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1. Let Um;n � T (Fm ; G n) where T (F;G) =
R
FdG = P (X � Y ) is the Mann-Whitney

functional and Fm and G n are the empirical df's of X1; : : : ; Xm i.i.d. with df F ,

Y1; : : : ; Yn i.i.d. with df G.

A. Show that

mnUm;n + n(n+ 1)=2 = Wm;n �
nX

j=1

Qj =

nX
j=1

Rm+j :

B. Show that EUm;n = P (X � Y ) =
R
FdG and that

V ar(
p
mnUm;n) = (n� 1)

Z
(1�G)2dF + (m� 1)

Z
F 2dG

� (N � 1)(

Z
FdG)2 +

Z
FdG

= (n� 1)V ar[1�G(X)] + (m� 1)V ar[F (Y )]

+

Z
FdG(1�

Z
FdG) :

C. When F = G use the results of A and B to compute E(F;F )Wm;n and

V ar(F;F )(Wm;n). (This should agree with calculations for the Wilcoxon rank sum

form of the statistic under the null hypothesis via �nite sampling calculations.)

Solution: A. Using empirical distribution function notation, NH N = mFm + nG n ,

so

mnUm;n =

Z
mFmdnG n =

Z
NH N dnG n �

Z
nG ndnG n

=

nX
j=1

NH N (Yj)�
nX

j=1

nG n(Y(j))

=

nX
j=1

Rm+j �
nX

j=1

j

=

nX
j=1

Rm+j � n(n + 1)=2 :

B. The expectation is easy:

E(Um;n) =
1

mn

mX
j=1

nX
i=1

P (Xi � Yj) = P (X1 � Y1) =

Z
FdG :
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For the variance, we �rst calculate

E[mnUm;n]
2 =

mX
i=1

nX
j=1

mX
k=1

nX
l=1

E1[Xi�Yj ;Xk�Yl]

=

mX
i=1

nX
j=1

E1[Xi�Yj ] +
X
i6=k

nX
j=1

P (Xi � Yj; Xk � Yj)

+

mX
i=1

X
j 6=l

P (Xi � Yj; Xi � Yl) +
X
i6=k

X
j 6=l

P (Xi � Yj; Xk � Yl)

= mnP (X1 � Y1) +m(m� 1)nP (X1 � Y1; X2 � Y1)

+ mn(n� 1)P (X1 � Y1; X1 � Y2)

+ m(m� 1)n(n� 1)P (X1 � Y1; X2 � Y2) ;

P (X1 � Y1) =

Z
FdG;

P (X1 � Y1; X2 � Y1) = EP (X1 � Y1; X2 � Y1jY1) =
Z
F 2(x)dG(x) ;

P (X1 � Y1; X1 � Y2) = EP (X1 � Y1; X1 � Y2jX1) =

Z
(1�G(x�))2dF (x);

and

P (X1 � Y1; X2 � Y2) = P (X1 � Y1)
2 = (

Z
FdG)2 :

It follows by algebra that

Var(mnUm;n) = E(mnUm;n)
2 � fE(mnUm;n)g2

= mn

Z
FdG+m(m� 1)n

Z
F 2dG

+ mn(n� 1)

Z
(1�G(x�))2dF (x)

+ m(m� 1)n(n� 1)f
Z
FdGg2 � (mn

Z
FdG)2

= m(m� 1)nf
Z
F 2dG� (

Z
FdG)2g

+ mn(n� 1)f
Z
(1�G(x�))2dF (x)� (

Z
FdG)2g

� mn

Z
FdG(1�

Z
FdG) :

By noting thatZ
FdG = P (X � Y ) = 1� P (X > Y )

= 1�
Z
G(x�)dF (x) =

Z
(1�G(x�))dF (x) ;
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this yields the claimed variance formula (to within a left limit):

Var(
p
mnUm;n) = (m� 1)V ar(F (Y )) + (n� 1)V ar(1�G(X�))

+

Z
FdG

�
1�

Z
FdG

�
:

C. When F = G continuous we �nd that

E(Umn) =

Z
FdF = 1=2 ;

and, since now V ar[F (Y )] = V ar[G(X)] = 1=12,

Var(
p
mnUm;n) = (m� 1)

1

12
+ (n� 1)

1

12
+

1

4

= (N � 2)
1

12
+

1

4
= (N + 1)

1

12
:

Hence from part A it follows that

E(

nX
j=1

Qj) = n(n+ 1)=2 +mnE(Um;n) = n(N + 1)=2

and

Var(

nX
j=1

Qj) = mnVar(
p
mnUm;n) = mn(N + 1)

1

12

both of which agree with the �nite sampling calculations of problem 2.A of problem

set 3.

