Statistics 583, Problem Set 2
Wellner; 4/5/2006

Reading: Chapter 6, sections 6.3 and 6.4; Lehmann and Romano, TSH, Chapters 6
and 7. See also Ferguson, MS, Chapter 5, sections 5.6 and 5.7;
Due: Friday, April 14, 2006

1. Let X;; for j =1,...,n; and @ = 1,...,s be independent, normally distributed
random variables with common variance o2, and suppose that FX;; = u;. Con-
sider testing H : py = pg = -+ = ps versus K : p; # p; for some i # j. (a)
Put this in the form of the general linear model and find the UMP invariant test
of H versus K.

(b) What is the distribution of the test statistic under the general hypothesis?
[See Lehmann and Romano, section 7.3, pages 285 - 286, and Ferguson, example
5.9.1, page 265.]

(¢) Suppose that s =4 and n; = 6 for i = 1,...,4. Suppose further that that
observed data yield X;. =0, Xo. =4, X5 =5, X4 = 7 and 62 = 10. Compute
the F-statistic derived in (a) and the p—value for this data for testing H versus
K.

2. Let X;,i=1,...,Tand Y; = 1,...,J satisfy the general linear hypothesis with
EX; = oy + Biu; and EY; = g + Bovj, where the u; and v; are known and
Yui=0=3 v, > ui=Tand Y vj=J.

(a) Find the UMP invariant test of Hy : 1 = (o versus Ky : 51 # [s.
(b) Find the UMP invariant test of H): «; = as and 3; = (.

3. In class in the context of Example 6.3.14 we developed a UMP invariant test under
normal hypotheses: “reject H if T = /nX/S > t,_1.(8) where §o/n®=1(1 —
Po)-

(a) Study the limiting power of this test assuming that the Y’s (and hence also
the X’s) have E(Y?) < oo and that the Y’s are i.i.d. according to the location-
scale family F), ,(z) = Fo((x —p)/0). (You will need to decide on how to specify
“local alternatives”.)

(b) Now consider the alternative test based on the empirical d.f. of the Y’s:
“reject H : p > po (in favor of K : p < po) if nF,(yo) < ¢na Wwhere ¢, , is the
largest integer satisfying P(Bin(n,py) < ¢nq) < a. Study the limiting power of
this test assuming local alternatives of the form p,, = py — ¢//n with ¢ > 0.

(c) Compare the asymptotic power of the tests in (a) and (b) assuming that Fj
is normal. [Hint: it might be helpful to read example 6.4.2 on page 33 of section
6.4.]



