Statistics 583, Midterm Exam Solutions
Wellner; 5/7/2007

1. (30 points) Define any three of the following terms.

(a) A maximal invariant with respect to a group G of transformations g on the
sample space X).

(b) A G—invariant test function ¢ (with respect to a group G.

(¢) The Lévy metric di, on the set of distribution functions F on R.

(d) The Prohorov metric dp, on the set of all probability measures on a metric
space (M, d) with the Borel o—field.

(e) A Hadamard differentiable functional 7" : F — R with respect to the
Kolmogorov metric || - || -

Soluton: See lecture notes, chapters 6 and 7.

2. (30 points) Give a complete statement of any two of the following results:
(a) A theorem about the existence of a UMP G'—invariant test in the case that
both the G—maximal invariant and the G—maximal invariant are real-valued.
(b) Hoeffding’s formula for the distribution of ranks under the alternative.
(c) The Wald- Wolfowitz-Noether-Hajek finite sampling central limit theorem.
(d) Varadarajan’s theorem concerning weak convergence of the empirical measure
P, when Xj,..., X, are ii.d. P on a metric space (M,d).

Soluton: See lecture notes, chapters 6 and 7.

3. (40 points) Consider the collection of functionals T(F) = T,(F) = Pr(z €
(X7 V X2, Xy A Xy)) where X, Xy ~ F are independent.
(a) For fixed = € R, express this functional explicitly in terms of F' and show
that T,,(F) < 1/2 for all x € R. What value of  maximizes T, (F)?
(b) Under what conditions is T, (F) weakly continuous? Under what conditions is
T.(F) continuous with respect to the Kolmogorov metric dx (F,G) = ||F — G|«
(¢) Find the Gateaux derivative of T, (F') for fixed x and thereby find the influence
function ¢, p(y) as a function of y for each fixed x. Be careful about confusing
x and y here!
(d) Using any method you want, show that \/n(T,(F,) — T.(F)) —4 N(0,V?)
and find the asymptotic variance V2 in terms of F' and .
(e) What can you say about the stochastic process R, (x) = v/n(T,(F,) —T,.(F)),
r € R?

Solution: (a) First approach: since X;V Xy = X4y and Xy A Xy = X(9) are the
order statistics of a sample of size n = 2 from F with joint density 2!f(y1)f(y2)
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on the set —0o < y; < yo < 0o (assuming that F' has density f), the probability
in question is

Pr(Xg <2< X)) = / / 2f (1) f(y2)dyrdys
y1€(—00,z] v y2€(x,00)
= 2F(2)(1 - F(z)).

Thus T, (F) = 2F(z)(1 — F(x)). This approach goes through if F' does not have
a density by simply writing the integral in the last display as

/ / 2dF (41)dF ().
yle(foovx] yQG(IvoO)

Second approach: Note that either A = {X; = Xj V X, Xo = X; A Xy} or
A¢ = {XQ = X1 V XQ,Xl = X1 A XQ} must occur. Thus

Pr(Xi VX, <z<XiAXo)
= PrXiVXo <2< XiAXo]NA) + Pr([X1V Xy <2< X1 A Xo] N A9
= Pr(Xi<z<Xo)+ Pr(Xo <z<X)
F(z)(1— F(z)) + F(x)(1 — F(x)) by independence of X;, X,
2F (z)(1 — F(x)).

Third approach: Letting A = {X; A Xy < z} and B = {X; V Xy > z}, the
probability in question is, using

P(B) = P(BN(AUA))
= P((BNA)U(BNA%) =P(BNA)+P(BNAY), ()

at the very first step,

Pr(ANB) = P(B)—P(BNA° by (1)
= P(XjvVXy>2x)—P(X;3VXy>xand X A Xy > 1)
= 1-P(X;VXy<z)—P(X;>zand Xy > 1)
= 1-P(X; <2, Xy <2)— (1 F(z))?
= 1—-F()* - (1—F(2))?=2F(z) — 2(F(x))? = 2F(2)(1 — F(z)).

