Statistics 583, Problem Set 9 Solutions
Wellner; 5/31/2006

1. (a) Wasserman, problem 4.7.3, page 59: prove that

R(f(x), ful2)) = E(f(x) — fa(2))? = bias? + Var[f,(z)].

(b) Wasserman, problem 4.7.3, page 59: Let X, ..., X,, be an i.i.d. sample from
a N(0,1) distribution with density fy(x) = ¢(x — ) where ¢ is the standard nor-
mal density function ¢(z) = (2)~ 172 exp(—22/2). Consider the density estimator
f(x) = fo(z) = o(z 9) where § = X, is the sample mean. Find the risk of f

Solution: (a) This is easy:

R(f(x), fa(2)) = E(f(z) - ful(2))?
= E(f(z) - Eﬁ($)+Efn($)—ﬁ($))2
= (f(= ) Fa(@)? 4+ 2(f(2) = Efa()E(Efu(z) = fu(x))
( ﬁ(a:) fal@))?
= biasx—i-Vcw"[]? (x)].

(b) This is a good example of how asymptotic theory can give a very good
indication of the behavior of risks and variances while exact calculations are
quite difficult. First the simple analysis via asymptotic theory: since v/n(6—6) =
V(X,—0) —4 Z ~ N(0,1) (and, in fact /n(X,,—0) =4 Z for every n), and since
9(0) = ¢(x—0) is differentiable with derivative ¢'(8) = —¢'(x—0) = (x—0)p(x—0)
since ¢'(z) = —z¢(z), it follows from the delta method that

Vilfy(x) = fola)) = Va(dla —0) — ¢(z — 0))
=4 (x=0)¢(x —0)Z ~ N(0, (z — 0)*¢*(x — 0)).

Thus we might expect to be able to show that

nR(f(2), fu(x)) = nE[(f3(z) — f(2))?] = (z — 0)*¢*(x — 0) = (z — 0)*f(x)*.

Now for the more difficult exact calculation. First note that




where

Vn 2n
by writing
(z — X)? (z—0+0—-X)*
= (2-0P2+2x—-0)0—-X)+(0—X)*
Thus

Now

exp(—2?/2)dz

Eexp(bZ — (a/2)72%) = /OO exp(bz — (a/2)z2)\/12_7T

1 ( b? ) 1)
ex .
Jita P\2(1+a)
by a standard calculation (or by Mathematica). Thus, by using (1) first with
b=2(x—0)/\/n,a=2/n, and then with b = (x — 6)/y/n, a = 1/n, we find that

E[(fu(z) — f(2))?]

) 1 A =0 \ 2 o (x —0)?
B f(x>{ﬁ+z/ne"p(2n<1+2/n>) VIt 1/n p(2n<1+1/n>)“}

£2(2) 1 o (2(3:—9)2) 2 ((x—0)2)+1

= T)q ———=¢€X — ex .
Jit2n P\2m+2) ) Vitim P 2m+1)

Here is a plot of the exact risks (assuming the normal model is true) for n =

20, 100, and500 together with the asymptotic risk (which is overlapped by the
exact risk for n = 500):
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Figure 1: Exact risks of parametric density estimator for n = 20, 100, 500 together with
asymptotic risk, as functions of x

The following plot shows the difference between the exact risk for n = 500 and
the asymptotic risk (as a function of z):

Figure 2: Difference, exact risk for n = 500 minus asymptotic risk of parametric density

estimator

2. (a) Consider the kernel density estimator defined in (6.26), Wasserman, page 132.
Show that if the density f and the kernel k satisfy the hypotheses of Wasserman’s
theorem 6.28, page 133, and h = h,, satisfies the hypotheses of Theorem 6.27,

then for fixed z € R,
Vb, (fu(z) = Efo(2)) =4 N (0, fla) / k?(x)dx) .
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(b) Under what restriction on h,, does it follow (from (a) together with further
analysis of the bias) that

W) = 1) —a ¥ (0.4(0) [ Ropte):

(c) If h, = en™'/® and the hypotheses of (a) hold, find the limiting distribution

of Vil (fu(x) = f(x)).

(d) Under the same assumptions as in (c), find the limiting distribution of

Vil (1) fa(z) = /f(2)).
(e) Suppose that z,y € R with + < y. Find the joint limiting distribution of
(vVnh,(fo(x) — f(2)), vVnha(fn(y) — f(y)) under the assumptions in (b) and (c).

