Statistics 583, Problem Set 2 Solutions
Wellner; 4/11/2007

1. (Problem 10, page 249, Ferguson, MS) Let © = {(A,7,...,m,) : A >0, 7 =

(71,...,m,) is a permutation of {1,...,n}}, and let the distribution of Xy, ..., X,
given § = (A, 7y, ..., m,) be as independent random variables with gamma distri-
butions, X; ~ Gamma(a, 3! exp(—Ab,,)) where a > 0, 3 > 0, and by, ..., b, are
known real numbers with Y} b; = 0. Consider testing the hypothesis H : A =0
versus the alternative K : A > 0. (This is a Gamma-regression model with co-
variates or predictors b; in which the relationship between the responses X; and
the covariates b; have become scrambled or mixed up: we unfortunately don’t
know the right pairing of X; and b;, but we do know that some permutation of
the b;’s is correct. Note that problem 11 in Ferguson, MS, gives a more realistic
version of the problem in which (3 is unknown.)

(a) Show that this problem is invariant under the group of permutations of
(X1,...,X,), and that the distribution of the maximal invariant (Y7,...,Y,) =
(Xay, -+, X)) (the order statistics) has density
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for y1 < --- < y, and zero elsewhere where ) _._;; denotes the sum over all
permutations m of {1,...,n}. (b) Show that the locally best invariant test of H
versus K (i.e. the test which maximizes the slope of the power function at the
null hypothesis) is to reject H when > | X; is too large.

Solution: Let GG be the permutation group

G = {g : g(l’) = (xw(l)a S 7~T7r(n))7 (S H}

Then, if X ~ Fy, for g = gv € G, g(X) ~ Py with g(0) = (A,mron’) =
(A, (Tw@), - - s Try)). Thus the hypotheses are invariant under G. The order
statistics are a G—MI. But of course the X;’s are not identically distributed. The
joint density of the X;’s is given by
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If Xy = (X@),...,X(n) denotes the order statistics, then by problem 2(c) of
problem set #1,
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with 7* = (7')~' o 7. Note that this distribution depends only on the G—MI A
(and not on 7).
(b) Now

IAIX) = log fx  (X(-); Q)

n
— aA Z b; + constant in A
i=1
so that

. 1
lA(X(A); A= O) =

m*ell =1
—Q Z bj
j=1
1 n n
= % Z {Z X(i)bﬂ*(z)} — Z bZ
T* i=1 i=1
1 n n
= WZX(Z)Z@T*(%) O{Zbl
=1 T =1

and hence the locally MP invariant test rejects for large values of " | X;.



2. In class in the context of Example 6.3.14 we developed a UMP invariant test under
normal hypotheses: “reject H if T = /nX/S > t,_1.(8) where §o/n® (1 —
Po)-

(a) Study the limiting power of this test assuming that the Y’s (and hence also
the X’s) have E(Y?) < co and that the Y’s are i.i.d. according to the location-
scale family F), ,(z) = Fy((z — p)/0). (You will need to decide on how to specify
“local alternatives”.)

(b) Now consider the alternative test based on the empirical d.f. of the Y’s:
“reject H : p > po (in favor of K : p < po) if nF,(yo) < ¢ where ¢, , is the
largest integer satisfying P(Bin(n,py) < ¢nq) < a. Study the limiting power of
this test assuming local alternatives of the form p, = py — ¢//n with ¢ > 0.

(c) Compare the asymptotic power of the tests in (a) and (b) assuming that Fj
is normal. [Hint: it might be helpful to read example 6.4.2 on page 33 of section
6.4.]

Solution: (a) As discussed in class on 4/7, the first step is to understand the

limiting behavior of the critical points under normal theory. We know that under
X’s i.i.d. N(p,0?) it follows that

(Vaseiat 5 ) =2 (000 2))

Since under normality we have, with ¢y = 0y/09 = ®1(1 — py),

a = Ppyoo (\/_SLnX >tn_17a(\/ﬁc0))
o (S ) y

Sh Sh
= Pyo (M + ? n (? - 1) > tyo1a(Vnc0) — \/ﬁCO> - (2)
n 0 n

Now by the delta-method,

(FER5)~(2) -0 0))

and hence
X -6 0
VX —b) o (g_ _ 1> i T+ 0o~ N(0, 1+ (1/2)cE).
n 0 n

Letting v = limy, oo {tn-1.0(v/nCo) — v/nco }, and taking limits across the identity
in (?7) yields

a=P(Zy+ciZy>)=PH/1+ (1/2)RZ > v)
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where Z ~ N(0,1), and this forces v = /1 + (1/2)c2z, with z, = ®71(1 — ).
Now we are ready to treat the behavior of the size and power of this test when
F,-(z) = Fo((x — p)/o) and Fy is a distribution with mean 0, variance 1, and
finite fourth moment. This implies that the X;’s are i.i.d. with mean 6 and
variance o2. From problem 3, problem set #3, Stat 581, we know that

