Statistics 583, Problem Set 7 Solutions
Wellner; 5/24/2000

1. Let Uy, = T(F,,, Gy,) where T(F,G) = [ FdG = P(X <Y) is the Mann-Whitney
functional and F,, and G, are the empirical df’s of Xy,..., X, i.i.d. with df F|
Yi,..., Y, iid. with df G.

A. Show that

j=1

J=1

B. Show that EU,,, = P(X <Y) = [ FdG and that
Var(VmniUpn) = (n—1) /(1 _ GYF + (m— 1) /F?dc;

— (N - 1)(/FdG)2+/FdG
= (n—1)Var[l - G(X)]+ (m — 1)Var[F(Y)]

+ /FdG(l —/FdG).

C. When F' = G use the results of A and B to compute EpW,,, and
Varppy(Win,). (This should agree with calculations for the Wilcoxon rank sum
form of the statistic under the null hypothesis via finite sampling calculations.)

Solution: A. Using empirical distribution function notation, NHy = mF,, + nG,,
SO
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For the variance, we first calculate

ElmnUnnl = > ) Y > Elix,cy,xeen

i=1 j=1 k=1 I=1

= > ) Elixay+ Y, Y P(Xi <Y}, X, <Y))

i=1 j=1

itk j=1

+ Y Y PGSV, X <Y) 4+ )Y PG <Y, X <Y
i=1 j#l i#k j#l
= mnP(X; <Y))+m(m—1)nP(X; <Y, X, <Y)
+ mn(n—1)P(X; <Y, X; <Y))
+m(m—1)nn—1)P(X; <Y,X, <Y3),

Pt <) = [ Fa,

P(X) <Y1, Xo < Vi) = BP(X, < Vi, Xo < Vi|V1) = /F?(:c)de(x),

P(X1 <Y1, X £ ¥3) = EP(Y, £ Y1 X, £ %lX0) = [ (1= Glao)PdF (o),

and

P(X, Y1, X, £¥3) = P(Y, <Y = ([ FaG)”,

It follows by algebra that

Var(mnUpp) = E(mnUpy)? — {E(mnUpg)}

+mmn—n/a—cuknmm@
+mm—nmmqn/ﬂwp—mm/Fam

= i — nf [ F2ac - ([ Pacy)

By noting that

/mwzpagY)

+mn(n - D{ [ (1= G-)Pip@) - ([ FacP)
- mn/FdG(l—/FdG).

= 1-P(X>Y)

= 1- /G(m—)dF(x) = /(1 — G(z—))dF(x),



this yields the claimed variance formula (to within a left limit):

Var(vmnUy,,) = (m—1)Var(F(Y))+ (n—1)Var(l - G(X-))
+ /FdG(l—/FdG) )
C. When F = @G continuous we find that
E(Up) = /FdF —1)2,

and, since now Var[F(Y)] = Var|G(X)] = 1/12,

1 1 1
v — m-1)—4n—1)—+->
Var(vmnUy, ) (m )12+(n )12+4
1 1 1
= (N—2)—+-=(N+1)—.
( )12+4 ( + )12

Hence from part A it follows that

E(Y Q) =n(n+1)/2+mnE(Uny) = n(N +1)/2

i=1

and
. 1
Var(z Q;) = mnVar(vmnUy,,) = mn(N + l)ﬁ
j=1

both of which agree with the finite sampling calculations of problem 2.A of problem
set 3.

. Consider the Mann-Whitney-Wilcoxon functional T'(F, G) as in problem 1.
(a) Show that T'(F, G) is continuous at every pair of distributions (F, G) with respect
to the Kolmogorov distance

di(F,F) = sup |F'(z) ~ F(2)] = ||F = Fll :

if ||F,, — Flloc = 0 and ||G,, — G||oc — 0, then T'(F,,,G,,) — T(F, G).

(b) Use the result of (a) to prove that T'(F,,G,) —4s. T(F,G).

(c) Give an example to show that 7'(F,G) is not weakly continuous at pairs of
distribution functions (#,G) with common discontinuity points.

(d) Extend the definition of Gateaux differentiable functions in a natural way to
include T'(F, G), and then calculate the Gateaux derivative of T'(F, G).

(e) Use your calculation in (d) to “guess” the asymptotic variance of T'(F,,, G,,).

