
Statistics 583, Problem Set 2 Solutions

Wellner; 4/11/2007

1. (Problem 10, page 249, Ferguson, MS) Let Θ = {(∆, π1, . . . , πn) : ∆ ≥ 0, π =
(π1, . . . , πn) is a permutation of {1, . . . , n}}, and let the distribution of X1, . . . , Xn

given θ = (∆, π1, . . . , πn) be as independent random variables with gamma distri-
butions, Xi ∼ Gamma(α, β−1 exp(−∆bπi

)) where α > 0, β > 0, and b1, . . . , bn are
known real numbers with

∑n
1 bi = 0. Consider testing the hypothesis H : ∆ = 0

versus the alternative K : ∆ > 0. (This is a Gamma-regression model with co-
variates or predictors bi in which the relationship between the responses Xi and
the covariates bi have become scrambled or mixed up: we unfortunately don’t
know the right pairing of Xi and bi, but we do know that some permutation of
the bi’s is correct. Note that problem 11 in Ferguson, MS, gives a more realistic
version of the problem in which β is unknown.)
(a) Show that this problem is invariant under the group of permutations of
(X1, . . . , Xn), and that the distribution of the maximal invariant (Y1, . . . , Yn) ≡
(X(1), . . . , X(n))(the order statistics) has density

fY (y|∆) =
(
∏n

1 yi)
α−1 exp(−α∆

∑n
1 bi)

Γ(α)nβnα

∑
π∗∈Π

exp

{
− 1

β

n∑
i=1

yi exp(−∆bπ∗(i))

}

for y1 < · · · < yn and zero elsewhere where
∑

π∗∈Π denotes the sum over all
permutations π of {1, . . . , n}. (b) Show that the locally best invariant test of H
versus K (i.e. the test which maximizes the slope of the power function at the
null hypothesis) is to reject H when

∑n
i=1 Xi is too large.

Solution: Let G be the permutation group

G = {g : g(x) = (xπ(1), . . . , xπ(n)), π ∈ Π}.

Then, if X ∼ Pθ, for g = gπ′ ∈ G, g(X) ∼ Pg(θ) with g(θ) = (∆, π ◦ π′) =
(∆, (ππ′(1), . . . , ππ′(n))). Thus the hypotheses are invariant under G. The order
statistics are a G−MI. But of course the Xi’s are not identically distributed. The
joint density of the Xi’s is given by

f(x; ∆, π) =
n∏

i=1

xα−1
i e−α∆bπ(i)

Γ(α)βα
exp(−β−1e−∆bπ(i)xi)

=
exp(−∆

∑n
j=1 bj)(

∏n
i=1 xi)

α−1

Γ(α)nβnα
exp

(
−β−1

n∑
i=1

xie
−∆bπ(i)

)
.
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If X(·) = (X(1), . . . , X(n)) denotes the order statistics, then by problem 2(c) of
problem set #1,

fX(·)(x(·); ∆, π)

=
∑
π′∈Π

f(π′x; ∆, π)

=
1

Γ(α)nβnα
exp(−α∆

∑
bj)
∑
π′∈Π

n∏
i=1

xα−1
π′(i) exp

{
− 1

β

n∑
i=1

x(π′(i)) exp(−∆bπi
)

}

=
1

Γ(α)nβnα
exp(−α∆

∑
bj)

n∏
i=1

xα−1
(i)

∑
π∗∈Π

exp

{
− 1

β

n∑
i=1

x(i) exp(−∆bπ∗
i
)

}
with π∗ ≡ (π′)−1 ◦ π. Note that this distribution depends only on the G−MI ∆
(and not on π).
(b) Now

l(∆|X(·)) ≡ log fX(·)(X(·); ∆)

= log

{∑
π∗∈Π

exp

{
− 1

β

n∑
i=1

X(i) exp(−∆bπ∗(i))

}}

− α∆
n∑

i=1

bi + constant in ∆

so that

l̇∆(X(·); ∆ = 0) =
1∑

π∗ exp(· · · )

∣∣∣
∆=0

·
∑
π∗∈Π

exp(· · · )
∣∣∣
∆=0

{
1

β

n∑
i=1

X(i) exp(−∆bπ∗(i))(−bπ∗(i))
∣∣∣
∆=0

}

−α

n∑
j=1

bj

=
1

βn!

