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1. Suppose that X

1

; : : : ; X

m

are i.i.d. F 2 F




and Y

1

; : : : ; Y

n

are i.i.d. G 2 F




.

A. Find a most powerful similar test of H




: F = G 2 F




versus

K

1

: F = Exponential(�); G = Exponential(�) with � < � known:

B. Does the resulting test have any optimality properties against any 
omposite

alternative?

C. If m = n = 4 and we observe X = (X

1

; X

2

; X

3

; X

4

) = (2:61; 3:02; 1:97; 2:79) and

Y = (Y

1

; Y

2

; Y

3

; Y

4

) = (3:28; 2:19; 2:88; 3:41), 
arry out the test in A at level � = :1.

What is the approximate p�value for the observed data?

Solution: A. For testing H




versus K

1

, the joint density under the alternative is

h(x; y) = �

m

�

n

exp(��

m

X

1

x

i

� �

n

X

1

y

j

) :

The most powerful similar test reje
ts H




for those permutations z

0

of z whi
h lead

to large values of h(z); or small values of �

P

m

1

X

i

+ �

P

n

1

Y

j

; or small values of

�

m

X

1

X

i

+ �

n

X

1

Y

j

� (

m

N

�+

n

N

�)(

m

X

1

X

i

+

n

X

1

Y

j

)

=

mn

N

(�� �)(X

m

� Y

n

) ;

or large values of (Y

n

�X

m

); or small values of

�

m

X

1

X

i

+ �

n

X

1

Y

j

� �(

m

X

1

X

i

+

n

X

1

Y

j

) = (� � �)

n

X

1

Y

j

;

or large values of

P

n

1

Y

j

.

B. Sin
e the test in A is the same for all � < �, it is a
tually a UMP similar test of

H




versus [

�<�

K

1

(�; �).

C. The ordered data is given by

Z = (1:97; 2:19; 2:61; 2:79; 2:88; 3:02; 3:28; 3:41) :

There are

�

8

4

�

= 70 relabelings of the data as X

0

s and Y

0

s. Carrying out the

permutation test using

P

n

1

Y

j

, we easily �nd (I used Mathemati
a; see the atta
hed

data) that for the observed data,

P

n

1

Y

j

= 11:76, and there are 13 
ombinations

with sums greater than or equal to 11:76; hen
e the p�value for the permutation

test is 13=70 = :1857. Thus we fail to reje
t at level � = :1.
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2. Consider the testing problem in Problem 1. A. In the 
ontext of Problem 1, 
onsider

the smaller parametri
 null hypothesis

H

0

: F = Exponential(�); G = Exponential(�) :

Find the UMP unbiased test of H

0

versus K

0

: � < �. (This is 
losely related to

problem 2 of problem set #3.)

B. Can you rewrite the UMPU test from part A in su
h a way that its 
riti
al region

is asymptoti
ally equivalent to the 
riti
al region of the permutation test you found

in problem 1? [Hint: you will need to use the WWNH �nite sampling CLT.℄

Solution: A. For testing H

0

versus K

0

, the UMPU test is \reje
t H

0

if V �

P

n

1

Y

j

=(

P

m

1

X

i

+

P

n

1

Y

j

) > b

n;m;�

" where b

n;m;�

is the upper ��th per
entile of the

Beta(n;m) distribution. [Equivalently, sin
e V is a monotone in
reasing fun
tion

of R �

P

n

1

Y

j

=

P

m

1

X

i

, and (m=n)R � F

2n;2m

, the test is \reje
t if (m=n)R >

F

2n;2m;�

".℄ Under H

0

we have E(V ) = n=N and V ar(V ) = �

N

�

N

=(N + 1), where

�

N

� m=N , �

N

� 1� �

N

, and

V � n=N

q

�

N

�

N

=(N + 1)

!

d

N(0; 1) :(1)

Hen
e the quantiles b

n;m;�

satisfy

b

n;m;�

� n=N

q

�

N

�

N

=(N + 1)

! z

�

:

Proof of (1): Note that

V �

n

N

=

mn

N

2

(Y

n

�X

m

)

N

P

m

1

X

i

+

P

n

1

Y

j

= �

N

�

N

(Y

n

� �� (X

m

� �))

1

�

N

X

m

+ �

N

Y

n

:

Thus we have

V � n=N

q

�

N

�

N

=(N + 1)

=

q

�

N

�

N

p

N + 1(Y

n

� �� (X

m

� �))