X, —0
\/ﬁ( G2 _ 52 ) —a Z ~ N3(0,%)

o’ M3
ps pg—ot )’

Furthermore, from the solution of part (b) of the same problem we know that

with g(u,v) = u/\/v

Vi(X,/Sy—0/0) = Vn(g(Xn, S3) —g(8,0%)
—q4 Vg-Z~N(0,Vg'EVg) = N(0,V?)

where

and it is easy to calculate that

V2 = V¢'EVy
1 1
= — {04 — Opz + —*(pa — 04)}

ot 4

1
= l—en+ 102(2 +72) = V3e,m,m) = V7
where ¢ = /0, v, = us/o3, and v5 = puy/0* — 3. Note that when the X;’s are
normal (so v; = 72 = 0), this reduces to 1 + ¢*/2. Thus the size of our normal

theory test when the Y;’s are really i.i.d. F),, ,, (with corresponding parameters
0o and oy for the X;’s) is

X
PGQ,UO <\/_SL > tnl,a(\/ﬁc()))

Pyy.oo <\/ﬁ (z — @) > tn—La(\/ﬁCO) - \/ﬁco>

Sn 0o

— P(VoZ > \J1+27132,) = P(Z > Vi '\ /1 +27132,)
= 1-d(Vy'/1+27z,)

where Vi = V?(co, 11(Fp),72(Fp)). When Fy = @ then 7,(®) = 7(®) = 0,
Vo/1+4 2712 = 1, and the asymptotic size of the test is « (as it must be).
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However for distributions Fy with v, (Fo) # 0 or 72(Fp) # 0, the asymptotic size
of this test is generally not «.

How does the power of the normal theory test behave for local alternatives of the
form p, = po — d//n for ¢ > 0?7 In this case ¢, = 0,/0, = (1 — p,) where
0, — 6y and o,, — 0y, and we have

Vi(e, —eo) = V(@71 —pn) — @7 (1~ po))
_ (D_l(l — Pn) — (I)_l(l — Po) \/E(p — o)
Pn — Po " ‘
d

= Sel(i-w| - (-a)

du u=po

—1 d
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Thus the power of this normal theory test under local alternatives of this form is

/BNOrm(ena Un) = PGn,Un <@ > tnl,a(\/ﬁc()))

Sn
()i
= foan <\/ﬁ (Szn - Z_:> > tn-1,a(v/nco) = Ve — V(e — co))

— PVoZ > (1+2712) %20 — d/dp(@71(1 = py))).

When Fy = @, V2 = (1+27'¢2), and the limiting power becomes, under normal-
ity,

d
PlZ >z, — )
( ) <1+2—1ca>1/2¢<<1>—1<1—po»)
In the terminology used in section 6.4, the normal theory test has efficacy

1 1

€ENorm =

N (L2 ) 2R (1= po) (127101 po)2) 20(@ (1~ po))
under normality.

(b) If we use the alternative test “reject H : p > po when nF,,(yo) < ¢, o where

P(Bin(n,py) < ¢ha) < « (and ¢, o is the largest such integer), then since

nFn(yo) — NPo

—d Z ~ N(O, 1)
npo(1 — po)
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we deduce that (¢, — npo)/v/npo(l —po) — 2o = @ (). Thus the power of
the binomial test under alternatives of the form p, = py — ¢/+/n is

ﬁBin(pn) = P, (nFn(v0) < cna)

_ P nFn(yO) — Npp < Cn,a — Npnp
o \/npn(l - pn) B \/npn<1 - pn)

Ppn <nFn(yO) — NpPn S Cn,ao — NPo npO(l - pO) + \/ﬁC )
Vpa(L—pn) — /npo(1—po) v/npn(L—pr)  /1pn(1 — py)

— P ZSZQ—F; .
Po(1 — po)

Thus the efficacy of the binomial test is

1
€pin = ———.
Po(1 —po)

(c) As discussed in section 6.4, one convenient way to summarize the comparison
between the two tests in (a) and (b) is via their Pitman efficiency, which as noted
on page 35 is the ratio of the squares of the efficacies. Here we get

1 2
€ N = v/Po(1-po) (14271 = po)?/2)¢* (@1 — po))
in,Norm — 1 — .
(2718 T(1—p0)?) /7 4(® T (1—po)) Po(1 = po)

Here is a plot of this relative efficiency as a function of py. It is fairly flat, with
values in the range of .63 to about .65 over the interval .15 < py < 1 — pg, but
declines rapidly to 0 for py < .15 or py > .85. Note that the value at py = .5is 2/,
which is the Pitman efficiency of the sign test relative to the t—test at normality.
Of course the normal theory test does not have asymptotically correct size when
the assumption of normality is violated, while the binomial test maintains the
correct size asymptotically regardless of the underlying distribution of the Y'’s
(and hence of the X'’s).