2. Consider the Mann-Whitney-Wilcoxon functional T (F;G) as in problem 1.

(a) Show that T (F;G) is continuous at every pair of distributions (F;G) with respect

to the Kolmogorov distance

dK(F; ~F ) � sup
x

jF (x)� ~F (x)j � kF � ~Fk1 :

if kFn � Fk1 ! 0 and kGn �Gk1 ! 0, then T (Fn; Gn)! T (F;G).

(b) Use the result of (a) to prove that T (Fn ; G n)!a:s: T (F;G).

(c) Give an example to show that T (F;G) is not weakly continuous at pairs of

distribution functions (F;G) with common discontinuity points.

(d) Extend the de�nition of Gateaux di�erentiable functions in a natural way to

include T (F;G), and then calculate the Gateaux derivative of T (F;G).

(e) Use your calculation in (d) to \guess" the asymptotic variance of T (Fm ; G n).

Solution: 1. (a) T (F;G) is continuous at every pair (F;G) with respect to the

Kolmogorov distance: if kFn � Fk1 ! 0 and kGn �Gk1 ! 0, then

T (Fn; Gn)� T (F;G) =

Z
(Fn � F )dGn +

Z
Fd(Gn �G)
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where

j
Z
(Fn �Gn)dGnj � kFn �Gnk1

Z
dGn = kFn �Gnk1 ! 0 ;

and, using integration by parts (Proposition 1.4.1, chapter 1, page 17)

j
Z
Fd(Gn �G)j = j �

Z
(Gn(x�)�G(x�))dF (x)j � kGn �Gk1 ! 0 :

(b) Since kFn � Fk1 !a:s: 0 and kG n � Gk1 !a:s: 0 by the Glivenko-

Cantelli theorem, it follows immediately from the continuity proved in (a) that

T (Fn ; G n)!a:s: T (F;G).

(c) Here is an example to show that T (F;G) is not weakly continuous at all pairs

(F;G): Let Xn � Uniform(0; 1=n) � Fn, so that Xn !d 0 � X � Æ0, and let Yn �
Uniform(�1=n; 0) � Gn so that Yn !d 0 � Y � Æ0. Then T (Fn; Gn) = P (Xn � Yn)

for all n, but T (F;G) = P (X � Y ) = 1. Hence T (F;G) is not weakly continuous

at all (F;G). However, it is weakly continuous at all pairs (F;G) with no common

discontinuity points. Here is the proof: suppose that Fn !d F and Gn !d G where

F and G have no common discontinuity points. Then Fn�Gn !d F �G on R�R:
i.e. with Xn � Fn and Yn � Gn independent, (Xn; Yn) !d (X; Y ) � F � G; here

(X; Y ) are independent with df's F and G respectively. Since F and G have no

common discontinuities, the function g(x; y) � 1[x�y] is continuous a.e. F � G:

note that all the mass points of the distribution F � G on R2 fall o� the diagonal,

so P (X = Y ) =
R
fF (x) � F (x�)gdG(x) = 0. Hence by the Helly-Bray theorem

(Proposition 2.3.7, chapter 2, page 13) it follows that

T (Fn; Gn) = E1[Xn�Yn] = Eg(Xn; Yn)! Eg(X; Y ) = T (F;G) :

(d) One simple de�nition of the Gateaux derivative { which does not account for

di�erent sample sizes, m 6= n, might be as follows: let Ft � (1 � t)F + tF1 and

Gt � (1� t)G+ tG1 for df's F , F1, G, G1. Then

d

dt
T (Ft; Gt)jt=0 = lim

t!0

T (Ft; Gt)� T (F;G)

t
� _T (F;G; F1 � F;G1 �G) :(1)