∑
π∗

{
n∑

i=1

X(i)bπ∗(i)

}
− α

n∑
i=1

bi

=
1

βn!

n∑
i=1

X(i)

∑
π∗

bπ∗(i) − α
n∑

i=1

bi

=
1

β
b

n∑
i=1

X(i) − αnb =
nb

β
(X − αβ),

and hence the locally MP invariant test rejects for large values of
∑n

i=1 Xi.
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2. In class in the context of Example 6.3.14 we developed a UMP invariant test under
normal hypotheses: “reject H if T ≡

√
nX/S > tn−1,α(δ0) where δ0

√
nΦ−1(1 −

p0).
(a) Study the limiting power of this test assuming that the Y ’s (and hence also
the X’s) have E(Y 2) < ∞ and that the Y ’s are i.i.d. according to the location-
scale family Fµ,σ(x) = F0((x−µ)/σ). (You will need to decide on how to specify
“local alternatives”.)
(b) Now consider the alternative test based on the empirical d.f. of the Y ’s:
“reject H : p ≥ p0 (in favor of K : p < p0) if nFn(y0) ≤ cn,α where cn,α is the
largest integer satisfying P (Bin(n, p0) ≤ cn,α) < α. Study the limiting power of
this test assuming local alternatives of the form pn = p0 − c/

√
n with c > 0.

(c) Compare the asymptotic power of the tests in (a) and (b) assuming that F0

is normal. [Hint: it might be helpful to read example 6.4.2 on page 33 of section
6.4.]

Solution: (a) As discussed in class on 4/7, the first step is to understand the
limiting behavior of the critical points under normal theory. We know that under
Xi’s i.i.d. N(θ0, σ

2
0) it follows that( √

n(X − θ0)/σ0√
n(S2

n/σ
2
0 − 1)

)
→d N2

(
0,

(
1 0
0 2

))
.

Since under normality we have, with c0 ≡ θ0/σ0 = Φ−1(1− p0),

α = Pθ0,σ0

(√
nX

Sn

> tn−1,α(
√

nc0)

)
= Pθ0,σ0

(√
n(X − θ0)

Sn

+

√
nθ0

Sn

> tn−1,α(
√

nc0)

)
(1)

= Pθ0,σ

(√
n(X − θ0)

Sn

+
θ0

σ0

√
n

(
σ0

Sn

− 1

)
> tn−1,α(

√
nc0)−

√
nc0

)
. (2)

Now by the delta-method,( √
n(X − θ0)/σ0√
n(σ0/Sn − 1)

)
→d

(
Z1

Z2

)
∼ N2

(
0,

(
1 0
0 1/2

))
.

and hence
√

n(X − θ0)

Sn

+
θ0

σ0

√
n

(
σ0

Sn

− 1

)
→d Z1 + c0Z2 ∼ N(0, 1 + (1/2)c2

0).

Letting γ ≡ limn→∞{tn−1,α(
√

nc0)−
√

nc0}, and taking limits across the identity
in (??) yields

α = P (Z1 + c2
0Z2 > γ) = P (

√
1 + (1/2)c2

0Z > γ)
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where Z ∼ N(0, 1), and this forces γ =
√

1 + (1/2)c2
0zα with zα = Φ−1(1− α).

Now we are ready to treat the behavior of the size and power of this test when
Fµ,σ(x) = F0((x − µ)/σ) and F0 is a distribution with mean 0, variance 1, and
finite fourth moment. This implies that the Xi’s are i.i.d. with mean θ and
variance σ2. From problem 3, problem set #3, Stat 581, we know that

√
n

(
Xn − θ
S2

n − σ2

)
→d Z ∼ N2(0, Σ)

where (
σ2 µ3

µ3 µ4 − σ4

)
.