Solution: (a) First write
Vihy(ful@) = Efal))
N ( =3 (= X)) = - Bh{(o - X1>/hn>)

nhy, —

nhy,

= Z Xn,i
i=1

where the X,, ;’s are independent and identically distributed for each n, but with
a distribution depending on n. Thus we will use the Lindeberg-Feller CLT. By
easy calculations, E(X,, ;) =0, and

- L k(@ — X)) — BR(( — X1)/ha)

2= Var(Xo) = o [ (ko =)/ = [ hita - v)/hn)f(v)dv)2 F)dy,

SO

- hin/ (k((a:—y)/hn)—/k((w—v)/hn>f(v>dv)2f(y)dy

= /k(z)Qf(x — zhy)dz — hy, (/ k(z)f(z — zhn)dz)2
— f(x)/k(z)%zz



by the dominated convergence theorem (if, for example, f is bounded). It remains
only to verify the Lindeberg condition:

1 n
= > B{X0ilP1{| X0l > €0} — 0
noi=1
as n — oo for every e > 0. But
1 r—X; T —v
Xni = k ) - [k d
= g ) - () o)
1 r—X; h
= k L) - —= k — zhy,)d
nh, ( i ) nhn/ (I = 2z

Il
<
~
—
B
+
QS
—~
=

Thus

Xl < Yo+ /220 0) 4 o),
Xl <2072+ 22(4(2) 4 0(1))?), and

{[Xnil > €0, } C{[Ynil = (1/2)e0n} U {/ hun/n(f(2) 4+ 0(1)) > (1/2)e0,}
= {|Yul > (1/2)e0,}

for n sufficiently large since the second event on the right is empty for large n.
It follows that

BE| X *1{| X 0| > €0,}
< 2BY,:P1{|Y,il > ean/2}+2_(f(x) o(D)EL|Y] > (1/2)0,)
< YUYl > o2} 4 2 ) D)

((1/2)ec,)? E|Ynz| WYl > (1/2)e0,}}
= (2 + 0(1))E|Yn,z|2]—{|Yn,z| > 60'71/2},

and hence it suffices to show that

S BN, PH{|Yai > e} =0 forall e>0.

=1



But
ZE|Yn,i|21{|yn,i| > €}
ZE SR 12— X ) > e/}

_ _/ v — ) /h) 1{E((x — y) /) > e/nln } (1)
= /k2(z)f(x—zh )1{k(2) > e\/nh,}dz

— 0

by the dominated convergence theorem if || f|loc < 0o. Thus by the Lindeberg—
Feller CLT it follows that Y | X,;/0, — N(0,1). Since 02 — f(z) [ k*(2)

the conclusion follows.

(b) Note that the bias is

Efu(x) — fz) = / B()f (= zh)dz — f(z) = / B(2){f (@ — 2ha) — f(2)}dz

= / k(z)%f”(z;)fhidz

where |2; —z| < |x—zh, —x| = |2|h,. Thus if f”(z) is bounded and v/nh,h% — 0,
the bias term is negligible and

nha(ful@) = f(@) = Vnho(fa(z) = Efa(2)) + Vnha(E fu(z) = f(x))
—d N(O,f(x)/k2(z)dz) +0= N(O,f(x)/k2(z)dz).

Note that v/nh,h? = (nh2)"? — 0 if and onmly if nh? — 0; ie. if h, =
o(n=1/%). Thus h, = cn~'/* yields negligible bias when f” exists (and is suf-
ficiently bounded).

(c) When h,, = cn™%/?, then the first display in (b) yields

VAha(Efu(a) = fla)) = Ve L [ 2k ()
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Thus it follows that

Viha(fu(@) = f(2) = Vnho(fo(2) = Efo(2)) + Vb (E fu(2) — f())
ot N0, f(2) / K3(2)dz) + Ble. f.k)

= N(B(c, f,k,x),f(x)/kQ(z)dz).

(d) Under the assumptions in (c), it follows from the delta-method with g(v) =
v'/? that for any x such that f(z) > 0 we have

Vi) = VT = @ N (Bl £, @) [z

B k
= N Ble.fik,x) ’I),éf1 / K (2)dz | .
2/ f(x)
Note that the variance now depends only on the kernel and not on f.

