calculate

ElmnUna” = > 3 Y > Elxcy,x.<v

iljlklll

= ZZEl[X<y]+ZZPX< L Xk < Y))
7j=1

1=1 i#k j=1

+ Y N PGSV, X <)+ DY P <Y X <)
i=1 j£l itk j#l
= mnP(X; <Yi)+m(m—1)nP(X; <Y}, Xy <Y))
+ mn(n—1)P(X; <Y, X; <Y3)

+m(m—1)n(n —1)P(X; <Y1, X, <Y5),
Pt <) = [ Fac,
P(X) < Vi, X, < Y1) = EP(X, <Y1, X, < Vi|Y)) = /FQ(a:)dG(:z:) ,

P(X < Yo, X0 < Y2) = EP(Y, £ V1,0 S VX)) = [ (1= Glom)dF (),

and

P(Xl§Y1,X2§YQ):P(X1§Y1)2:(/FdG)2'



It follows by algebra that
Var(mnUpn,,) = E(mnUn,)?* — {E(mnUpn.,)}°
= mn/FdG+m(m—1)n/F2dG

+ mn(n — 1) /(1 _ G(z—))2dF(z)
+ m(m — Dn(n — 1) / FAGY? — (mn / FdG)?
— m(m— ) / F2G — ( / FdG)?)
+ mn(n — 1){/(1 _ G(z—))2dF(z) — (/ FdG)?)
- mn/FdG(l—/FdG).
By noting that
/FdG:P(XgY) - P(X>Y)
_ - / Gla—)dF(z) = / (1 - Gla—))dF (),

this yields the claimed variance formula (to within a left limit):

Var(vmnU,,,) = (m—1)Var(F(Y))+ (n—1)Var(l — G(X-))
+ /FdG(l—/FdG) :
(¢) When F = G continuous we find that
BE(Uy) = /FdF —1/2,

and, since now Var[F(Y)] = Var|G(X)] = 1/12,

1
- —1)— 1) — 4+ =
Var(vmnUy, ) (m )12 +(n )12 +1
1 1 1
= (N—-2)—+-=(N+1)—.
( )12+4 (V+ )12

Hence from part (a) it follows that

E(i Q;)=n(n+1)/2+mnEUy,,) =n(N+1)/2

J=1
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and

Valr(jz1 Q;) = mnVar(v/mnU,,,) = mn(N + 1)%

both of which agree with the finite sampling calculations of problem 2.(a) of
problem set 3.

. Suppose that F, is the class of distribution functions F on R*, and consider the
functional T'(F') defined for a fixed zg € Rt by

f;;(1 — F(t))dt

T(F) = ep(en) = Ep(X —a0|X > m0) = =y

This functional is the mean residual life functional.

(a) For what collection of df’s Fy is T' weakly continuous at Fy? For what
collection of df’s Fy is T' continuous at Fj with respect to the Kolmogorov metric?
(b) Find the influence function of T'(F').

Solution: (a) Suppose that F, —; F', and write

T(F):tﬁm@*‘fdlummxxﬁumxx

1—F(x)
Thus
T(F,) — Jo (@ — xf)_l(?n?o;;x)an(x) )
— e ) g ®)

by the Helly-Bray lemma if x4 is a continuity point of F' and if x is uniformly
integrable with respect to the sequence F,:

lim sup EFn{X]-[XZA}} — 0

as A\ — oo. If F,, — F with respect to the Kolmogorov metric dg, then F,, — F,
so the previous argument goes through under the same assumptions, but (2) may
continue to hold even when F' is discontinuous at zy. To see this, note that
di(F,, F) — 0 implies that F,(z9) — F'(zo) (even if F' is discontinuous at x),
while the numerator of T'(F,,) can be written as

/mﬂ—ﬂ@Mt: /%LJMW%+/WQ—E@Mt

o o) M

— /M(1 — F(t)dt+ €= /00(1 — F(t))dt + 2¢

xo xo
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by using dg (F,, F') — 0 and uniform integrability.

(b) First note that with Fy = (1 — t)F + tG we have both

d

dt(l — Fi(wo) }

—(G = F)(x0)

t= 0

and g [ .
@), (1— F(y)dyl|,_, = —/ (G = F)(y)dy.

zo

Thus by the product rule we calculate

d (G = F)y)dy [0 = F(y))dy

Gl Wy =~ Ty (¢~ Do)
_ (G = F)(xo) Jo (G = F)(y)dy
— eF(xO) 1 . F(l’o) - 1 — F(xo)

Taking G = 0, = 1|, «) yields the influence function for 7" at F:

IC(x;T,F) = ep(x) (1[$700)(x0) — F(x0)) _ fxzo(l[x,w)(y) — F(y))dy

1 — F(x) 1 — F(xo)
R )(1[0950}(:15) — F(0)) oy Lowi(@) = Fy))dy
FA F(xo) 1 — F(xo)

Jor 1=F(y)dy
er(20) — o — Fo) x <z

_F(z Jor Lo,y (@o)—F(y)dy
1_;(;0))61?(960) — =% ly Zen) x> X

|
) {o v <
{

—F(z Loy =F)dy [ 15 1(x0)—F(y)dy
T (o) — i)—F(xo) - [01]—F(()ac0) T > X

0 x < xg
T > Tg

1-— F(Z'o)
Note that
Var(X — xo| X > x9)

Ep[IC*(X;T, F)] = 1 — F()




4. Let F be a distribution function on R? with finite second moments, and let p(F)
be the correlation coefficient

o(F) Covp(X,Y)

B \/VarF(X)VarF(Y) '

Assume that |p(F)| < 1.

(a) Give an example of a sequence of bivariate distributions {F),} satisfying
F, — F, but p(F,) — 1.