Solution: 1. (a) T(F,G) is continuous at every pair (F,G) with respect to the
Kolmogorov distance: if ||F}, — F|lo — 0 and |Gy, — G|oc — 0, then

T(F,,Gy) — T(F.G) = / (F, — F)dG, + / Fd(G, — G)
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where
| [(By = GGl < IFs = Gl [ G = | = Gl =50,
and, using integration by parts (Proposition 1.4.1, chapter 1, page 17)
| [ Fa(G. @)l =~ [(Gula=) - Gla=)iF @) < 1Go Gl 0.

(b) Since ||F, — Fllo —as 0 and [|G, — G|l —as. 0 by the Glivenko-
Cantelli theorem, it follows immediately from the continuity proved in (a) that
T(F,,G,) —.. T(F,G).

(c) Here is an example to show that 7'(F,G) is not weakly continuous at all pairs
(F,G): Let X, ~ Uniform(0,1/n) = F,, so that X;, =4 0= X ~ , and let ¥, ~
Uniform(—1/n,0) = G,, so that Y;, 40 =Y ~ §y. Then T'(F,,,G,) = P(X,, <Y,)
for all n, but T'(F,G) = P(X <Y) = 1. Hence T(F, Q) is not weakly continuous
at all (F,G). However, it is weakly continuous at all pairs (F,G) with no common
discontinuity points. Here is the proof: suppose that F,, —; F' and G,, —4 G where
F and G have no common discontinuity points. Then F,, X G,, =4 F X G on R X R:
i.e. with X, ~ F,, and Y, ~ G}, independent, (X,,Y,) =4 (X,Y) ~ F X G; here
(X,Y) are independent with df’s F' and G respectively. Since F' and G have no
common discontinuities, the function g(x,y) = 1<, is continuous a.e. F x G-
note that all the mass points of the distribution F' x G on R? fall off the diagonal,
so P(X =Y) = [{F(z) — F(z—)}dG(z) = 0. Hence by the Helly-Bray theorem
(Proposition 2.3.7, chapter 2, page 13) it follows that

T(F,,G,) = Elx,<y.] = Eg(X,,Y,) = Eg(X,Y) = T(F,G).

(d) One simple definition of the Gateaux derivative — which does not account for
different sample sizes, m # n, might be as follows: let F;, = (1 — t)F + tF} and
Gy =(1—-t)G+tG, for df’s F, F}, G, G;. Then

d . T(F,G,) —T(F,G
W Lm0 = g TG

=T(F,G,F, - F,G, - G).

A definition which would account for different sample sizes m and n might be to
take t,, = m~'/2, t, =n"'2 and ty = (N/mn)"/? where m/N = Ay — A € (0,1),

and consider T(F G T(F G
(2) lim (tm,a tn)_ ( ) )

m,n— o0 iy

= T(F, G;a, ).

We first suppose that m = n and calculate (1): clearly
T(F,Gy) = /{F +t(Fy — F)}d{G +t(G, — G)}
_ /FdG+t/(F1 —F)dG+t/Fd(G1 e

+ 12 /(F1 _ PG - G,



SO

%T(Ft,atn” _ / (Fy — F)dG + / Fd(Gy - G)

_ /(FI—F)dG—/(Gl—

_ / G d(F, - F)+ / Fd(G, — G)

_ / G - / G_dF)dF, + / (F - / FdG)dG,
= T(F,G;F,— F,G,-G).

When we evaluate the limit in (2) we obtain a weighted version of this, namely,

JiTH / (F, — F)AG + VA / Fd(G: - @) = T(F,G; 0, )
where a =1 - \NF, — F), f = \/_(Gl G).

. Consider the collection Fy of distribution functions F' on Rt with 0 < FrX < oo
and ErX? < oo. Let T(F) = o(F)/u(F) for F € Fy where 0%(F) = Varp(X) and
p(F) = Ep(X). This is the coefficient of variation of F'. Find the influence function
of T(F).