Since F(x)(1 — F(z)) < 1/4 for all z, T,(F) = 2F(z)(1 — F(x)) < 1/2. Fur-
thermore the maximum is achieved at x such that F(z) =1/2; at . = F~1(1/2)
(assuming that 1/2 is in the range of F').

(b) The functional T,(F') is weakly-continuous at an distribution function F'
such that z is a continuity point of F: if F,, —4 F, then T,(F,) = 2F,(x)(1 —
F,(z)) — 2F(z)(1 — F(x)) if © € Cp. On the other hand, T,(F) is continuous
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with respect to the Kolmogorov metric at every F: if ||F, — F|l.c — 0, then
T,(F,) = 2F,(z)(1 — F,(x)) — 2F(z)(1 — F(x)) = T,(F) without any further
restrictions, and, indeed,

IT(F) = TPl = sup|Tu(F) = To(F)| = 250p | (@)(1 = Fie) = F(@)(1 = F(a)]
< 25up|Fy(a) — F(&)| + 2sup | FE(a) — F¥(a)
= 25up|F(2) — F(&)| + 25up (P (x) — F@))(F(e) + F(@))

6[/F, — Flls — 0.

IN

(¢) The Gateaux derivative is easily calculated as follows: for F; = (1 —¢)F +tG

d d
G| = 20 {R@)(1 - F())

_ 2(1—2F(x))%Ft(:1:)’t:O
= 4(1/2 - F(2))(G(z) — F(z)).

Taking G = 0, so that the distribution function G(x) = 1j,<,) gives the influence
function

b r(y) = 4(1/2 = F(2))(1y<a) — F ().
(d) The result of the calculation in (c) suggests that

where Ept)l p(X) = 16(1/2— F(z))*F (x)(1— F(z)). This follows easily from the
delta-method applied to g(u) = 2u(1—u) since ¢'(u) = 2(1—2u) and /n(F,(x)—
F(x)) —a Zy ~ N(0,F(z)(1 — F(x)):
V(To(Fa) = To(F) = Vn(g(Fu(x)) — g(F(x)))
—q ¢ (F(2)Z,
~ N(0,16(1/2 — F(x))F(x)(1 — F(x))).
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where G,,(t) = n~' Y] 1{& < t} is the empirical distribution function of &1, . .., &,
i.i.d. Uniform(0, 1) random variables and U, (t) = /n(G,(t) — t), by using the
Glivenko-Cantelli and Donsker theorems. Note that the process R is a 0 mean
Gaussian process with covariance function

Cov(R(x),R(y)) = 16(1/2 = F(2))(1/2 = F(y))(F(x) V F(y) — F(z)F(y).

In particular, Var(R(z)) = 16(1/2 — F(x))*F(z)(1 — F(x)) in agreement with
the result in (d). Note that this process is 0 with probability 1 at values of
such that F(z) =1/2.

. (36 points). Suppose that under the null hypothesis H., Xi,..., Xy areiid. F €
F., while under the alternative hypothesis K7, the random variables Xi,..., Xy
have joint density h given by

h(z) = H i €xp (=) 1(0,00) (@)

i=1

where \; = pe’® for some fixed, known numbers (covariates) ci,...,cy, and
constants ¢ > 0 and v € R.

(a) Find a most powerful similar test of size « for testing H,. versus Kj. Does
your test depend on the values of the constants x4 and/or v?

(b) If N =3, A1 =1, As =2, and A3 = 3, and we observe (X1, Xo, X3) = (4,2,1),
carry out the test in (a) at level « = 1/6.

(¢) Find a locally most powerful rank test of Hy : v = 0 versus H; : v > 0.
Does it matter that p is unknown in both Hy and H,?

Solution: (a) To obtain a similar test of H,., we condition on the order statistics
Z = (Xqy,..., X)) of the sample Xi,..., Xy. A most powerful similar test
of H, versus K rejects for those permutations 2z’ of Z = z which lead to large
values of h(z'), or equivalently for large values of

N N N
logh(z) = > floghi = Nizi} = > loghi — > Nz,
i=1 i=1 i=1
or, equivalently, for small values of

N N
Z Nizi = Z exp(ve)z,
i=1 i=1

or, equivalently, for small values of

N
Z exp(ve;)z; .