A de�nition which would account for di�erent sample sizes m and n might be to

take tm � m�1=2, tn = n�1=2, and tN � (N=mn)1=2 where m=N � �N ! � 2 (0; 1),

and consider

lim
m;n!1

T (Ftm ; Gtn)� T (F;G)

tN
� _T (F;G;�; �) :(2)

We �rst suppose that m = n and calculate (1): clearly

T (Ft; Gt) =

Z
fF + t(F1 � F )gdfG+ t(G1 �G)g

=

Z
FdG+ t

Z
(F1 � F )dG+ t

Z
Fd(G1 �G)

+ t2
Z
(F1 � F )d(G1 �G) ;
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so

d

dt
T (Ft; Gt)jt=0 =

Z
(F1 � F )dG+

Z
Fd(G1 �G)

=

Z
(F1 � F )dG�

Z
(G1 �G)�dF

=

Z
G�d(F1 � F ) +

Z
Fd(G1 �G)

=

Z
(G� �

Z
G�dF )dF1 +

Z
(F �

Z
FdG)dG1

= _T (F;G;F1 � F;G1 �G) :

When we evaluate the limit in (2) we obtain a weighted version of this, namely,

p
1� �

Z
(F1 � F )dG+

p
�

Z
Fd(G1 �G) � _T (F;G;�; �)

where � �
p
1� �(F1 � F ), � �

p
�(G1 �G).

3. Consider the collection F0 of distribution functions F on R+ with 0 < EFX < 1
and EFX

2 <1. Let T (F ) � �(F )=�(F ) for F 2 F0 where �
2(F ) = V arF (X) and

�(F ) = EF (X). This is the coeÆcient of variation of F . Find the in
uence function

of T (F ).

Solution: T (F ) =
p
�2(F )=�(F ) where we already know that

_�(F ;G� F ) =
d

dt
�(Ft)jt=0 =

Z
(x�

Z
xdF )dG(x)

and

_�2(F ;G� F ) =

Z
f(x� �F )

2 � �2
FgdG(x) :

Thus, by the product rule for di�erentiation,

_T (F ;G� F ) =
1

2

�(F )

�(F )

1

�2(F )
_�2(F ;G� F )� �2(F )

�2(F )

1

�(F )
_�(F ;G� F );

and

IC(x;T; F ) =
1

2
T (F )f

�
x� �F

�F

�2

� 1g � T 2(F )

�
x� �F

�F

�
:

4. Suppose that F0 is the same class of distribution functions as in problem 3, but now

consider the functional T (F ) de�ned for a �xed x0 2 R+ by

T (F ) � eF (x0) � EF (X � x0jX > x0) =

R1
x0
(1� F (t))dt

1� F (x0)
:
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This functional is the mean residual life functional. Find the in
uence function of

T (F ).

Solution: First note that with Ft � (1� t)F + tG we have both

d

dt
(1� Ft(x0))jt=0

= �(G� F )(x0)

and
d

dt

Z 1

x0

(1� Ft(y))dyjt=0
= �

Z 1

x0

(G� F )(y)dy :

Thus by the product rule we calculate

d

dt
T (Ft)jt=0

= �
R1
x0
(G� F )(y)dy

1� F (x0)
+

R1
x0
(1� F (y))dy

(1� F (x0))2
(G� F )(x0)

= eF (x0)
(G� F )(x0)

1� F (x0)
�
R1
x0
(G� F )(y)dy

1� F (x0)
:

Taking G = Æx = 1[x;1) yields the in
uence function for T at F :

IC(x;T; F ) = eF (x0)
(1[x;1)(x0)� F (x0))

1� F (x0)
�
R1
x0
(1[x;1)(y)� F (y))dy

1� F (x0)

= eF (x0)
(1[0;x0](x)� F (x0))

1� F (x0)
�
R1
x0
(1[0;y](x)� F (y))dy

1� F (x0)

=

8<
: eF (x0)�

R
1

x0
1�F (y)dy

1�F (x0)
x � x0

�F (x0)

1�F (x0)
eF (x0)�

R
1

x0
1[0;y](x0)�F (y)dy

1�F (x0)
x > x0

=

(
0 x � x0
�F (x0)

