Statistics 583, Problem Set 2 Solutions
Wellner; 4/12/2000

1. Suppose that P = {p(z,0) : x € R,0 € © C R} is a family of density functions with

respect to Lebesgue measure such that the mixed second derivative
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exists for all # and #. Show that if this second partial derivative is > 0 for all x and
f, then P has monotone likelihood ratio in x.

log p(w, 0)

Solution: If the second partial derivative satisfies
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for all # and all z, then

logp(x,0) >0
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since log(z) — (2 — 1) = o(z — 1). But (2) holds if and only if log[p(z,0")/p(z, )] is
a nondecreasing function of x for each # > #; i.e. P has monotone likelihood ratio
in x.

. Suppose that p(x,0) = g(z — 0), v € R, § € R, where g is a fixed density function
on R. Show that this family has monotone likelihood ratio in x if and only if —log g
is convex. [Hint: see Lehmann, TSH, section 9.2, page 509.]

Solution: This is solved in Lehmann, TSH, page 509. The following is almost
verbatim from that page. The condition of monotone likelihood ratio in x means

gz—0) gl — @)
9@ —0) = gl —0)

By taking the logarithm of both sides and re-arranging, it is equivalent to

forall z <2a', 0<6.

logg(z' — 0) +logg(x —0") <logg(x —0) +logg(x'—0').
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Since we can write
r—0=tx—0)+ (1 —-t)(z' —0)a' -0 = (1 —t)(x —0) + t(z' —0)

where ¢t = (¢/ — 2)/(2' — 2 + 0" — ), the previous display can be written, with
fly) = —logyg(y), as

FUEFE) +Q) + fw—09)) + f(1 - t)(z — 0') + t(z" - 0))
A sufficient condition for (3) is that f is convex: f is convex if and only if
flta+ (1 =1)b) < tf(a)+ (1 —1)f(D)
for all t € [0,1] and a, b in the domain of f. Note that this implies that
flta+(1=1)b) f(1—t)a+tb) < tf(a)+(1—1)f(b)+(1—1)f(a)+tf(b) = f(a)+f(D),

and this is exactly the inequality in (3) with a =z — @', b = 2/ — . In the other
direction, let @ < b be any fixed real numbers. Choose z,2’,0,60" so that v — ' = a,
' —0=ba2—0 =x—0. Thenx—0=[x—0)+ (2’ —0)]/2=(a+b)/2, and (3)
implies

(f(a) + f(0)).

DN | =

2f((a+0)/2) < f(a) + f(b),or f((a+0)/2) <

This implies that f = —log(g) is convex.

If g is twice differentiable, then this also follows from the result of problem 1: Note
that the mixed second derivative as in problem 1 is given by :
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if and only if —log ¢g(y) is convex (when g is twice differentiable).

. (i) Suppose that X ~ P on a measurable space (X,.A). Consider testing the simple
hypothesis Hy : P = F, versus the simple alternative H, : P = P, based on one
observation X from either Py or P;. Let ¢ be a test of Hy versus H;, and let
a = R(0,0) = Eyp(X), b= R(1,¢) = E1(1 — ¢(X)) be the risks associated with a
0 — 1 loss function. Find a test ¢ which minimizes the weighted sum of the risks
coR(0,0) + 1 R(1, ¢) = coa + ¢1b.

(ii) Show that when ¢y = ¢; (both positive), the minimum weighted risk can be
expressed in terms of [ py A pidu (where py, py are densities of P, P, respectively
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with respect to a common dominating measure p), and hence to the total variation
distance dpy (P, Py) between Py and P.

Solution: (i) The weighted sum of risks is
COR(O, ¢) + ClR(]., ¢) = CoE0¢(X) + ClEl(]_ — ¢(X))
=+ [ o) {emle) - (@)} duto)

where pg, p; are densities of Py, P, with respect to a common dominating measure
(. This is minimized by any rule of the form

1 if (@) < api(@)
Pe) = { 0 if copo(x) > erpr(2)

The minimum weighted risk is

c + / (copo () — 11 (%)) L w:copo(e)<erpn (o)) I ()
= ¢+ C()P()(Copo(X) < Clpl(X)) — Clpl(Cgpo(X) < Clpl(X)) .