=1



Thus we see that our test does not depend on the value of u, but it does depend
on the value of v.

(b) When N =3 and \; =4, i = 1,2, 3, and we observe (X, Xo, X3) = (4,2,1),
we find the following 3! = 6 values of the test statistic in part (a):

Zhill12]3 ] 2Nz
111214 17
2121114 16
31142 15
4021411 13
514112 12
61421 11

Since the observed value of the test statistic, 11, is the most extreme in the
permutation distribution, we would reject H,. at level a = 1/6.

(¢) To find a locally most powerful rank test in this situation, it is helpful to
first consider the density of the observations under the null hypothesis and under
the alternatives of interest. In the current case these are

N

ho(z) = [ [ wexp(—p:) = p™ exp(— sz d,

i=1
N

z) = H A exp(—Aiz;) = p® exp <chi — uZe”qxi>
i=1 1 1

respectively. Thus

>

u(@
1,0 (£

>

§ = exp <VZCZ' - ,uZ(e”ci - 1)xz> :

Thus Hoeffding’s formula for the distribution of the rank vector R = (R, ..., Ry)
under the alternative hypothesis is

P,(R=r1)= —EFeXp<1/ZcZ ,uz ve 1 V(”)>

where V() < Vigy < --- < Vi) are the order statistics of a sample of size N
from F' = exponential(y). To find the locally most powerful rank test of Hy
versus H; : v > 0, we differentiate this probability with respect to v, evaluate
the derivative at v = 0, and reject for rank vectors R = r with large values of



the resulting statistic. Thus we calculate
EP = —exp Z/ZCZ uz e —1
ov v=0 v=0
= _EF { ¢ — MZ CiEF(‘/(ri))}
i=1

= % Z_: ¢i (1= pBr(Viry)) (2)

where we note that if Vi, ..., Viy are i.i.d. exponential (u), then (uVi, ... ,MVN) =
(V4,...,Vy) are i.i.d. exponential (1), so that (V). .., Vin) < Vi, N))
are the order statistics of i.i.d exponential(1) random variables. Thus we see
that the scores an(i) = 1 — pEp(V(;)) involved in the last display are just the
Savage or “log-rank” scores derived in the context of the two-sample exponential
scale problem, the two-sample proportional hazards problem, and problem 1 of
problem set 4 (where the present v was called 6, the present ¢;’s were called z;’s,
and we calculated

an (i) :1_E(‘~/(")):1_ZN—;‘7'+1' (3)

Thus the locally most powerful rank test is “reject Hy in favor of Hy : v > 0
when Sy = Sy (R) = SN, cian(R;) > co where the ay(i)’s are as in (3).

(d) Beyond the exam: Another possibility here, to get rid of the dependence
of the test in (a) on v, is to look for a test which is a locally most powerful similar
test of H. versus K : v > 0. To find such a test, write h = h, to emphasize the
dependence of h on v. Recall that the conditional distribution of permutations
2" of z under alternatives is

po(252) = ho(2)) > h(Z").

Now the conditional power of a test ¢ as a function of v is
Bs(v) = E,{6(X)|Z =2z}

= > d(@)p(2).

Thus the slope of the power function at v =0 is given by

d
Ay Z¢ ’u 0’



and by the generalized NP lemma, this leads us to reject H. for those permuta-
tions yielding large values of

2p,(2)
pu(é’) v=0
Thus we calculate
0 /
50w (2) d )
wrv\i=/ o 7 y
po(2)) v oF &)

_ a% {log hy(2') —log Z hu(z”)}
0 [ ,
= % {Z (log Ai — )\izi) - OI/(E)}

1
= i {ci —ehizl} — 2C,,(,z) :
i=1 Z ov "
When this is evaluated at v = 0, we find that

Zpu(2)
pu(2')

N
=2 e —ped} + Gila),
- i=1

1%

and hence the locally most powerful similar test rejects H for small values of
Ziv ¢izi, which does not involve knowledge of v, in contrast to the most powerful
test in (a) above — which did rely on the value of v fixed in the specification of a
fixed alternative.