Figure 1: Pitman ARE plot as a function of pg

. Suppose that X, ¢ =1,...,1, 7 =1,...,J, k =1,..., K satisfy the general
linear model with gijk = €+ 2% -+ n; + 5ij where Zz i = O, Zj n; = 0, Zj 51']' =0
for all 4, and >, d;; = 0 for all j. (d;; is called the interaction effect of the ith
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row and the jth column.)

(a) Show that

5t = ZZZ(XW — & — i —nj — 6ij)°
= > D> (X —Xy)?
+ Y DY Xy - X = X+ X = 6)
+ YN E X )+ Y (X X — )
22 ) (K¢

where 71-]-. = > . Xijr/K, and so on.

(b) Find the UMP invariant test of the hypothesis of no row effect Hy : p; =
... = puy = 0. What is the distribution of the test statistic under the general
linear hypothesis — including the noncentrality parameter?

(c) Find the UMP invariant test of the hypothesis of no interaction effect Hy :
d;; = 0 for all ¢, 7. What is the distribution of the test statistic under the general
linear hypothesis?

Solution: (a) We write 37, Z}]:1 S® =3, and note that

S = ) (Xik— & — i —ny — 0y)°
= ) (Xip— Xijo+ Xyj. — Xi - X+ X
+ X - X+ X, — X
+ X = &= =y — 0y)?
= ) (Xip— X5)°
S S S G S e
+ Y (X=X —w)+ ) (X - X =)
+ ) (X —¢)



where the ten cross product terms all vanish because

g
>
|
>
|
>
+

X.)=0, forallj,
Y (X — X — X, +X.)=0, foralli,
2(71 —~X.)=0, forallj,
Z(Yﬂ —-X.)=0, foralli,

Z(ka - XU) = 0, for all Z,j
k

(b) It follows from ( ) that the least squares estimators of ;;;, are given by
£Z]k—€+Uz+n]+5Z] where

E=X..,
i =X — X..,
//L\j - YJ - Y,
Thus the residual sum of squares under the big model is >~ (X, — X;;.)%. On the

other hand, under the hypothesis of no row effect, the least squares estimators
Sije = & + fli + 7 + 63 of & are now given by & = ¢, 1); = nj, and 0;; = d;;, but
it; = 0, and then the residual sum of squares is

$2(6) = 3 (K — Xy )2+ S (Ko —

Here n = IJK, k = IJ, and » = I — 1. Thus the F statistic for testing
H: py=---=p; =01is given by

P (X — X2 /(1 —1)
S (Xije — X332/ (IJK — 1)

which has an Fy_y 1y _1y(0%) distribution where 6% = JK 321_, yi2/0?.

(c) The least squares estimators of &, under the big model are exactly the same

as in (b): fz gk = 5 +w + 0+ 5U, and the residual sum of squares under the
big model is also exactly the same. Under the hypothesis / that all ¢;; = 0, the



least squares estimators éijk = er ﬁz + ﬁj + Sij of &, are now given by f = E,

ﬁj = 17);, and ﬁz = 11;, but now Sij = 0, and the residual sum of squares is
SHE) =Y (X — Xip)* + Y (X — X = Xy + X2

. Consider a two-way classification X;;,7=1,...,1, 7 =1,...,J with the assump-
tions of the general linear hypothesis for which £X;; = a4 Bz; +n;, where a;, 3,
and 7; are unknown parameters subject to the restriction > n; = 0, and where
z; are known numbers for which X1 2z, = 0 and Y1 22 = 1.

(a) Find the UMP invariant test of the hypothesis

(b) What is the distribution of the test statistic under the general linear hypoth-
esis?

Solution: Here { = (&, i=1,...,1, j=1,...,J) with §; = a+ 8z +n,; where
S z=0,3122=1, and >_;m; = 0. Thus the &;’s are in a J + 1-dimensional
subspace of R" where n = I.J. The null hypothesis imposes r = J—1 restrictions,
and under the null hypothesis the ;;’s are in a 2—dimensional subspace of R". It
is straightforward to see that the unrestricted least squares estimators are given

by

Pg— 1
]

I
~ — — 1
15} ; z where 7 zj: j
Under the null hypothesis that n, =, =--- =n; =0,

O
|
Q)
I

@0
Il
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X2,
1

7

as before, but now ﬁj =0,7=1,...,J. Hence

Ei—Cij=m =X, —X.

Ne}



and ;
Y& =) (X;-X)P=1) (X
4,] Jj=1
while N B
Z(Xij — &)’ = Z(Xij — X ; — widehat3z;)*.
4,J i,j
Thus the F' statistic becomes

I (X =X/ -1
> (Xij — X — widehat3z)? /(1] — J = 1)

F =
Under the general linear hypothesis the noncentrality parameter is

: 1217ﬁ
} : j=1"1
- 0_2 g’L] 6 2 N

o

Hence under the general linear hypothesis

F o~ Fyyry-g-1(6%).
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