Furthermore, from the solution of part (b) of the same problem we know that
with g(u, v) = u/

√
v

√
n(Xn/Sn − θ/σ) =

√
n(g(Xn, S

2
n)− g(θ, σ2))

→d ∇g · Z ∼ N(0,∇gT Σ∇g) ≡ N(0, V 2)

and it is easy to calculate that

V 2 = ∇gT Σ∇g

=
1

σ4

{
σ4 − θµ3 +

1

4
c2(µ4 − σ4)

}
= 1− cγ1 +

1

4
c2(2 + γ2) ≡ V 2(c, γ1, γ2) ≡ V 2

where c ≡ θ/σ, γ1 ≡ µ3/σ
3, and γ2 ≡ µ4/σ

4 − 3. Note that when the Xi’s are
normal (so γ1 = γ2 = 0), this reduces to 1 + c2/2. Thus the size of our normal
theory test when the Yi’s are really i.i.d. Fµ0,σ0 (with corresponding parameters
θ0 and σ0 for the Xi’s) is

Pθ0,σ0

(√
nX

Sn

> tn−1,α(
√

nc0)

)
= Pθ0,σ0

(√
n

(
X

Sn

− θ0

σ0

)
> tn−1,α(

√
nc0)−

√
nc0

)
→ P (V0Z >

√
1 + 2−1c2

0zα) = P (Z > V −1
0

√
1 + 2−1c2

0zα)

= 1− Φ(V −1
0

√
1 + 2−1c2

0zα)

where V 2
0 ≡ V 2(c0, γ1(F0), γ2(F0)). When F0 = Φ then γ1(Φ) = γ2(Φ) = 0,

V0

√
1 + 2−1c2

0 = 1, and the asymptotic size of the test is α (as it must be).
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However for distributions F0 with γ1(F0) 6= 0 or γ2(F0) 6= 0, the asymptotic size
of this test is generally not α.

How does the power of the normal theory test behave for local alternatives of the
form pn = p0 − d/

√
n for c > 0? In this case cn ≡ θn/σn = Φ−1(1 − pn) where

θn → θ0 and σn → σ0, and we have

√
n(cn − c0) =

√
n(Φ−1(1− pn)− Φ−1(1− p0))

=
Φ−1(1− pn)− Φ−1(1− p0)

pn − p0

·
√

n(pn − p0)

=
d

du
Φ−1(1− u)

∣∣∣
u=p0

· (−d)

=
−1

φ(Φ−1(1− p0))
(−d) =

d

φ(Φ−1(1− p0))
.

Thus the power of this normal theory test under local alternatives of this form is

βNorm(θn, σn) = Pθn,σn

(√
nX

Sn

> tn−1,α(
√

nc0)

)
= Pθn,σn

(√
n

(
X

Sn

− θn

σn

)
> tn−1,α(

√
nc0)−

√
n

θn

σn

)
= Pθn,σn

(√
n

(
X

Sn

− θn

σn

)
> tn−1,α(

√
nc0)−

√
nc0 −

√
n(cn − c0)

)
→ P (V0Z > (1 + 2−1c2

0)
1/2zα − d/φ(Φ−1(1− p0))).

When F0 = Φ, V 2
0 = (1+2−1c2

0), and the limiting power becomes, under normal-
ity,

P

(
Z > zα −

d

(1 + 2−1c2
0)

1/2φ(Φ−1(1− p0))

)
.

In the terminology used in section 6.4, the normal theory test has efficacy

εNorm =
1

(1 + 2−1c2
0)

1/2φ(Φ−1(1− p0))
=

1

(1 + 2−1Φ−1(1− p0)2)1/2φ(Φ−1(1− p0))

under normality.

(b) If we use the alternative test “reject H : p ≥ p0 when nFn(y0) ≤ cn,α where
P (Bin(n, p0) ≤ cn,α) < α (and cn,α is the largest such integer), then since

nFn(y0)− np0√
np0(1− p0)

→d Z ∼ N(0, 1)
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we deduce that (cn,α − np0)/
√

np0(1− p0) → zα ≡ Φ−1(α). Thus the power of
the binomial test under alternatives of the form pn = p0 − c/

√
n is

βBin(pn) = Ppn(nFn(y0) ≤ cn,α)

= Ppn

(
nFn(y0)− npn√

npn(1− pn)
≤ cn,α − npn√

npn(1− pn)

)

= Ppn

(
nFn(y0)− npn√

npn(1− pn)
≤ cn,α − np0√

np0(1− p0)

√
np0(1− p0)√
npn(1− pn)

+

√
nc√

npn(1− pn)

)

→ P

(
Z ≤ zα +

c√
p0(1− p0)

)
.