(¢) To find the joint limiting distribution of (v/nhn (fa(2) — f(2)), Vb (fu(y) —
f(y)) we will use the Cramér - Wold device: let (a,b) € R% We will first show
that

ay/nh,(fu(z) = Efu(2)) + bv/nha(fu(y) — Efu(y))
Hdzv(o,cff(x) / 2 (2)dz + B2 (y) / k?(z)dz) @

for each fixed (a,b) € R?. This implies that

(Vmito g )0 (15 0 ) [rew) @

and will yield the desired results after analyzing the relevant bias terms. But

a\/Tm(fnU E fu(x)) + 03/nha(fa(y) — Efa(y))
S {a{k( )= () s
oo (455) - [r (5 s}

=1




where

o= () () o)
() e o)

We compute EXM =0 as in (a), but now
o Var(f(nyi)
= (nhy) H{&*nVar{k((z — X1)/hn) + 0*Var((y — X1)/hx)
+ 2abCov(k((x — X1)/hn), k((y — X1)/hn))}

. { / (k((x —u)/ha) — [ e v)/hn)f(v)dv>2 Fw)dw

w0 [ (k=) - - v)/hn)f(v)dv)2 f(w)du
v2ab [ (ki = w)/m) = [ k(e = o)/ fo)a )
(4t = w)/ha) = [ K@= o)/ 3o o}
. cﬂf(x)/k?(z)dz+b2f(y)/k2(z)dz+o

where the argument for the first two terms is exactly as in (a), and the third
term converges to 0 since

tat [ (4t = wifha) = [ k(@ = o)) ste)an)
(K= w)/m) = [ by = oyt ) fw)u

— / (k((@ — w)/ha) — R2(f(x) + 0(1)))
(((y — w)/hw) — B2(F () + 0(1))) f(w)duw
= /k (z - yh_ x) k(z)f(y — zhn)dz + O(hy,)




by the dominated convergence theorem if f and k are bounded using (y—x)/h,, —
oo since y—z > 0 and h,, — 0. Since | X, ;| < |a||X,.i(2)|+]b|| Xn.i(y)], verification
of the Lindeberg condition proceeds as in (a). Thus by the Lindeberg-Feller CLT,
(2) holds, and this in turn yields (3).

~

. (a) Wasserman, problem 6.9.3, page 143: prove that J(h) is an unbiased estimate
of J(h) for histograms and kernel density estimates.
(b) Show that (6.35) on page 136 holds.

Solution: (a) First the case of kernel density estimates: here
J(h) :/ﬁ(x)2dx—2/ﬁl(x)f(x)dx, and
~ —~ 2 2~
J(h) = [ fulx)?de — = _a (X)),

0= [ Raade =032 ()

~

so to show that E{J(h)} = E{J(h)}, it suffices to show that

E {%if;ﬁ_n(m} ~£{ [ R}, @)

Now the right side in the last display is

p{ [Rsaais| =[G @)@

- // %’“ (x;y) f(y)dyf (x)de,

while the left side is, by conditioning on X,
E{%if;ﬁ_mxn} - I (s}
e o L
= [ [ (45) st s
= [ [ (5Y) stans e

by Fubini’s theorem. Comparing the last two displays yields the claim.




In the case of histogram estimators, it again suffices to show that (4) holds. But

{ [ Fwiea) - /EUM@N@sz/é?%hﬂ@ﬂ@m

and, on the other hand,

E {% Z ﬁ—i)(Xi)} = B {E{"_l Z ﬁ—i)(Xi”Xi}}

= B Y Mg (x)
i=1 j=1
= i f(z)de = ip_?
j=1 h Js, j=1 h

and hence we conclude that (again) E{J(h)} = E{J(h)}.
(b) The claimed identity is

S (Xi— X\ 2 .
J(h)_%;;k ( - )+nhk(0)+0(n )
where k*(z) = k®(z) — 2k(z) and k@ (2) = [k(z — y)k(y)dy. To check this,
write
so that, with k@ (z = [k(z— y)dy,

/ﬁww=ﬁm22/ ()
AT (A

by the Change of variables (z — X;)/h =y, v =X;+ hy

= n2h22/ (y—u)k( )dy
_ m;;k@) (%)

if we assume that k(z) = k(—=z).
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Similarly,

IR 1 1 X, — X;

Putting these pieces together yields the claimed identity, but with a remainder
term which is O,(n™!) rather than O,(n?). Thus it seems that the computational
formula should really read as follows:

0 = I (M) - i E T ().

i=1 j#i
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