Statistics 583, Final Exam Solutions
Wellner; 6/6/2007

1. (40 points) Define the following terms.
(a) A continuous functional T(F) with respect to a metric d on distribution
functions.
(b) A Gateaux - differentiable functional T'(F).
(¢) The influence function corresponding to a Gateaux differentiable functional
T(F).
(d) The kernel estimator of a density function f on R.

Solution: See Class notes, chapters 6, 7, 8, 14.
30 pomts) Give a complete statement of two of the following results or theo-

(
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(a) An example of a functional T'(F') for which the jack-knife does not “work.”
(b) A limit theorem for the bootstrap of the sample mean X .

(¢) The Politis-Romano without replacement bootstrap limit theorem.

(d) Any theorem about asymptotic normality of an estimator via differentiability
of the corresponding statistical functional.

Solution: See Class notes, chapters 6, 7, 8, 14.

3. (40 points). (a) Suppose that Z1, ..., Zy are i.i.d. with distribution function Fj.
Let Vj, = min;<;< Z;, and suppose that K is a random integer with truncated
Poisson distribution

e ? oF

Show that Vi has survival function given by

exp(—0Fy(v)) — exp(—0)

p(VK>U): 1—exp(—9) )

and hence
1— e—GFO(U)

P(VKS’U): 1—679

= Yy(Fp(v)).

(Note that this is valid distribution function for § € R, not just 6 > 0.)
(b) Now suppose that Xi,..., X, are ii.d. F and Yy,...,Y, are i.i.d. with
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distribution function G = vy(F’). Find the locally most powerful rank test of
0 =0 (ie. F=G@G)versusf > 0.

(¢) How would you implement the test you found in (b) to achieve a type one
error o = .017

Solution: (a) First note that
P(Vi>v) = P(min Z; >v) = P(Z1>v,..., Zy > v) = P(Z1 > v)*
S

— (1-R)"

Therefore,

P(Vk >v) = iP(Vk>U, K:k):iP(Vk>v)P(K:l€)

_ ﬁ (- Fo) _ 1)
exp(—0Fy(v)) — e
1—e?
1 — exp(—6Fo(v))
1 —exp(—6)

=1

and hence

Pve <o) = S

(b) If Xy,...,X,, are i.i.d. F and Y3,...,Y, are i.i.d. G = y(F), then by
Hoeftding’s formula

Py(Q =q) = %EH%(U@))

n j=1

where the expectation is with respect to the distribution of the Uniform order



statistics 0 < Uqy < --+ < Uy < 1 and where

1 —exp(—0u)
Yolu) = 1 —exp(—0)’ i
,o Oexp(—0u)
Yyp(u) = = exp(—0)’ and, moreover
2@//( - e~ B ufe? _ Oexp(—0fu) exp(—0)
99"\ T 1= exp~? 1—exp(—0) (1 — exp(—0)?
— 5 as 0 — 0.

To find the locally most powerful rank test of # > 0 versus # = 0, we want to find a
test function ¢ which maximizes the slope at 8 = 0 of the power G4(0) = Epd(Q).
But since this power is given by

it suffices to find those ¢’s for which

0 )
%PG(Q = q)’ _ is large.
Thus we calculate
0 0 1 4,
%PG(Q_q)L:O — %(]X)E]l;[lwﬂ([](%))’eo

I 0 ,
= (—N)Ej:1 %%(U(qj))’

n

_ %Ei (% - U(qj))

n 7j=1

= %i(%_n?—l)

n/ j=1

6=0

Thus the most powerful rank test of 6§ = 0 versus 6 > 0 rejects for small values
of Z?Zl ;. Note that this makes good sense since for 6 > 0, the alternatives
G(z) = ¥p(F(x)) are stochastically smaller than F.

(c¢) To implement this test we could use the WWNH finite-sampling central limit
theorem: Under the null hypothesis Y,, = n~! 2?21 (); has the same distribution
as the sample mean of a sample of size n drawn without replacement from the



finite population {1,..., N}, and this population has

Zn =(N+1)/2,
(N+1)(N-1)

N
2 _ N1 2_ 2 = (N+12N+1)/6 — (N +1)%/4 =
o do# - E = (N DEN+1)/6— (N + 1)/ 5

i=1

so that

— o? n—1 (N+1)(N—-1)N —n
V,)=2(1-2"2 .
Var(Ys) ( N—l) 12n N-1

n
Thus the WWNH finite -sampling CLT says that

(N+1)(N—-1) N—n
12n N-1

—d N(O, 1),

and hence a reasonable way to implement the test found in (b) for moderately
large m, n is to reject 8 > 0 if

>_Q <n(N+1)/2_Z.01\/ﬁ\/(N+li;N—l)N—n

N-—-1
Note that P(Z > z;) = .01 80 291 = .... is positive!