Thus the efficacy of the binomial test is

εBin =
1√

p0(1− p0)
.

(c) As discussed in section 6.4, one convenient way to summarize the comparison
between the two tests in (a) and (b) is via their Pitman efficiency, which as noted
on page 35 is the ratio of the squares of the efficacies. Here we get

eBin,Norm =


1√

p0(1−p0)

1
(1+2−1Φ−1(1−p0)2)1/2φ(Φ−1(1−p0))


2

=
(1 + Φ−1(1− p0)

2/2)φ2(Φ−1(1− p0))

p0(1− p0)
.

Here is a plot of this relative efficiency as a function of p0. It is fairly flat, with
values in the range of .63 to about .65 over the interval .15 ≤ p0 ≤ 1 − p0, but
declines rapidly to 0 for p0 ≤ .15 or p0 ≥ .85. Note that the value at p0 = .5 is 2/π,
which is the Pitman efficiency of the sign test relative to the t−test at normality.
Of course the normal theory test does not have asymptotically correct size when
the assumption of normality is violated, while the binomial test maintains the
correct size asymptotically regardless of the underlying distribution of the Y ’s
(and hence of the X’s).

Figure 1: Pitman ARE plot as a function of p0

3. Suppose that Xijk, i = 1, . . . , I, j = 1, . . . , J , k = 1, . . . , K satisfy the general
linear model with ξijk = ξ + µi + ηj + δij where

∑
i µi = 0,

∑
j ηj = 0,

∑
j δij = 0

for all i, and
∑

i δij = 0 for all j. (δij is called the interaction effect of the ith
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row and the jth column.)
(a) Show that

S2 =
∑∑∑

(Xijk − ξ − µi − ηj − δij)
2

=
∑∑∑

(Xijk −X ij·)
2

+
∑∑∑

(X ij· −X i·· −X ·j· + X ··· − δij)
2

+
∑∑∑

(X i·· −X ··· − µi)
2 +

∑∑∑
(X ·j· −X ··· − ηj)

2

+
∑∑∑

(X ··· − ξ)2

where X ij· =
∑

k Xijk/K, and so on.
(b) Find the UMP invariant test of the hypothesis of no row effect H0 : µ1 =
. . . = µI = 0. What is the distribution of the test statistic under the general
linear hypothesis – including the noncentrality parameter?
(c) Find the UMP invariant test of the hypothesis of no interaction effect H0 :
δij = 0 for all i, j. What is the distribution of the test statistic under the general
linear hypothesis?

Solution: (a) We write
∑I

i=1

∑J
j=1

∑K
k=1 ≡

∑
, and note that

S(ξ) =
∑

(Xijk − ξ − µi − ηj − δij)
2

=
∑

(Xijk −X ij· + X ij· −X i·· −X ·j· + X ···

+ X i·· −X ··· + X ·j· −X ···

+ X ··· − ξ − µi − ηj − δij)
2

=
∑

(Xijk −X ij·)
2

+
∑

(X ij· −X i·· −X ·j· + X ··· − δij)
2

+
∑

(X i·· −X ··· − µi)
2 +

∑
(X ·j· −X ··· − ηj)

2

+
∑

(X ··· − ξ)2
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where the ten cross product terms all vanish because∑
i

(X ij· −X i·· −X ·j· + X ···) = 0, for all j,∑
j

(X ij· −X i·· −X ·j· + X ···) = 0, for all i,∑
i

(X i·· −X ···) = 0, for all j,∑
j

(X ·j· −X ···) = 0, for all i,∑
k

(X ijk −X ij·) = 0, for all i, j.

(b) It follows from (a) that the least squares estimators of ξijk are given by

ξ̂i,j,k = ξ̂ + µ̂i + η̂j + δ̂ij where

ξ̂ = X ···,

µ̂i = X i·· −X ···,

µ̂j = X ·j· −X ···,

δ̂ij = X ij· −X i·· −X ·j· + X ···.