When ¢y = ¢; > 0, any rule of the form

8

1 ifpe(z) < pi(x)
¢(z) = { 0 ifpo(z) > pi(x)

minimizes the weighted risk, and the minimum weighted risk is

%{Lﬁéww»mﬁm@%ﬁﬂﬂmM@}

= ¢ {/ podﬂ+/ pldﬂ}
[p1>po] [p1<po]

= Co/po A prdp
= c{l—dpv(P, 1)}

since

dTV(PO;PI) = Ssup |P0(B) — Pl(B)|
BeB

1
— — — d
2/|P0 pildp

(3) = 1—/170/\pldﬂ-

Proof of (3): Let § = py — p1. For any fixed set B, since [ ddp =0,

/5du:—/ ody
B C



and hence for any fixed set B we have
2AP(B) - P(B) = 2| [ oal
B
— | [ sau 1 [ ddu
B Be

< / 5ldp| + / 15]dy)
B Bec
= /|5|du,

and equality holds if B = [z : 6(x) > 0]. Thus
2dry (P 1) = 25up |Po(B) — P1(B)| = / 1po — padu.
€

Also from the above proof,

2dTV(P0: Pl) = / |p0 —p1|dﬂ = 2/ (po —pl)dﬂ
[Po>p1]

= 2{/ podu+/ podu—/ podu—/ pldu}
Po>P1 Po<p1 Po<p1 Po>p1
= 2{1—/p0/\p1d,u} .

4. A random variable X takes on the values 1, 2, 3,4 with probability distribution P,
or P, with mass functions py and p; given in the following table:

x 1121314
po(x) | .1].2].3]| 4
px) | 4].2].2].2

(a) Find a most powerful test of size o = .2 for testing P versus P; and determine
its power.

(b) Find a test ¢ which minimizes the sum of risks a 4+ b where a, b are as defined
in the previous problem.

Compute the minimum risk and the total variation distance between P, and P;.

Solution: (a) If we add a row with p;/py to the above table, we find:

E 11[2]3 [ 4]
Po(w) 172 3] 4
p1(33) 41 .2 2 2
pi(@)/po(z) [ 41 ]2/3]1/2




Thus the most powerful test of P, versus P; at level & = .2 is the test ¢(X) =
Lix=1 + (.5)1x=9. For this test we have

Exp(X) =P (X =1)+ 5P (X =2)=.1+(.5)(.2)=.2
and the power is

Ep(X)=P(X=1)+ 5P (X =2)=44+(5)(2)=.5.
(b) As we showed in the previous problem, any test ¢ of the form

O(T) = 1Lz p(2)>p0(@)] T VL w:pr () =po(a)]

minimizes the sum of the risks. The minimum total risk is, from the preceding
problem,

/pg/\pldu:.1+.2—|—.2—|—.2:.7.

Note that the most powerful test (the NP test) of part (a) is of this form and has
Eyp(X)+E (1 —¢(X)) =.24+.5 =.7. The total variation distance between P, and
P isdry(Py, Py) =1—.7=.3=(1/2)(.3+0+.1+.2). The square of the Hellinger
distance is 1 — [ \/poprdp = 1 — 0.927792 = 0.07221, so H(F,, P;) = 0.26871. Note
that we always have

(4) H*(Py, Pr) < dyv (P, Pr) < V2H(Py, Py) .
Here is the proof of (4):
H*(P,,P) = 1 —/\/ngldug 1—/p0 A prdp
since /po A prdp < /\/Mdu
— (P P) =5 [ IV - VRIIVE + Vs

< #rr) {5 [ I+ VP du}1/2
oo )

1/2

- H.P[],Pl {2— PO;-Pl)}
= V2H(Py, P)).