1�F (x0)
eF (x0)�

R x
x0
�F (y)dy

1�F (x0)
�

R
1

x
1[0;y](x0)�F (y)dy

1�F (x0)
x > x0

=

(
0 x � x0
(x�x0)�eF (x0)

1�F (x0)
x > x0

=
[(x� x0)� eF (x0)]1(x0;1)(x)

1� F (x0)
:

Note that

EF [IC
2(X;T; F )] =

V ar(X � x0jX > x0)

1� F (x0)
:

5. Let F be a distribution function on R2 with �nite second moments, and let �(F ) be

the correlation coeÆcient

�(F ) =
CovF (X; Y )p

V arF (X)V arF (Y )
:

Find a collection F of distribution functions on R2 so that � is weakly continuous

on F .
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Solution: Consider the following collection of distributions on R2: for some r > 2

and M <1
Fr;M � fF : EF jXjr �M; EF jY jr � Mg :

Then � is weakly-continuous on Fr;M at any F with V arF (X) > 0 and V arF (Y ) > 0.

Here is a proof: let fFng � Fr;M satisfy Fn !d F . Then with (Xn; Yn) � Fn and

(X; Y ) � F we have (Xn; Yn) !d (X; Y ), and by a Skorokhod construction there

exist (X�
n; Y

�
n ) =d (Xn; Yn) and (X

�; Y �) =d (X; Y ) de�ned on a common probability

space and satisfying (X�
n; Y

�
n )!a:s: (X

�; Y �). But because fFn � Fr;M , X2
n, Y

2
n , and

jXnYnj are all uniformly integrable: since r > 2,

EX2
n1[X2

n��]
� 1

�r�2
EjXnjr �

M

�r�2

so

lim
�!1

lim sup
n!1

EX2
n1[X2

n��]
� lim

�!1

M

�r�2
= 0

and similarly for fY 2
n g, so the uniform integrability of jXnYnj follows by Cauchy-

Schwarz. The same holds true for the (X�
n; Y

�
n ) pairs since the uniform integrability

only depends on the (marginal) distributions. Thus by Vitali's theorem it follows

that

EXs
n = EX�

ns! EX�s = EXs

and

EY s
n = EY �n s! EY �s = EY s

for s = 1; 2, while Vitali also yields

EXnYn = EX�
nY

�
n ! EX�Y � = EXY :

Therefore

V arFn(Xn)! V arF (X); V arFn(Yn)! V arF (Y );(3)

and

CovFn(Xn; Yn)! CovF (X; Y ):(4)

Since we have assumed that V arF (X) > 0 and V arF (Y ) > 0, (3) and (4) yield

�(Fn) =
CovFn(Xn; Yn)p

V arFn(Xn) � V arFn(Yn)
! CovF (X; Y )p

V arF (X) � V arF (Y )
= �(F );

i.e. � is continuous on Fr;M at any F with positive variances.

It is interesting to note that the hypothesis fFnrb � Fr;M cannot be weakened

to fFng � F2;M (and hence it can also not be weakened to the still larger class

F2;1). Here is a counterexample. Let F be a d.f. on R2 with EX = 0 = EY and

EX2 = 1 = EY 2, and �(F ) < 1 where (X; Y ) � F . Let M > 1 be a big number,

and consider the class

F2;M = fF on R2 : EFX
2 �M;EFY

2 �Mg :
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Let an; bn > 0; we will specify them in terms of M shortly. Consider the sequence

of d.f.'s fFng � F2;M de�ned by

Fn(x; y) = (1� 1

n
)F (x; y) +

1

2n
Æ(an;bn) +

1

2n
Æ(�an;�bn):

Then for any bounded and continuous function  : R2 ! R,Z
 dFn = (1� 1

n
)

Z
 dF +

1

2n
 (an; bn) +

1

2n
 (�an;�bn)

!
Z
 dF;

so Fn !d F . Furthermore, with (Xn; Yn) � Fn,

EXn = (1� 1=n)EX = 0; EYn = 0;

EX2
n = = (1� 1=n)EX2 +

a2n
n

= (1� 1=n) +
a2n
n

=M

if a2n = nfM � (1� 1=n)g. Similarly,

EY 2
n = (1� 1=n) +

b2n
n

=M

if b2n = nfM � (1� 1=n)g. With these choices of an and bn,

Cov(Xn; Yn) = (1� 1=n)Cov(X; Y ) +
anbn

n
;

�(Fn) =
Cov(Xn; Yn)

V ar(Xn)V ar(Yn)

=
(1� 1=n)Cov(X; Y ) +M � (1� 1=n)p

M2

! rho(F ) +M � 1

M
6= �(F ):

Thus �(F ) is not continuous on F2;M .