1

�

N

X

m

+ �

N

Y

n

=

r

N + 1

N

�

q

�

N

p

m(Y

n

� �)�

p

�

N

p

n(X

m

� �)

�

1

�

N

X

m

+ �

N

Y

n

!

d

�
p

�Z �

p

�W

�

=�

where Z � N(0; �

2

);W � N(0; �

2

) are independent

� N(0; 1) :
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B. The permutation test in problem 1 reje
ts for large values of

P

n

1

Y

j

, or

equivalently for large values of

V =

P

n

1

Y

j

P

N

1

Z

i

=

n

N

Y

n

Z

N

:

Now E(Y

n

jZ) = Z, so E(V jZ) = n=N . Furthermore,

V ar(V jZ) = �

2

N

V ar(Y

n

jZ)=Z

2

N

= �

2

N

�

2

N

n

(1�

n� 1

N � 1

)

1

Z

2

:

Thus we have

V � E(V jZ)

p

V ar(V jZ)

=

Y

n

� Z

N

�

N

p

n

q

1�

n�1

N�1

!

d

N(0; 1)

almost surely (with respe
t to the Z

0

s) by the W-W-N-H �nite-sampling CLT on
e

we verify the Noether 
ondition. If the X's and Y 's have �nite se
ond moments,

this holds in exa
tly the same way as it did for the permutation t� test. Note that

V � E(V jZ)

p

V ar(V jZ)

=

V � n=N

q

�

N

�

N

=(N + 1)

�

s

�

N

�

N

N + 1

Z

N

�

N

�

N

p

n

q

1�

n�1

N�1

=

V � n=N

q

�

N

�

N

=(N + 1)

�

Z

N

�

N

� (1 + o(1)) ;

where Z

N

=�

N

!

p

1 under the exponential parametri
 model.

3. Consider the 
riti
al point 


�

(Z) of the two-sample permutation t�test. In 
lass

on 4/17 and 4/21 we showed that 


�

(Z) !

p

z

�

under both the null hypothesis

F = G and under the alternative hypothesis F 6= G if E

F

X

2

<1 and E

G

Y

2

<1.

What does this imply about the power of the permutation test as m ^ n ! 1 if

E

F

X < E

G

Y ?

Solution: When �

X

� E

F

X < E

G

Y � �

Y

, we have

�

m;n

=

p

mn

N

(Y

n

�X

m

)

S

p

=

p

mn

N

((Y

n

� �

Y

� (X

m

� �

X

)

S

p

+

p

mn

N

(�

Y

� �

X

)

S

p

!

p

N(0; 1) +1 =1 :

Sin
e we already know that 


�

(Z) !

p

z

�

under alternatives with E

F

X

2

< 1 and

E

G

Y

2

<1, it follows that

P

�

X

<�

Y

(�

m;n

� 


�

(Z))! 1 :
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4. Suppose that X

1

; : : : ; X

n

are i.i.d. N(�; �

2

) and 
onsider testing H : j�j � 1 versus

K : j�j < 1. This is the \bioequivalen
e" problem 
onsidered by Perlman and Wu

(2000). See (1) on page 356 of Perlman and Wu, and Se
tion 7, pages 361 - 362.

Find the likelihood ratio test of H versus K. How is your reje
tion region related

to the set R in (22) of Perlman and Wu?

Solution: The likelihood is

L

n

(�; �

2

) = (2��

2

)

�1=2

exp

�

�

P

n

1

(X

i

� �)

2

2�

2

�

= (2��

2

)

�1=2

exp

�

�

n

2�

2

(S

2

X

+ (X

n

� �)

2

)

�

where X

n

� n

�1

P

n

i=1

X

i

and S

2

X

= n

�1

P

n

i=1

(X

i

�X)

2

. The unrestri
ted maximum

is easy and well-known:

sup

�

L

n

(�; �

2

) = (2�S

2

X

)

�n=2

exp(�n=2) ;

and the supremum is attained at �̂ � X

n

, �̂

2

= S

2

X

. To maximize the likelihood

over the null hypothesis �

0

� f(�; �) : j�j � 1; �

2

> 0g, we �rst maximize over �

for ea
h �xed �

2

: by 
onsidering the shape of the quadrati
 fun
tion (��X

n

)

2

in

the three 
ases X

n

< �1, �1 � X

n

� 1, and X

n

> 1, it be
omes 
lear that the

maximum likelihood estimator �̂

0

under the null hypothesis j�j � 1 is given by

�̂

0

=

8

<

:

X

n

if jX

n

j � 1

1 if 0 < X

n

< 1

�1 if �1 < X

n

< 0 :

;

and this does not depend on the value of �

2

. Hen
e the partially maximized log-

likelihood is given by

logL

n

(�̂

0

; �

2

) =

8

>

>

>

<

>

>

>

:

�

n

2

�

log(2��

2

)�

S

2

X

�

2

�

if jX

n

j � 1

�

n

2

�

log(2��

2

)�

S

2

X

+(X

n

�1)

2

�

2

�

if 0 < X

n

< 1

�

n

2

�

log(2��

2

)�

S

2

X

+(X

n

+1)

2

�

2

�

if �1 < X

n

< 0 :

Maximizing this with respe
t to �

2

is easy, and we �nd that

�̂

2

0

=

8

<

:

S

2

X

if jX

n

j � 1

S

2

X

+ (X

n

� 1)

2

if 0 < X

n

< 1

S

2

X

+ (X

n

+ 1)

2

if � 1 < X

n

< 0 :

Hen
e we �nd that the likelihood ratio statisti
 for testing H versus K is given by

�

n

�

sup

�

p(X; �; �

2

)

sup

�

0

p(X; �; �

2

)

=

8

>

>

>

<

>

>

>

:

(2�S

2

X

)

�n=2

exp(�n=2)

(2�S

2

X

)

�n=2

exp(�n=2)

if jX

n

j � 1

(2�S

2

X

)

�n=2

exp(�n=2)

(2�S

2

X

+(X

n

�1)

2

)

�n=2

exp(�n=2)

if 0 < X

n

< 1

(2�S

2

X

)

�n=2

exp(�n=2)

(2�S

2

X

+(X

n

+1)

2

)

�n=2

exp(�n=2)

if �1 < X

n

< 0
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=

8

>

>

>

<

>

>

>

:

1 if jX

n

j � 1

�

S

2

X

+(X

n

�1)

2

S

2

X

�

n=2

if 0 < X

n

< 1

�

S

2

X

+(X

n

+1)

2

S

2

X

�

n=2

if �1 < X

n

< 0

=

8

>

>

>

>

>

<

>

>

>

>

>

:

1 if jX

n

j � 1

�

1 +

�

X

n

�1

S

X

�

2

�

n=2

if 0 < X

n

< 1

�

1 +

�

X

n

+1

S

X

�

2

�

n=2

if �1 < X

n

< 0 :

Thus large values of the likelihood ratio �

n


orrespond to large values of (1�X

n

)=S

X

for 0 � X

n

< 1, and large values of (X

n

+ 1)=S

X

for �1 < X

n

< 0. Thus we reje
t

for values of (X

n

; S

X

) in the triangular region

R � f(X

n

; S

X

) : X

n

+ 


�

S

X

� 1; 0 < X

n

< 1g

[ f(X

n

; S

X

) : 


�

S

X

�X

n

� 1; �1 < X

n

< 0gg

= f(X

n

; S

X

) : jX

n

j+ 


�

S

X

� 1g :

To determine 


�

so that the resulting test has size �, we will 
ombine two one-sided

t�tests. Note that when � = 1, and with

~

S

2

n

� (n=(n� 1))S

2

X

,

p

n� 1

X

n

� 1

S

X

=

p

n(X

n

� 1)

~

S

X

� t

n�1

:

Thus the one-sided t-test of H

1

: � � 1 versus K

1

: � < 1 is \reje
t H

1

at level � if

p

n� 1

X

n

� 1

S

X

=

p

n(X

n

� 1)

~

S

X

< �t

n�1;�

00

:

Note that this 
orresponds to pairs (X

n

; S

X

) in the region R

1


onsisting of all points

below the line f(x; s) : x+ (t

n�1;�

=

p

n� 1)s = 1g. Call this test 	

1

.

Note that when � = �1, and with

~

S

2

n

� (n=(n� 1))S

2

X

,

p

n� 1

X

n

+ 1

S

X

=

p

n(X

n

+ 1)

~

S

X

� t

n�1

:

Thus the (UMPU) one-sided t-test of H

2

: � � �1 versus K

2

: � > �1 is \reje
t H

2

at level � if

p

n� 1

X

n

+ 1

S

X

=

p

n(X

n

+ 1)

~

S

X

> t

n�1;�

00

:

Note that this 
orresponds to pairs (X

n

; S

X

) in the region R

2


onsisting of all points

below the line f(x; s) : �x + (t

n�1;�

=

p

n� 1)s = 1g. Call this test 	

2

.