Solution: T(F) = \/o?(F)/u(F) where we already know that

uwwﬁ4w=%mmmo=/u—/mwwmm
and
d%RG—Pﬁz/Km—MV—UQM%ﬂ-

Thus, by the product rule for differentiation,

Lo(F) 1
2 u(F) o*(F)

2(F) 1

T(F;G—F) W2(F) o(F)

o*(F;G - F) - i(F;G —F),

and

[C(«;T, F) = %T(F){(x - “F>2 _ 1}~ T(F) <”3 - “F> |

Of Of

. Suppose that Fj is the same class of distribution functions as in problem 3, but now
consider the functional T'(F') defined for a fixed 20 € R by

Jg (1= F(#))dt

T(F) = er(w) = Ep(X —aol X > a0) = S07—pr




This functional is the mean residual life functional. Find the influence function of
T(F).

Solution: First note that with F; = (1 — ¢t)F + tG we have both

d
1= Fia)l,y = ~(G = F)(a)

and
G| =R, =~ [ 6~ Py

dt /o, .
Thus by the product rule we calculate
d Jo (G =F)(y)dy [ >(1— F(y))dy
ET(Ft”t:O = = 1— F(Jfo) + (1 _ F(l‘o))2 (G - F)(.l‘o)
_ (G = F)(w) o (G = F)y)dy
= )T Fy T 1= Fa)

Taking G = 0, = 1}, ) yields the influence function for 1" at F*:

IC(x;T,F) = ep(x) (1[:6,00)(370) — F(x9)) B f;;(l[x,oo)(y) — F(y))dy

1 — F(xo) 1 — F(z)
_ (Ljoo) (@) — F(20)) [ Qo (@) = F(y))dy
= 6F(f170) 1 F(xg) - 1 F(xg)

[og 1=F (y)dy
€F(£L’0) o OI—F(QZO r < T
]iog Ljo,y1(z0) —F (y)dy
_F(xo)ep(xg) — T (z0) x> T

Lon =F@W)dy [ 1 ,1(z0)—F(y)dy
_F(:Co)eF(xO) - i)—F(:Co) - [OllF(Ea:O) T > Zo

1
0 r < x

T > Ty

1— F(l‘o)
Note that
Var(X — x| X > x)

Ep[IC*(X;T, F)] = 1— F(z0)

. Let F be a distribution function on R? with finite second moments, and let p(F) be
the correlation coefficient

o(F) Covp(X,Y)

B \/VarF(X)VarF(Y) .

Find a collection F of distribution functions on R? so that p is weakly continuous
on F.



Solution: Consider the following collection of distributions on R?: for some r > 2
and M < oo
JiJW'EE{}WZ 12F|)(V S;AJ,_E%W}/V S;A[}.

Then p is weakly-continuous on F; 5 at any F with Varg(X) > 0 and Varg(Y') > 0.
Here is a proof: let {F,} C F, satisty F,, —4 F. Then with (X,,,Y,) ~ F, and
(X,Y) ~ F we have (X,,,Y,) =4 (X,Y), and by a Skorokhod construction there
exist (X!, V¥) =4 (X, Yy,) and (X*,Y*) =4 (X,Y) defined on a common probability

n>- n

space and satisfying (X}, Y,*) =4, (X*,Y*). But because {F,, C F, », X2, Y,2, and

n>-n
| XY, | are all uniformly integrable: since r > 2,

Ele[X;%ZA] <

AT—Z

SO

lim hmsupEX21[X2>>\] < lim =0

A=0  psoo A—oo AT 2

and similarly for {Y;?}, so the uniform integrability of |X,,Y;,| follows by Cauchy-
Schwarz. The same holds true for the (X, Y ") pairs since the uniform integrability
only depends on the (marginal) distributions. Thus by Vitali’s theorem it follows
that

EX! =EX's — EX*s = EX°

and
EY’=FEY's - EY*s=FEY"®

for s = 1,2, while Vitali also yields

EX,Y, = EXY' - EX*Y* = EXY .

Therefore
(3) Varp, (X,) = Varp(X),Varg, (Y,) = Varp(Y),
and
(4) Covp, (X, Y,) = Covp(X,Y).
Since we have assumed that Varg(X) > 0 and Varg(Y) > 0, (3) and (4) yield
Covp (X, Yy Cov Y
plE) = % n Yo 1)y
VVare,(X,) - Varg, (Y, \/VGTF (X) - Varp(Y)

i.e. pis continuous on F, s at any F' with positive variances.