6. For distribution functions F on R+ and t0 > 0, consider the functional

T (F ) = �(t0) �
Z t0

0

1

1� F
dF ;

the cumulative hazard function corresponding to F at t0. Find the in
uence function

of T (F ). What does this mean about asymptotic normality of the natural estimator

T (Fn) of T (F )? Can you prove asymptotic normality of T (Fn) directly?

Solution: To �nd the in
uence function of T (F ), let Ft = (1 � t)F + tÆx. The

distribution function corresponding to G � Æx is 1(�1;y](x), y 2 R, so the left limit
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is G�(y) = 1[x<y], and the corresponding "at risk" function 1 � G�(y) = 1[x�y] =

1[y;1)(x). We need to compute

lim
t!0

T (Ft)� T (F )

t
=

d

dt
T (Ft)jt=0 � IC(x;T; F ) �  F (x)

=
d

dt
f
Z t0

0

1

1� (Ft)�
dFtgjt=0

=

Z t0

0

1

1� F�
d(Æx � F ) +

Z t0

0

(Æx � F�)

(1� F�)2
dF

=
1[0;t0](x)

1� F�(x)
�
Z t0

0

1

1� F�
dF +

Z t0

0

1

1� F�
dF �

Z t0

0

(1� Æx�)

(1� F�)2
dF

=
1[0;t0](x)

1� F�(x)
�
Z t0

0

1[x�y]

(1� F�(y))2
dF (y)

=
1[0;t0](x)

1� F�(x)
�
Z x

0

1[0;t0](y)

1� F�(y)
d�(y)

=

(
1

1�F
�
(x)
�
R x
0

1

(1�F
�
)2
dF if x � t0

�
R t0
0

1

(1�F
�
)2
dF if x > t0 :

The next to last formula for the in
uence function of �(t0) is natural from a

martingale perspective. When F is continuous F� = F , and the in
uence function

computed above reduces to:

IC(x;T; F ) = 1[x�t0] �
F (t0)

1� F (t0)
1[x>t0]

=
1[x�t0] � F (t0)

1� F (t0)
:

Note that EF F (X) = 0 and (in the case of a continuous d.f. F )

EF 
2
F (X) =

F (t0)

1� F (t0)
:

To prove asymptotic normality of T (Fn) (assuming that F satis�es F (t0) < 1), write

p
n(T (Fn)� T (F )) =

p
n

�Z t0

0

1

1� Fn(s�)
dFn(s)�

Z t0

0

1

1� F (s�)dF (s)
�

=

Z t0

0

1

1� Fn(s�)
d[
p
n(Fn(s)� F (s))]

+

Z t0

0

p
n

�
1

1� Fn(s�)
� 1

1� F (s�)

�
dF (s)

=

p
n(Fn(t0)� F (t0))

1� Fn(t0�)
�
Z t0

0

p
n(Fn(s)� F (s))2

1

(1� Fn(s�))2
dFn(s)

+

Z t0

0

p
n(Fn(s)� F (s))

(1� Fn(s�))(1� F (s�))dF (s)

=

p
n(Fn(t0)� F (t0))

1� Fn(t0�)
+ op(1)
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!d

U(F (t0))

1� F (t0�)

� N(0;
F (t0)

1� F (t0)
) if F is continuous

since the last two terms can be rewritten asZ t0

0

p
n(Fn(s)� F (s))

1� Fn(s�)

�
dFn(s)

1� Fn(s�)
� dF (s)

1� F (s�)

�
= op(1)

by arguments similar to those we used to deal with the Mann-Whitney Wilcoxon

statistic. Alternatively, martingale methods also work.
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