Theorem (Berger (1982), Berger and Hsu (1996)): the test whi
h reje
ts H : [� �

�1℄ [ [� � 1℄ � �

01

[ �

02

� �

0

in favor of K : [� > �1℄ \ [� < 1℄ � �




01

\ �




02

for

pairs (X

n

; S

X

) in R = R

1

\ R

2

has size �. Thus with 


�

= t

n�1;�

=

p

n� 1, the test

5



	(X) = 1

R

(X) has size �.

Proof: Suppose that � = (�; �

2

) 2 �

0

. Then � 2 �

0i

for some i 2 f1; 2g, and

E

�

	(X) � E

�

1

R

i

(X) � �

sin
e the test 	

i

= 1fR

i

g has size �. Thus sup

�2�

0

E

�

	 � �. Moreover, for the

points �

i

= (1; 1=i)! (1; 0) we have �

i

2 �

0

for all i and

E

�

i

	

1

= � for all i

while

E

�

i

	

2

= P

�

i

(

p

n(X

n

+ 1)=

~

S

X

> t

n�1;�

)! 1 as i!1 :

Thus

sup

�2�

0

E

�

1

R

(X) � lim

i

E

�

i

1

R

(X) = lim

i

P

�

i

(R

1

\ R

2

)

= lim

i

[1� P

�

i

(R




1

[ R




2

) � lim

i

[1� P

�

i

(R




1

)� P

�

i

(R




2

)℄

= 1� (1� �)� 0 = � :

Thus sup

�2�

0

E

�

	 = �.

5. Con�den
e intervals 
an be obtained by \inverting" tests, If a test has an optimality

property su
h as being the UMP unbiased test of H : � = �

0

versus K : � 6= �

0

, then

the 
orresponding 
on�den
e sets often have a 
orresponding optimality property.

Furthermore, note that a family of 
on�den
e sets with 
on�den
e level de
reasing to

zero will de�ne an estimator. See Lehmann, TSH, se
tions 3.5 and 5.7. The following

problem is in this vein. Suppose thatX � Binomial(m; p

1

) and Y � Binomial(n; p

2

).

Find the most a

urate unbiased 
on�den
e interval for the the log-odds ratio

� � log

�

p

2

=q

2

p

1

=q

1

�

:

[Hint: See Lehmann, TSH, se
tion 5.7, page 221, for a related example involving


omparison of two Poisson parameters.℄

Solution: This is a less spe
i�
 version of Problem 32, Chapter 5, page 261,

Lehmann, TSH. We saw in 
lass that the 
onditional distribution of Y given

T = X + Y = t is given by

P (Y = yjX + Y = t) = C

t

(�)

�

m

t� y

��

n

y

�

�

y

for y = 0; : : : ; t where � = (p

2

=q

2

)=(p

1

=q

1

) = e

�

and C

t

(�) is a norming 
onstant.

As dis
ussed in Lehmann page 221, the UMP unbiased tests of � = �

0

are

performed 
onditionally given T = t, and the 
on�den
e intervals for � will,

as a 
onsequen
e, also be obtained 
onditionally. For 
ontinuous 
onditional

distributions the a

eptan
e regions will be of the form

C

1

(�; t) � Y � C

2

(�; t);
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where, for ea
h t the fun
tions C

i

(�; t) are in
reasing by Lemma 2, Lehmann, TSH.

The 
on�den
e intervals are then

C

�1

2

(Y ; t) � � � C

�1

1

(Y ; t):

In the present integer-valued 
ase, we 
an apply Lehmann's Lemma 2 to Y + V

where V � Uniform(0; 1) is independent of both X and Y . The upshot is that the


on�den
e intervals are of the form

C

�1

2

(Y + V ; t) � � � C

�1

1

(Y + V ; t):

where C

i

(�; t) are 
hosen to satisfy

E

�

(1

[C

1

(�;t);C

2

(�;t)℄

(Y + V )jT = t) = 1� �

and

E

�

((Y + V )[1� 1

[C

1

(�;t);C

2

(�;t)℄

(Y + V )℄jT = t) = �E

�

(Y + V jT = t) :

As you 
an see, these are somewhat painful intervals to �nd. Lehmann's problem

asks only for existen
e of the intervals. But they have been implemented { and

indeed several software 
ompanies have been formed to 
ompute these and other

intervals of the same type; see e.g. Liao and Hall (1995), Coe and Tamhane (1993),

and Granville and S
hi�ers (1993).
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