. (40 points). Let Xi,..., X, beii.d. with unknown density function f. Consider

the kernel estimator
~ 1 T—y
" = | —K dF,,
Fw) = [ (5w

of an unknown density f at a point = with the “box-car” or uniform kernel K (x) =
2711 1(z). Assume that f’ exists at = and is continuous in a neighborhood of
x.

(a) Compute Efn(x) at x explicitly in terms of F' and h after taking advantage
of the given kernel K.

(b) Use the result of (a) and Taylor expansion to give an expression for bias, (z) =
Ef.(z) — f(z) in terms of f(z) assuming that h, — 0.

(¢) Give a formula for V@r(fn(aj)) in terms of K, F, and h,, and then use it
to give an asymptotic expression for the variance assuming that h, — 0 and
nh,, — 0.

(d) What is the optimal choice of h, = Cn™" in this case?

(e) For the optimal choice of r in (d), sketch how you would prove that

Vil (Fu(@) = f(2)) =4 N(b(x), 0?(x))
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and identify the functions b(z) and o?(z) that will appear here, including their
dependence on C.

(f) For the limit distribution identified in (e), find the optimal choice of C' (as a
function of f(z) and f'(z) and other constants). Explain briefly why this optimal
C' makes some intuitive sense (as a function of x).

Solution: I had this problem goofed up, as you will see below. I will first try
to solve the problem in the form stated, and then will solve a modified version
of the problem which has as its solution something more along the lines I had
intended. (My apologies on this one!)

(a) Since

we compute

B(F(x) :(/EK(xi?)mww

= /K f(z —hz)d /fx—hzdz——%F(x—hz)}

- 2h(F(x+ h) — F(z — h))

::52(()+f(m*af@ﬂﬁ—LNM—fum+§f@“m%>

for some z* € [x,x + h], =™ € [z — h,x]

h * ko
= 1) A~ ),
(b) Tt follows from the expectation computed in (a) that the bias of f,(z) is
given by
bias(f,(x)) =

(/@) = £'() = So(1)

| >
>

since f'(z*) — f'(x) and f'(z**) — f'(x). (I made a sign error here in my initial
calculations, and had thought I was getting (h/2)f’(z) + o(h) for the bias.)



(c) Now for the variance:
Var(fu(z)) = Var (%z:z((x hX"))
= ?Var (K (x_hX))

- ([ (5= ([ (52) ) )

— %/KQ(z)f(x — hz)dz — (l(f(x) + o(l)h)Q)

n

_ % / K2(2)d=(1+ o(1)) + O(n™").

(d) Thus the bias term is of order ho(1) = o(h), so the squared bias is of order
o(h?), while the variance term is of order O((nh,)™"). If h = h, = Cn~'/3, then
the squared bias is of order o(n=2/3) while the variance is of order O(n=%/3).

(e) We can write

Viha(fa(@) = f(2)) = Vnho(fal@) = Efa(@) + V/aho(Efa(2) = f()

= stochastic term + bias term,

where

Var (\/ o(fal@) = Efu()))
/K2 )dz + o(1) = o*(x) + o(1) (1)
by the variance calculation in (c), and

Vb (Efu(x) = f(x)) = Vah}o(1) = C*?0(1) — 0

if h, = On~'/3. Moreover, we can easily show (for example by use of the
Lindeberg-Feller CLT ), that

Vil (ful@) = Efy(2)) —a N(0,0%(z))

where 0%(x) is as given in (1). Thus it follows that if h, = Cn~'/3 then

Vil (fu(@) = f(2)) =4 N(0,0%(x)),

or, equivalently,
'3 (ful@) = f(2)) —a N(0,0°(2)/C).
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(f) For the current choice of the kernel b(z) = 0 and there is no trade-off in the
choice of C'. Apparently we improve the estimator fn by choosing C' to be very
large. However, the following analysis for a different kernel does give a non-trivial
tradeoff at this point and clarifies the situation to some degree.

Modified problem and solution: Suppose that the kernel is taken to be
K(l‘) = 1[,1’0](1'). N
(a) Now the expectation of f,(x) is given by

Bh(e) :./%K(xiy)ﬂ%w
=[G = [ oo = e pal
1

= —(F(e+h) = F())

_ %(ﬂ@h+%f@wm)

for some z* € [x — h, x],

= J@)+ 51,

(b) It follows from the expectation computed in (a) that the bias of ]?n(x) is
given by

bias(f(z)) =
since f'(x*) — f'(x).

(¢) The variance calculation is unchanged in this case.

(d) Now the variance is of the order (1/nh) while the squared bias is of the order
h?, and these are both exactly of the order n=2/3 if h = h, = Cn~Y3. Thus
r = 1/3 gives the optimal rate.

(e) Now for h, = Cn~/3 we have

Vb (fa(x) = £(x)) —a N(b(x), 0 ()
where b(z) = C3/2f'(x)/2. Equivalently,
n'P(falx) = f (@) —a N(CF'(@)/2,0°(2)/C),
and hence the asymptotic mean squared error is

2 (f'(2)? | o*(x)
C4+C.

