Statistics 583, Problem Set 5
Wellner; 4/26/2006

Reading: Chapter 7, sections 7.1- 7.4; Wasserman, Chapters 2-3, pages 13-41.
Due: Wednesday, May 3, 2006

Reminder 1: Third make-up lecture, Monday, May 1, 9:30 AM.

Reminder 2: Midterm exam, Friday, May 5.

1. Suppose that we observe Xi,..., X, i.id. P on Rt = [0,00) and assume that

PePy={Py: (dPy/d\) = py, 6 € O} where § = (o, 8) € (0,00)? and py = pa. s
is the Weibull density given by py(z) = (3/a)(z/a)’ " exp(—(z/a)?)10,00) ().
From Lehmann and Romano, TPE, Example 6.6.1 (page 468) and problems 6.6.1
- 6.6.3 (page 509), we know that the maximum likelihood estimator 6, = (G, 3,)
exists and is unique if 0 < X1y < X,).
(a) If, in fact, P ¢ Py, to what function of P do you expect 0, = (dn,ﬁn) con-
verges (in probability)? [Hint: use the development in example 6.6.1 of Lehmann
and Romano to show that the solution of the population version of the score
equations (with sampling from P ¢ P) leads to a(P) = {Ep(X?)}¥/? where 3 is
the solution of Eo(XP log X .
0

% T3 = Ep(log X),
assuming that Ep(X?|log X|) < co. |
(b) Show heuristically that 8(P) = («(P), 3(P)) minimizes K (P, Py) over ©.
(c) Show in particular that if P has density p(x) = 2¢(2)1(0,00)(2) Where ¢ is the
standard normal density (so p is the “half-normal” density), then (a(P), 3(P)) =
(0.855417...,1.26276...). Plot p(x) and the “best-fitting” member of the Weibull

family p(a(p),g(p))(x) as functions of z.

. Suppose that 6, is the MLE for the Weibull family as in problem 1 above, and
that P ¢ Py. Heuristically we expect that

~

V(b — 0(P)) —a Na(0, £(P)) (1)

for some covariance matrix > = 3(P) as n — oc.
(a) What is the form of ¥ that you expect in (1)7
(b) What methods could be used to make these heuristics precise?

. (a) Exercise 2.7.5, Wasserman, page 24.
(b) What can you say about T'(F) = [ xdF'(x) using this same line of reasoning
when the hypothesis |X| < M < oo in (a) fails?



4. Exercise 3.8.1, Wasserman, page 39. [Hint: see Wasserman, page 29.] Under what
additional hypotheses can we establish /n(T(F,) — T(F)) — N(0, Eri%(X))?
(Here my ¢r equals Wasserman’s Lp.)