It is interesting to note that the hypothesis {F,rb C F, p cannot be weakened
to {F,} C Fou (and hence it can also not be weakened to the still larger class
Fs0). Here is a counterexample. Let F' be a d.f. on R?* with EX =0 = EY and
EX?=1=FEY? and p(F) < 1 where (X,Y) ~ F. Let M > 1 be a big number,
and consider the class

Fouy={Fon R*: EpX*< M,EprY* < M}.



Let ay, b, > 0; we will specify them in terms of M shortly. Consider the sequence
of d.f.’s {F,} C Fo s defined by

1 1 1
Fu(w,y) = (1~ 2)F(2,9) + -0 0t
(@) = (1= —)F(@,y) + 5 0@ + 5, 0-an—b)

Then for any bounded and continuous function ¢ : R? — R,

1 1 1
/¢an - (1_ E)/wdF_F%w(a'n;bn)+%w(_an;_bn)

— /wdF,

so F,, —4 F. Furthermore, with (X,,,Y,,) ~ F,,

EX,=(1-1/n)EX =0,EY, =0,

2
EX? = =(1-1/n)EX?+ % = (1-1/n)+

s S
Il
<

if a2 =n{M — (1 —1/n)}. Similarly,
b2
EY!=(1-1/n)+2 =M
n
it b2 =n{M — (1 —1/n)}. With these choices of a,, and b,,

Qp bn

Cov(X,,Y,) =(1—-1/n)Cov(X,Y) + o

Cov(X,,Y,)

Var(X,)Var(Y,)
(1-1/n)Cov(X,Y)+ M — (1 —1/n)
VM2

rho(F)+ M —1

— Vi # p(F).

p(F,) =

Thus p(F') is not continuous on Fj pr.

. For distribution functions F' on Rt and ¢, > 0, consider the functional

T(F) = Alto) E/OO 1 _lF dF

the cumulative hazard function corresponding to F" at ¢y. Find the influence function
of T'(F'). What does this mean about asymptotic normality of the natural estimator
T(F,) of T(F)? Can you prove asymptotic normality of T'(F,,) directly?

Solution: To find the influence function of T'(F), let F; = (1 — t)F + td,. The
distribution function corresponding to G = d, is 1(_s (), y € R, so the left limit
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is G_(y) = lfu<y), and the corresponding "at risk” function 1 — G_(y) = 1>y =
Liy.00) (). We need to compute

%%M — %T(Ft”t:O =I1C(x;T,F) = ¢p(x)

d, (" 1
= %{/0 Wdﬂ”t:o

b b (5, — F )
_/0 l_F_d((Sw—F)Jr/O 7(1_F_)2dF

/

~—~

Oto :E>y
= dF Y
i (y)
— ]'[Uto](x) _/ I[Uto( ) dA( )
1—F_(x) Jo 1 —-1’ (y)
_ 1 FE fO — if =z S to
00 mdF if > t[] .

The next to last formula for the influence function of A(¢y) is natural from a
martingale perspective. When F' is continuous F_ = F', and the influence function
computed above reduces to:

F(ty) ]
1— F(to) [$>t0}
Lp<ty) — F(to)

1 — F(to)

IC(x; T, F) = lpg<t) —

Note that Eptpr(X) =0 and (in the case of a continuous d.f. F')

F(ty)

Ep)p(X) = = F i)

To prove asymptotic normality of T'(F,,) (assuming that F' satisfies F'(tp) < 1), write

virE) -1 = Vil [ - [ e

_ Agtﬁﬁjmﬁmu@—mw]

to 1 1
R e e TR KT
\/E(Fn(tO) - F(tﬂ)) _ /to \/E(IFTZ(S) . F(S))2 1
s)

1—F,(to—) (1 =F.(s—))?
o R (s) - F(s))
*4 = F, ()1 — Fs )y )
VilF, (th) — F(ty))

1_F,(t-) op(1)



U(F (b))

1= F(ty-)
F(t
~ N(O’l—(—FO()tO)) if F' is continuous

since the last two terms can be rewritten as

" Ji(F, (s) = F(s) | dFy(s) 4F (s)
0 1 -TF,(s—) {1—]Fn(5—) - l—F(s—)} = 0p(1)

by arguments similar to those we used to deal with the Mann-Whitney Wilcoxon
statistic. Alternatively, martingale methods also work.
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