By B
21 = 31/ @) + olh)




This is minimized as a function of C' by

Copt = (%)” T (2f(x()f{(gjgz)dz)1/3'

Note that this is very sensible: if (f’(z))? is small, then the bandwidth can be
large (more smoothing), while if (f/(x))? is big, then the bandwidth (at x) should
be narrower so that we do less smoothing at x.

. (48 points) Consider the functional T(F') = [ [ |x—y|dF(z)dF (y) as a measure of
spread or dispersion of the distribution function F'. (This functional is sometimes
called “Gini’s mean difference”.)

(a) If Xi,..., X, areii.d. random variables with distribution function F, what
is the “principle of substitution” estimator of T'(F")?

(b) Is the estimator you found in (a) an unbiased estimator of T'(F')? (Calculate
the bias explicitly.)

(c) Use the jackknife to suggest an estimator of T'(F') with less bias. Can you
find an unbiased estimator of T'(F')?

(d) Calculate the Gateaux derivative of T'(F'), and use this to find a formula for
the asymptotic variance of \/n(T(F,) — T(F)).

(e) Describe how you would use the bootstrap to estimate nVar(T(F,)) and

H,(2,F) = Pp(vn(T(F,) — T(F)) < ) ,

distinguishing clearly in your description between the “ideal bootstrap” and the
Monte-carlo implementation thereof.

Solution: (a) The principle of substitution estimator is just

T(F //|x—y|dIF (2)dF,(y ZZ|X X;|.

=1 j=1

(b) The principle of substitution estimator is biased: because the diagonal terms
(for which j =) in the sum are zero we have

EpT(F,) = % > ) ErlXi - X

i=1 j=1
- %Eﬂxl ~ X = ey
Thus the bias of T,, = T'(F,,) is
bias, (F) = Ep(T,) — T(F) = (”; L 1) T(F) = —%T(F)



(c) Here we compute

Tni=T(Fn1,) = Z Z X, — X

J=Lj#Fi g =1j5'#i
Hence the pseudo-values are

T:, = nTn—(n—l)Tm:{l n—l} Z Z X, — Xp| + = Z]X X;|

Jj=1,j#1 J’ 1,g'#i

- Z Z\X X+ = Z\X X,

J Lj#1j'=1,5'#i

Thus we find that
_ 1< i
= 20— ——— Z Z Z 1X; — X

i=1 j= 13#13’ 1,j'#1

= 2Tn_ 2(n — 1) ZZZ‘X — X Lz Liizgn

i=1 j= 1]’_1

= 2Tn— n—l ZZZ‘X — Xy Ly Lingn

]1]’121

- 27?”—7127””71__21 ZZ\X X/

~

31]/1
-2
- 2Tn—n—Tn:LTn
n—1 n—1
= oo 22Xl
J=1j=1

This estimator of T(F) is unbiased: Ep(T¥) = T(F). In fact T is the usual
U —statistic form corresponding to the V — statistic T'(IF,,).
(d) To calculate the Gateaux derivative, we write F, = (1 — €)F + ¢G and then



compute

1) = [ [le-yldF@akw)

:(//pquF@mﬂm+i//u—yMG—FWWWw)
‘ / / & — y|dF(2)d(G — F)(y)

& [ [l yld(G - P)@)(G - F)w).

Hence we find that the Gateaux derivative T'(F; G — F) is given by

T(F;G—-F) = gﬂF)o

= [ [le=sldG - H@are) + [ [l ylir@ac - Fw)
= 2 [ [ o ylitc - F)@r).

Taking G = ¢, yields the influence function for T

IC(x;T,F) =

- (/ o= slar ()~ [ [1o=slar@ar)
= 2( [l vlar) - 1))

This leads to the conclusion that the asymptotic variance of /n(T(F,) — T'(F))
will be

Erc) = 4 f ([ rx—y\dF<y>—T<F>)2dF<x>

=l [ [le=slart) [ 1o = yiareyare) - )
= Al [ [ [t~ slle - yiar@araare) - ) |

(e) The ideal bootstrap estimator of nVarg(T(F,)) is nVarg, (T(F})) where
F? is the empirical distribution function of X7, ..., X" i.i.d. with distribution
function [F,,. Similarly, the ideal bootstrap estimator of

Ho(a, F) = Pe(v/a(T(F,) — T(F)) < ),
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is simply
Hy(2,F,) = Pe,(Wn(T(F;,) = T(F,)) < ).

To implement Monte-Carlo approximations of these, we would draw B bootstrap
samples of size n from [F,,,

D CETID, G j=1,...,B,
form the corresponding empirical d.f. F;  for each j = 1,..., B, and calculate

the resulting 7,y ; = T(F;,,). Then

B
- " 1 * 7\ 2
nVarg,(T'(F;)) =ng Zl(Tn,j -T,)
]:
while
— 1 B
Ha(@,Bn) = 5 > Vyacrs ~tiy<el -
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