Thus the residual sum of squares under the big model is
∑

(Xijk−X ij·)
2. On the

other hand, under the hypothesis of no row effect, the least squares estimators
ˆ̂
ξijk =

ˆ̂
ξ + ˆ̂µi + ˆ̂ηj +

ˆ̂
δij of ξijk are now given by

ˆ̂
ξ = ξ̂, ˆ̂ηj = η̂j, and

ˆ̂
δij = δ̂ij, but

ˆ̂µi = 0, and then the residual sum of squares is

S2(
ˆ̂
ξ) =

∑
(Xijk −X ij·)

2 +
∑

(X i·· −X ···)
2.

Here n = IJK, k = IJ , and r = I − 1. Thus the F statistic for testing
H : µ1 = · · · = µi = 0 is given by

F =

∑
(X i·· −X ···)

2/(I − 1)∑
(Xijk −X ij·)2/(IJK − IJ)

.

which has an FI−1,IJ(K−1)(δ
2) distribution where δ2 = JK

∑I
i=1 µ2

i /σ
2.

(c) The least squares estimators of ξijk under the big model are exactly the same

as in (b): ξ̂i,j,k = ξ̂ + µ̂i + η̂j + δ̂ij, and the residual sum of squares under the
big model is also exactly the same. Under the hypothesis H that all δij = 0, the
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least squares estimators
ˆ̂
ξijk =

ˆ̂
ξ + ˆ̂µi + ˆ̂ηj +

ˆ̂
δij of ξijk are now given by

ˆ̂
ξ = ξ̂,

ˆ̂ηj = η̂j, and ˆ̂µi = µ̂i, but now
ˆ̂
δij = 0, and the residual sum of squares is

S2(
ˆ̂
ξ) =

∑
(Xijk −X ij·)

2 +
∑

(X ij· −X i·· −X ·j· + X ···)
2.

4. Consider a two-way classification Xij, i = 1, . . . , I, j = 1, . . . , J with the assump-
tions of the general linear hypothesis for which EXij = α + βzi + ηj, where α, β,
and ηj are unknown parameters subject to the restriction

∑
ηj = 0, and where

zi are known numbers for which
∑I

1 zi = 0 and
∑I

1 z2
i = 1.

(a) Find the UMP invariant test of the hypothesis

H0 : η1 = η2 = · · · = ηJ = 0.

(b) What is the distribution of the test statistic under the general linear hypoth-
esis?

Solution: Here ξ = (ξij, i = 1, . . . , I, j = 1, . . . , J) with ξij = α+βzi +ηj where∑
i zi = 0,

∑I
1 z2

i = 1, and
∑

j ηj = 0. Thus the ξij’s are in a J + 1-dimensional
subspace of Rn where n = IJ . The null hypothesis imposes r = J−1 restrictions,
and under the null hypothesis the ξij’s are in a 2−dimensional subspace of Rn. It
is straightforward to see that the unrestricted least squares estimators are given
by

α̂ = X ·· =
1

IJ

∑
ij

Xij,

β̂ =
I∑

i=1

X i·zi, where X i· =
1

J

∑
j

Xij,

η̂j = X ·j −X ··.

Under the null hypothesis that η1 = η2 = · · · = ηJ = 0,

ˆ̂α = α̂ = X ··,

ˆ̂
β = β̂ =

I∑
i=1

X i·zi,

as before, but now ˆ̂ηj = 0, j = 1, . . . , J . Hence

ξ̂ij − ˆ̂
ξij = η̂j = X ·j −X ··
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and ∑
i,j

(ξ̂ij − ˆ̂
ξij)

2 =
∑

(X ·j −X ··)
2 = I

J∑
j=1

(X ·j −X ··)
2

while ∑
i,j

(Xij − ξ̂ij)
2 =

∑
i,j

(Xij −X ·j − widehatβzi)
2.

Thus the F statistic becomes

F =
I
∑J

j=1(X ·j −X ··)
2/(J − 1)∑

i,j(Xij −X ·j − widehatβzi)2/(IJ − J − 1)
.

Under the general linear hypothesis the noncentrality parameter is

δ2 =
1

σ2

∑
i,j

ξ̂ij(ξ)− ˆ̂
ξ(ξ))2 =

I
∑J

j=1 η2
j

σ2
.

Hence under the general linear hypothesis

F ∼ FJ−1,IJ−J−1(δ
2).
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