(b) Find a collection F of distribution functions on R? so that p is weakly
continuous on F.

Solution: (a) Without loss of generality we may suppose that F' is a bivariate
distribution function with zero means, Ep(X) = Er(Y) = 0. Let F, = (1 —
n)F +n"0, b,y With (a,,b,) € R?. Note that F,, has marginal distribution
functions F, x = (1—n Y Fx+n"',,, Fny = (1—n"')Fy +n~14,, respectively
where F'x and Fy are the marginal df’s of F'. Thus we compute

Covr, (X,Y) = Ep, (XY) — Ep (X)EgY

=1 —n"Covp(X,Y) +n tab, — (n"'a,)(n"'b,)
=(1—-n"'Covp(X,Y)+n "Y1 —-n"Ha,b,,

(X) = Ep,(X?) — (Bp, (X)) =1 -n""YWarp(X) +n ' (1 —n"a?
(

Varg, n

Varg,(Y) = Ep,(Y?) — (Eg,(Y))? = (1 —n HVarg(Y) +n (1 —n 1)b2.

Choosing a,, = b, = n yields

Thus we find that

o(F) Covg, (X,Y) ~ n(l+o0(1))

B \/Varpn(X)Vaan(Y) ~ n(1+o0(1))

as n — o0o. Thus p is weakly discontinuous at every F'.

(b) Consider the following collection of distributions on R?: for some r > 2 and
M < o0
FT,ME{FS EF‘X’TSM, EF’Y’TSM}

Then p is weakly-continuous on F, s at any F with Varg(X) > 0and Varg(Y) >
0. Here is a proof: let {F,} C F, satisty F,, —4 F. Then with (X,,,Y,) ~ F,
and (X,Y) ~ F we have (X,,,Y,) —4 (X,Y), and by a Skorokhod construction
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there exist (X, Y) =4 (X,,,Y,) and (X*,Y*) =4 (X,Y) defined on a common

n’ n

probability space and satisfying (X, V") —,s (X*,Y*). But because {F, C

n? n
Foar, X2, Y2 and | X,,Y,,| are all uniformly integrable: since r > 2,

1
2 r
Ean[X%ZM S )\rsz‘Xn‘ S )\7«,2

SO

lim limsupEXfll[X%Z,\} < lim =0

A—00  p—oo A—oo \T72

and similarly for {Y¥;?}, so the uniform integrability of |X,,Y,| follows by Cauchy-

Schwarz. The same holds true for the (X, Y,") pairs since the uniform integra-

bility only depends on the (marginal) distributions. Thus by Vitali’s theorem it
follows that
EX =FEX s — EX"s=FEX®

and
EY;=FEY's - EY*s=FEY*®

for s = 1,2, while Vitali also yields
EX,Y,=FEX}Y - EX'Y*"=FEXY .
Therefore
Varp,(Xn) — Varp(X), Varg, (Yn) — Varp(Y), (3)

and
Covg, (X, Y,) — Covp(X,Y). (4)

Since we have assumed that Varg(X) > 0 and Varg(Y) > 0, (3) and (4) yield

Covg, (Xn, Yy) . Covp(X,Y)

E) =
) VVarg, (X,) - Varg, (Y,) VVarp(X) - Varp(Y)

= p(F);

i.e. pis continuous on F, s at any F' with positive variances.

It is interesting to note that the hypothesis {F,} C F,. cannot be weakened
to {F,,} C Fau (and hence it can also not be weakened to the still larger class
Fa0). Here is a counterexample. Let F be a d.f. on R? with EX =0 = EY and
EX?*=1=FEY? and p(F) < 1 where (X,Y) ~ F. Let M > 1 be a big number,
and consider the class

Fom={FonR*: EpX*< M,EpY*< M}.
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Let ay,, b, > 0; we will specify them in terms of M shortly. Consider the sequence
of d.f.’s {F,} C For defined by

1 1 1
Fo(z,y) = (1 — —)F(z, Bl N
(z,y) = ( n) (z y)+2n (anbn) + 5 -O(=an,~bn)

Then for any bounded and continuous function v : R? — R,

1 1 1
/wan = (1 - ﬁ) /wdF + %1?(%, bn) + %Qﬂ(—am _bn)

[ war,

so F,, —4 F. Furthermore, with (X,,,Y,) ~ F,,

EX,=(1-1/n)EX =0,EY, =0,

a? a?
EX? = =(1—-1/n)EX*+ 2 =(1~-1/n)+2=M
n n
if a2 =n{M — (1 —1/n)}. Similarly,
b2
EY?=(1—-1/n)+2=M
n
if 2 =n{M — (1 —1/n)}. With these choices of a, and b,,
anbn

Cov(X,,Y,)=(1—-1/n)Cov(X,Y) + >

Cov(X,,Y,)
Var(X,)Var(Y,)
(1-1/n)Cov(X,Y)+ M —(1—1/n)

p(F)

g

p(F)+M—1

- T#P(F)-

Thus p(F') is not continuous on Fj py.
. Consider the collection Fy of distribution functions F' on Rt with 0 < ErX < oo
and EpX? < co. Let T(F) = o(F)/u(F) for F € Fy where 0?(F) = Varp(X)

and u(F') = Ep(X). This is the coefficient of variation of F'. Find the influence
function of T'(F).
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Solution: T'(F) = \/0?(F)/u(F) where we already know that

(F:G = F) = SRl = [ [ saracia

and

F(F: G~ F) = [{(o - ue)? - o2 }G(a).
Thus, by the product rule for differentiation,

- _lo(F) 1
TRED = s am

OQ(F)LAL(F;G—F),

TG = aF) o)

and

[C(x;T, F) = %T(F){(x - “F)2 — 1} — T(F) (x - ”F) .

OF OF
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